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INVERSE PROBLEM OF THE STORM-LIUVILLE OPERATOR
WITH NON-SEPARATED BOUNDARY VALUE CONDITIONS
AND SYMMETRIC POTENTIAL

Abstract. Under the inverse tasks of spectral analysis understand tasks reconstruction of a linear operator from
one or another of its spectral characteristics. The first significant result in this direction was obtained in 1929 by
V.A. Ambartsumian. He proved the following theorem.

We denote by 1, < 4; < 1, < --- the eigenvalues of the Sturm - Liouville problem

=y +qx)y =2y, (1.1)
y'(0) =0, y'(m) = 0; (1.2)
where g(x) is a real continuous function. If
A, =1’ (n=0,1,2,..) T0q(x) =0.

The first mathematician who drew attention to the importance of this result of Ambartsumian was the Swedish
mathematician Borg. He performed the first systematic study of one of the important inverse problems, namely, the
inverse problem for the classical Sturm - Liouville operator of the form (1.1) with respect to spectra. Borg showed
that in the general case one spectrum of the Sturm - Liouville operator does not determine it, so the result of
Ambartsumian is an exception to the general rule. In the same work, Borg shows that two spectra of the Sturm -
Liouville operator (under various boundary conditions) uniquely determine it. More precisely, Borg proved the
following theorem.

Borg's theorem.
Let the equations

-y +q)y =2y,
—z" +p(x)z = Az,
have the same spectrum under boundary conditions
{00’(0) + By'(0) =0,
yy(m) + 6y’ (m) = 0;
and under boundary conditions
{ ay(0) + py'(0) =0,
y'y(m) +6"y'(m) = 0.
Then q(x) = p(x) almost everywhere on the segment [0, ] if
§-8"=0, [8] + 16| > 0.
Soon after Borg's work, important studies on the theory of inverse problems were carried out by Levinson, in
particular, he proved that if g(r — x) = q(x), then the Sturm-Liouville operator

=y +qx)y =2y, (1.2)

— § ——
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{Y'(O) —hy(0) =0, (1.3)

y'(m) + hy(m) =0
is restored by one spectrum.

The inverse problems for differential operators with decaying boundary conditions are fairly well understood.
More difficult inverse problems for Sturm - Liouville operators with unseparated boundary conditions have also been
studied. In particular, the periodic boundary-value problem was considered in a number of papers. 1.V. Stankevich
proposed the formulation of the inverse problem and proved the corresponding uniqueness theorem.

The present work is devoted to a generalization of the theorems of Ambartsumian and Levinson, in particular,
our results contain the results of these authors. In the paper, a uniqueness theorem is proved, for one spectrum, for
the Sturm-Liouville operator with unseparated boundary conditions, a real continuous and symmetric potential. The
research method differs from all previously known methods, and is based on the internal symmetry of the operator
generated by invariant subspaces.

Note that the operator we are considering is non-self-adjoint, although the potential is real and symmetric, this
moment plays an essential role for our method, because we construct a pair of Borg operators through the operator
and its adjoint one. Other authors use the Leibenzon mapping method.

Keywords: Sturm-Liouville operator, spectrum, inverse Sturm-Liouville problem, Borg theorem,
Hambardzumyan theorem, Levinson theorem, non-separated boundary value conditions, symmetric potential,
invariant subspaces, differential operators, inverse spectral problems.

1. Introduction
We study the inverse spectral problem for the Sturm — Liouville operator:

Ly:=y" + q(x)y, xe(0,1),
on the finite interval (0,1) with non-separated boundary value conditions. Inverse problems consist in
restoring the coefficients of differential operators by their spectral characteristics. Such problems often
arise in mathematics and its applications.

Inverse problems for differential operators with decaying boundary value conditions have been
thoroughly studied (see monographs [1-5] and references). More difficult inverse problems for Sturm —
Liouville operators with non-separated boundary value conditions were studied in [6-9] and other works.
In particular, periodic boundary-value problem was considered in [6, 7]. I. V. Stankevich [6] proposed
formulation of the inverse problem and proved the corresponding uniqueness theorem. V. A. Marchenko
and 1. V. Ostrovsky [7] gave a characteristic of the spectrum of a periodic boundary-value problem in
terms of special conformal mapping. The conditions proposed in [7] are difficult to verify. Another
method used in [8] made it possible to obtain necessary and sufficient conditions for solvability of the
inverse problem in the periodic case that are more convenient for verification. Similar results were
obtained in [8] for another type of boundary conditions, namely

y'(0) — ay(0) + by(m) = y'(m) + dy(n) — by(0) = 0.

Later similar results were obtained in [9]. In [10], the case when the potential is g — symmetric with
respect to the middle of the interval, that is, g(x) = q(w — x) a.e. on (0, ), was investigated, and for this
case, solution of the inverse spectral problem was constructed and the spectrum was characterized. The
symmetric case requires nontrivial changes in the method and allows us to specify less spectral
information than in the general case. Some results for the symmetric case were obtained in [11] - [13].

By inverse problems of spectral analysis, we understand the problems of reconstructing a linear
operator by one or another of its spectral characteristics. The first significant result in this direction was
obtained in 1929 by V.A. Hambardzumyan [14]. He proved the following theorem.

By 1, < 4; < 4, < --- we denote eigenvalues of the Sturm - Liouville problem

—=y" +q(x)y = 2y, (1.1)
y'(0) =0, y'(m) = 0; (1.2)
where q(x) is a real continuous function. If
A, =n?(n=0,12,..) thenq(x) = 0.
The first mathematician who drew attention to the importance of this Hambardzumyan result was the

Swedish mathematician Borg. He performed the first systematic study of one of the important inverse
problems, namely, the inverse problem for the classical Sturm — Liouville operator of the form (1.1) by the

— § ——
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spectra [15]. Borg showed that in the general case one spectrum of the Sturm - Liouville operator does not
determine it, so the Hambartsumyan result is an exception to the general rule. In the same paper [15], Borg
showed that two spectra of the Sturm — Liouville operator (under various boundary conditions) uniquely
determine it. More precisely, Borg proved the following theorem.
Soon after the Borg work, important studies on the theory of inverse problems were carried out by
Levinson [18], in particular, he proved that if g(m — x) = q(x), then the Sturm — Liouville operator
=" +q(x)y = 2y,
{y’(O) — hy(0) =0,
y'(m) + hy(m) =0
is reconstructed by one spectrum.
A number of works by B.M. Levitan [19] are devoted to the reconstruction the Sturm — Liouville
operator by one and two spectra.
This work is devoted to a generalization of the theorems of Hambartsumian [14] and Levinson [16],
in particular, our results contain the results of these authors. The research method of this work appeared
under influence of [18] - [20], and differs from all previously known methods.

2. Research Methods.

Idea of this work is very simple. Having studied in detail contents of [14, 16], we realized that both of
these operators have invariant subspaces. Generalization of this property of the Sturm - Liouville operator
led us to the results presented below.

3. Research Results.
In the Hilbert space H = L2(0, ) we consider the Sturm - Liouville operator:

Ly = =y" +q(x)y, x € (0,m); 1)
{ally(o) + a;2y'(0) + ag3y(m) + a4y’ () = 0, @)
az1y(0) + az;y’(0) + az3y(m) + az,y'(m) =0

where q(x) is a continuous complex function, a;; (i =1,2; j=1,2,3,4) are arbitrary complex
coefficients, and by A;; (i = 1,2; j = 1,2,3,4) we denote minors of the boundary matrix:
_ (al1 ayp; A3 a14)
dyq Qpy @23 Q24)°
Assume that A;;+ 0, then the Sturm - Liouville operator (1) — (6) takes the following form:
Ly =—y" +q(x)y, x € (0,7); (1)
{A13y(0) — A3,y"(0) — A3y’ (1) =0, @)
A2y (0) + Ay3y(m) + Ay’ () = 0,
and its conjugate operator L* takes the form
L*z=-2z"+q(x)z, x € (0,m); D

{A_Bz(O) = A522'(0) = Ap2'(m) =0, @)
D342'(0) + Dy32(m) + Ayy2' () = 0.
Let P and Q be projections, defined by the formulas
_ u()+u(mr—x) _ v(x)-v(r—x)

Pu(x) = —=——, Qu(x) =———
The main result of this work is the following theorem.
Theorem 3.1. If A;3# 0, then
1) PL = L*P; 3)
2) LQ = QL*; (4)
3) A12= _A34; (5)

and the Sturm - Liouville operator (1) — (2) is reconstructed by one spectrum.

— 7 —
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4. Discussion.

In this section we prove Theorem 3.1, and discuss the obtained results. The following Lemmas 3.1
and 3.2 have and independent meaning.

Lemma 4.1. If for a linear discrete operator L we have

1) PL = L*P; (3)
2) LQ = QL*; 4)
YP+Q =1 (6)

where P, Q are orthogonal projections, and I is unit operator, then all its eigenvalues are real.

The following lemma shows that the spectrum o (L) of the operator L consists of two parts, so the
operator L, apparently, splits into two parts. In the future, we will see that this is exactly what happens,
and moreover, under certain conditions, these parts form a Borg pair.

Lemma 4.2. If L is a linear discrete operator satisfying the conditions:

1) PL = L*P; (3)
2) LQ = QL™*; 4)
IIP+Q =1 (6)

where P, Q are orthogonal projections, and I is unit operator, then
o(L) = a(Ly) Va(ly),
where L; = PL, L, = LQ, o(L) is a spectrum of the operator L.

Lemma4.3. If
a) A% 0; )
b)PL = L*P; (3)
then for the Sturm - Liouville operator (1) — (6) we get
1) Ayp + Aga= A3y + Agy; (8)
A1p—A33\ _ A1p—Azp —— Azq—Aqy
2) ( Aq3 ) Y Az’
3) q(m —x) = q(x), g(x) = q(x). ©)
Moreover, operators L and L*take the following forms:
a)Ly = =y" + q(x)y, x € (0,m); )
y(0) + 22222 y1(0) + y(m) — M2y (m) = 0,
s (10)
212 y1(0) + y(n) + an LY (m) = 0.
A3
b) L*z = —z" + q(x)z, x € (0,7); °*
2(0) — 212214 71(0) — () — 22844 4/ () = o,
Ay +
w i (10)
Z(O) =32 ’(0) 2 Z’(n) =0.
Similar lemma holds with the projector Q.
Lemma4.4.If
a) Ay3# 0; (7)
6) LQ = QL™,
then for the Sturm - Liouville operator (1) - (6) we get
1) Ay + Aga= A3y + Agy; (8)
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D1o+A14\ _ [D12+D14)\ _ A3p+Az4
2) S S :

A13 A13 A13
3) q(m —x) = q(x), g(x) = q(x). 9)
In this case operators L and L* take the following forms:
a)Ly = —y" +q(x)y, x € (0,7); A A @)
{ y(0) +y(m) + 2= [y'(0) - y'(m)] =
13
Ay
y'(0) +y(m) + —y'(m) = 0;
5,7 O Y@+ 50y
b) Ltz =—-2z"+q(x)z, x € (0,7); Q)"

2(0) — z() — A“”“[ '(o> +2'(m)] = 0,

Z(O) _ A32 I(O) 12 I( ) — O

Lemma 4.5. If A;3# 0, and
a) PL =L*P,
b) LQ = QLY;

then the operators L and L* take the following forms:
Ly =—y" +qx)y, x € (0,7);
{ y(0) +y(m) + L2 [y'(0) ~y' (m] = 0,
A12y'(0) + Agzy(m) + Ay’ () = 0.

Ltz=-z"+qx)z x € (0,m);
{zm) — 2(m) - 2224 [2/(0) + 2/ (m)] = 0,
As,z'(0) + A13z(n) +A,z' () = 0;

where
1) q(r —x) = q(x);
2) q(x) = q(x),
3) (A12_A32) — A12_A32 — A34_A14 .

Ag3 A3 Az’
4) (A12+A14) — (A12+A14) — Azz+Azy
Ag3 Ag3 A3

Further, from the formula PL = L*P we note that the operator L, = PL maps from the subspace
H, = PH, where H = L?(0, ). Assuming
y(x) +y(r —x)
u(x) = Py(x) =

2 )

we have

ul(x) — y’(X) - :)27,(7-[ - X).

Then from Lemma 4.5 it follows that
A13u(0) + (A1 — A3x)u’(0) =0,

v(Q)=o
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Liu=—-u"+q)u, x € (0,%),
A13u(0) + (Agz — A32)u’(0) =0,
, [
w(3)=0
Similarly, assuming that

U(.X') — Z(x)_Z(TE_x)

z'(xX)+z' (m—x)

, weget v'(x) = 2

Then Lemma 4.5 implies that
T
L,y =—v" + q(x)v, X € (O, —),

{Elgv(o) — (B1z + 81)v'(0) =0,
A
v (E) = 0.

Due to the lemmas,

(A12 + A14) _ Ay + A,
A3 Az

therefore, the last boundary condition has the form
A13v(0) — (A1 + A14)v"(0) =0,
v (E) = 0.
2
Thus, the operators L; and L, take the following forms

Liu=—-u"+qx)u, x € (O,E),

{A13u(0) + (A2 — A3x)u’(0) =0,
(T
w(3)=0

L,y =—-v" + q(x)v, X € (O, z),

{Elgv(O) — Bz + B )v'(0) =0,
T
v(3)=0

A12—A3y Agp+A1g

and

13 13

From the condition (10) of the proved Theorem 3.1 it follows that
Az — 3= —(A12 + A14).
Assuming « = A3, f = Ay, — Az,, we rewrite the operators L, and L, as follows:

where are real quantities.

124 n
Liu=—-u"+q)u, x € (O'E)'
au(0) + pu'(0) =0,

v()-o
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s
L,v=—-v" +qx)v, x € (0, E)'
av(0) + Bv'(0) =0,

v(g) =0.

If a spectrum of the operator L is known, then by Lemma 2 spectra of the operators L, and L, are
known. It is obvious that they form Borg pair in the interval [O, g] By the Borg theorem spectra of these

two operators uniquely determine the Sturm - Liouville operator on the segment [0%] and due to the
formula q(x) = q(r — x) on the whole segment [0, 7z]. Theorem 3.1 is proved.

A.lL.Iannan6aes’, I'.U. Beiicenosa?, A.JK.Beiice6aena’, A.A.lllangandaesa*

Xanwixapansix Silkway yausepcureri, LlpmvkenT, Kasakcran;
24 AJiMaKTBIK QJIeyMETTiK-MHHOBAIMSIIBIK yHUBepcuTeTi, IlIbiMKkenT, Kazakcran;
3M.O.Ayes0B atbingarsl OHTYCTiK Kazakcran MemiekeTTik yausepeuteTi, IllbvkenT, Kazakcran
4XanbIKapanblk ryMaHHUTAPIIbIK-TEXHUKAIBIK YHUBEpCHTET, LlbiMkenT, Kasakcran

IHOTEHIUAJIBI CUMMETPUSIIBI, AJI ITEKAPAJIBIK INAPTTAPBI
AXKBIPAMAWTBIH HITYPM-JINYBAJLJT ONEPATOPBIHBIH KEPI ECEBI TYPAJIBI

AnHotanus. CHEKTPOJIiK aHAJIW3IIH Kepi €CEeNnTepi PETiHIC CHI3BIKTHIK OIEepaToOpibl, OHBIH CICKTPIIIIK
CHIMMIATTAPBl APKBUIBI KAJMBIHA KENTIPY ecenTepi TaHbUIamel. by OareiTra enmeyni Hotuekere, 1929 Kpuibl
B.A. AMGaprrymsiH Kou skeTKi3zi. On Keneci, TeopeMaHbl TJIeIIe/Ii.

Mpina,
—y" +q(x)y = 1y, (1.2)
y'(0) =0, y'(m) = 0; (1.2)
Mtypm-JlnyBuian — eceOiHIH ~ MEHIIIKTI  MOHAEpiH  Obuiail, g < Ay < A, < -+ Oenrijiedik, MYHAAFbI
q(x) —nerenimis, HaKThI opi y3iticci3 QyHKIwMs.
Erep

A, =n%(n=0,1,2,..) 6om1ca, onga q(x) = 0.

AMOapiyMsHHBIH Oyl eHOeriHIH MaHBI3bUIBIFbIHA aJIFAlll PeT KOHIUI ayJapFaH IBeJ MaTeMaTuri bopr emi.
Mrypm-JInyBumnain (1.1) Typingeri eTe MaHbI3abl OaWBIPFBI ONIEPATOPBIHBIH Kepi eceOiH CIeKTpi apKbUIbl KYieri,
9pi MakcaTThl TYpJE, aJiFalll pEeT 3epPTTEreH-/1e OChl aBTOP/IbIH 031.

bopr ©Oip cnekrpain IlItypm-JInyBuin omepaTOpblH —aHBIKTayFa Kbl OKarnaiga IKeTHeWTiHIH,al
AMOapIyMsSIHHBIH HOTHEXKECI COTTI Oip Ke3/eHCOKTHIK ekeHiH kepcerTi.Jlan con enberinzae, bopr ltypm-JInysusmn
OTIEpaTOPbIH €Ki CHEKTp apKbUIbl (SPTYpJll IIeKapaiblK HIapTTap OOMbIHIIA) OIpMOHII aHBIKTayFa OOJATHIHBIH
KepcerTi. [ie-mana, BoprTeiH eHOeriHeH CoH, Kepi ecenTep TEOPUsCHIHBIH MaHBI3IbI ecenTepin JIeBUHCOH 3epTTesi,
mbicanbl, erep q(m — x) = q(x) 6osca, onaa, IITypM-JIMyBULILIH, MbIHA,

=y +qx)y =2y, (1.1)

{Y'(O) — hy(0) =0,
y'(m) + hy(m) =0

OTIEPaTOPBIHBIH, Oip CIIEKTP apKbUIbL, OIpPMOH/II aHBIKTAJIATBIHBIH KOPCETTI.

By enbex AmOapuymsiH MeH JIeBUHCOHHBIH TeopeMajlapblH JaMBITYFa apHAJIFaH XKoHE 03 OOMbIHIA OJapabIH
TeopeMaJlapblH aJbII JKaThIp. byl eHOeKkTe MoTeHIHaIbl HAKTHI Y3IKCi3 opi CUMMETPHSUIBL, AN HIeKapalblK MIapTTapbl
oprapants! lITypm-JInyBuit onepaTtopblH, Oip CEKTp apKbUIbl, OipMoH/II aHBIKTayFa 00JIaThIHBI KepceTinai.3epTTey
omici OYpBIHFBI oicTepiH OopiHEH O3Telle,)KoHEe OJI OTepaTOPABIH MHBAPHAHTTHI il KEHICTIKTEPiHIH TyBIHAATKAH
CHMMETPHSICBIHA HETi3/IeIreH.

Tyiiin ce3gep: Urypm-JImyBmminiy omeparopsl, crektp, Ltypm-JlnyBminmin kepi ecebi, Boprreig
TeopeMachl, AMOapLIyMSIHHBIH TeopeMachl, JIeBUHCOHHBIH TeOopeMachl, OpTapanThl IIeKapalblK MIapTTap,
CHUMMETPHSIIBI MOTEHINAJ, MHBAPHAHTTHI IMIKCHICTIKTEpi, AUPQPEpeHIHNIIK omepaTopiap, Kepi CHEeKTpanmi
ecenrep.

(1.3)
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OBPATHAS 3AJJAYA OIIEPATOPA IITYPMA-JINYBUJLJISA
C HEPA3/JIEJIEHHBIMUN KPAEBBIMH YCJIOBUSIMHA
N CUMMETPUYHBIM TOTEHIIMAJIOM

AnHoranms. [log oOpaTHBIMH 3agadaMH CIIEKTPaJbHOTO aHAIHW3a IOHMMAlOT 3aJayd BOCCTaHOBJICHHS
JMHEWHOTo orepaTopa MO TeM HIN HHBIM €ro CIIEKTPAIbHBIM XapakTepucTHKaM. [1epBblii CyIecTBEHHBIH pe3yIbTaT
B 9TOM HaIpaBjcHUU ObLT otydeH B 1929 roxy B.A. AmOapiymsHoMm. OH J1oka3all ClIeAYIOIIy0 TeOpeMy.

O603HaunM uepe3 4, < A; < A, < --- coOcTBeHHbIE 3HaueHus 3agaun Lltypma-Jlnysuis

=y +q(x)y =1y, (11)
y'(0) =0, y'(m) = 0; (1.2)
rae q(x) — neiictBurenbHas HenpepbiBHas GpyHKuust. Ecin
A, =n?(n=0,1,2,..) 10 q(x) = 0.

[lepBbIM W3 MaTeMaTHKOB, KTO OOpaTWJ BHHMaHHE Ha Ba)XHOCTh 3TOTO pe3ysbTaTa AmOapuymsHa, ObUI
mBeACKMH MareMaTHK bopr. OH jke BBINOJHWI IIEPBOE CHUCTEMaTHYECKOE HCCICIOBAHHE ONHOM M3 BayKHBIX
0o0paTHBIX 3ajad, a UIMEHHO, 0OpaTHOM 3ama4m Ais Kiaccudeckoro omepatopa lItypma-JInysumns suma (1.1) mo
criekTpaM. bopr mokasai, 4yTo B 00IIeM cilydae oIuH criekTp oneparopa llItypM-JInyBuiuis ero He onpenenser, Tak
4TO pe3ysibTaT AMOapiyMsiHa sIBJISETCS UCKIIOUEHHEM M3 o01ero npasuia. B Toii ke pabore bopr noka3ssiBaer, uTo
nBa crekTpa oneparopa Ltypma-JInyBuinis (IpH pa3IUUHBIX TPAaHUYHBIX YCIOBHUIX) OJHO3HAYHO €r0 OMNPEAEIISIOT.
Tounee, bopr gokazain ciaeayrlly TeOpemy.

Teopema Bopra.

Ilycts ypaBHEHMS

-y +q(x)y = 2y,
—z" +p(x)z = Az,
UMEIOT OJIMHAKOBBIM CIIEKTP IPH KPAEBBIX YCIOBHAX

{00’(0) +py'(0) =0,
yy(m) + 6y’ () = 0;
nu HpI/I KpaeBBIX yCHOBI/IﬂX

{ ay(0) + By'(0) =0,
y'y(m +6'y'(m) = 0.
Toraa q(x) = p(x) nmouru Bcroay Ha otpeske [0, 7], eciu

§-8" =0, [8] +[6'] > 0.
Bcekope mocne pabotel Bopra BakHBIE HCCIENOBaHMS MO TEOPHH OOPATHBIX 3aa4 ObUIM BBITOJIHEHBI
JIeBMHCOHOM, B YaCTHOCTH, MM JI0Ka3aHo, 4to eciu q (1 — x) = q(x), To oneparop LlIrypma-JIuyBusis

-y +qx)y =2y, (1.1)

{y’(O) —hy(0) =0,

Y/ () + hy(m) = 0 (1.3)

BOCCTaHABJIMBAETCS 110 OZJTHOMY CHEKTDY.

OOparHble 3amaun i TUQQepeHIMaNbHBIX  OMEpaToOpoB €  PAaCNaJAIOIIUMUCST KPACBBIMH  YCIOBHSIMHU
JOCTATOYHO TIOJIHO H3y4eHbl. bBosee TpynmHble oOpaTHele 3amaud st omeparopos llrtypma-JlnyBwmis c
HepasJeJeHHBIMI KpacBbIMH YCIOBHSMH TAaKKe H3y4aluch. B 4YacTHOCTH, IepHOAMYEcKas KpaeBas 3axada
paccMmatpuBaiack B psge pabor. 1. B. CrankeBHY NpeUIOKWI TOCTAHOBKY OOpaTHOW 3ajadd M JOKa3al
COOTBETCTBYIOIIYIO TEOPEMY €ANHCTBEHHOCTH.

Hactosmas pabota mocBsmena oOoOmeHmio TeopeM AmOapiymsHa U JIeBHHCOHa, B YacTHOCTH, HaIlIH
pe3yIbTaThl COAEpXKAT B cede pe3ynbTaThl 3THX aBTOpoB. B paboTte qoka3aHa TeopemMa eIMHCTBEHHOCTH, ITO OJHOMY
crekTpy s omneparopa lltypma-JImyBuins ¢ Hepa3leNeHHbBIMH KpPaeBbIMH YCIOBUSMH, BEIIECTBEHHBIM
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HENpPEepbIBHBIM U CUMMETPUYHBIM IOTEHIMAIOM. MeToJ| MCCleOBaHHs OTIMYaeTCs OT BCEX paHee HM3BECTHBIX
METOJIOB U OCHOBAH Ha BHYTPEHHEW CUMMETPUH OIEepPaTopa, MOPOKISHHOTO HHBAPUAHTHBIMH TIOAIIPOCTPAHCTBAMH.

OTMeTHM, YTO pacCMaTpUBacMbli HAMH OIEPATOP SIBJISICTCS HECAMOCONPSDKCHHBIM, XOTS TMOTCHIIHAI
BEIICCTBECHHBIN ¥ CHMMETPUYHBINA, 3TOT MOMEHT UTPacT CYNICCTBEHHYIO POJIb JUIs HAIIEr0 METOZa, W00 MBI 4Yepe3
orepaTopa M €ro CONPSHKEHHOTO CTPOMM TMapy omeparopoB bopra.  JIpyrue aBTOpBI HCHOJB3YIOT METON
otobOpaxxenuit JleOeH30Ha.

KiaroueBsie caoBa: omnepatop Iltypma-JInyemiuis, crekTp, oOparHas 3amada [ltypma-JInmyBmmis, Teopema
Bopra, Teopema AmOapiymsiHa, Teopema JICBHHCOHA, HepasJelCHHBIC KpPaeBhIe YCIOBHS, CUMMETPHYHBIN
MOTEHIUAT, UHBAPHAHTHBIE MOIPOCTPAHCTRA, Au(PepeHIaTbHBIE ONIePaTOPhl, 00pATHBIE CIIEKTPAILHBIC 3aa4H.
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UNIVERSAL COMPLEX OF PSYCHOPHYSIOLOGICAL TESTING

Abstract. An experimental version of the system of psychological testing with fixation in real time of
physiological parameters of the tested person has been developed. The Data of photoplethysmogram (PPG) and
galvanic skin reaction (GSR) have been determined as sources of physiological data. The soft & hardware complex
of psychophysiological testing allows in relation to each question of the test to capture and evaluate the
psychophysiological state of the testing person, which provides additional information for the psychologist. For
experimental tests two methods were chosen, the first one was the Buss-Durkee technique (BDHI), which allows to
diagnose the aggressiveness of the individual, and the second was the method of assessing the neuropsychological
stability. These tests are recommended for use in psychological selection for military service [1-2]. The tests are
adapted to the Kazakh language and tested on cadets of military institutions and students of civil Universities in
Almaty.

Key words: electrocardiogram, photoplethysmogram, galvanic skin response, microprocessor, signal
processing, psychological tests, Bass-Darki technique, personality, self-esteem level, neuropsychic stability,
intellectual regulation, mental adaptation systems, validity criterion, retest method, maladaptive form of behavior,
programmatically hardware complex, graphical interface.

Introduction. In the era of scientific and technological progress with its stressful rhythms andnew
specific conditions of human activity significantly increasing requirements for humans intellectual,
emotional and volitional resources [3-4]. In this regard, especially there is a requirement from the human
resources departments of the organizations in objective psycho-physiological portrait of a person. The
primery tool of psychologists are psychological tests. However, as practice shows, in connection with the
public accessibility of tests, the effect of subjectivism will recently increase.

The rapid development of computer technology contributed to automate conducting and processing of
psychological testing [5] and the use of new methods of mathematic treatment of biomedical data [6].
Modern possibilities for the development of various sensors [7] and price reduction of the microprocessors
opened a wide opportunity for impementation of the software&hardware for assessing the psycho-
physiological portrait of the individual [8-10]. The paper [11] describes a software&hardware complex of
psychophysiological testing based on the processing of electrocardiogram (ECG) data. Experimental
research have shown the inconvenience of using ECG sensors, because they have to be placed on the body
of the test subject. This circumstance entails some discomfort for the testing person. In this regard, the
decision on replacement of the ECG sensor to PPG sensor. The photoplethysmogram sensor clip on to the
hand finger of the testing person and provides completeness of information comparable to the ECG data.
GSR sensors are clip on two free hand fingers and do not create inconvenience for the testing person.

— 4 ——
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Research methods. A methods of psychological testing has developed with using software and
hardware control of the psychophysiological state of the tested person. This circumstance significantly
increases the systems objectivity of professional selection of person.

Research results. For the system of professional selection two methods were chosen, the first one
was the Buss-Durkee test which allows to diagnose the personality aggressivenessand the second was the
neuro-psychological stability assessment test. A system of psychological testing in Kazakh and Russian
languages has been developed with recording the physiological parameters of the testing person in real
time. As sources of physiological data, the data of PPG and GSR has been determined.

Software and hardware implementation. On Arduino platform [12-13] has developed a system for
receiving and processing data from PPG and GSR sensors. To connect the sensors used chip AD8232
(from AnalogDevices), which is an integrated signal processing unit for ECG and other biopotential tasks
[14].

A distinguishing feature of this module is its compact size and external connection to computers, its
allows create a mobile diagnostic equipment. The device connects to the computer via a USB port.

The software&hardware complex of psycho-physiological testing allows capture and evaluate the
psycho-physiological state of the testing person, when answering each test question. Its provides
additional information for the psychologist.

At processing physiological data, the following parameters PPG and GSR are calculated, which are
necessary for a mathematical model for assessing the state of the testing person: the minimum and
maximum amplitude; mean value of the root mean square deviation of the amplitude. For PPG, the
minimum and maximum values of the RR-interval and the minimum and maximum values of the T-peak
amplitud, and also the minimum and maximum T-peak offset are additionally calculated.

The PPG sensor is analog device, based on the method of photoplethysmography - the change in the
optical density of the blood volume in the finger, due to changes in blood flow through the vessels
depending on the phase of the cardiac cycle. The sensor contains a light source (green LED) and a
photodetector (figure 1), the voltage at which varies depending on the blood volume during cardiac
pulsations.

Figure 1 - Sensor PPG

Data from the PPG sensor is received as a number characterizing the amplitude of the signal, with an

intensity (frequency) of 160 samples per second. Denote by xi(k)— the i-th signal of the PPG related to the
k-th effect (sample). Figure 2 shows a graph of the variation of the PPG over time. Figure 3 presents a
general view of one period of the PPG signal.

Figure 2 - Graph of changes in the signal of the PPG
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Figure 3 - General view of one period of the PPG signal
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For the remaining characteristics calculate following procedures are used. By reason of the signal
have a periodic pattern, each separately selected RR intervalallocate. During the processing of background
data, an averaged shape of the PPG signal is formed, which is typical of a particular person being tested in
a calm environment. For the background averaged RR-interval denote by Yi, i = 1,100. Thus, the vector Y
characterizes the shape of the individual background RR interval. In-process of the PPG data, coming in
during subsequent impacts (question and answer), RR intervals are allocated respectively. Denote by Zi,
i =1, Lr. Here, Lr denotes the length of the next RR-interval. When processing the vector Z, a T-wave is
distinguished, which is characterized by a shift of Lt relative to beginning of the RR interval and
amplitude. The area of the RR interval is calculated - S. The value of the shift function F is calculated:

S=[z({t)dt =%, z,

F = 31000~ 2)° @

Figure 4 - Sensor GSR
As an additional parameter, the response time for each test question is analyzed.
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The GSR sensor allows measuring the galvanic skin response by measuring the electrical conductivity
of the skin (figure 4). Skin conduction varies with the amount of sweat on the skin. Sweaty glands are
controlled by the sympathetic nervous system, which can be affect by strong emotions. Thus, strong
emotions will lead to more sweating on the skin, which will lead to changes in the electrical conductivity
of the skin. GSR parameters are calculated by the formulas (1).

Adaptation of psychological tests. Buss-Durkee test. Aggression - individual or collective behavior,
action aimed at causing physical or psychological harm, damage, or the destruction of another person or
group of people. Aggressive behavior in this case is defined as one of the forms of response to various
adverse physical and mental life situations that cause stress and frustration. Aggressive actions in
aggressive behavior act as a way to achieve any meaningful goal, a method of psychological relaxation, a
way to satisfy the need for self-realization and self-affirmation [15].

Considering the concept of “frustration” in the framework of the psychodiagnostic approach and from
the point of view of interpersonal relationship, we mean situations in which individual's surrounding
persons intentionally or unintentionally infringe upon his interests, which leads to blocking significant
needs or hurt feelings, negatively affecting him self-rating.

In a frustrating situation emotional state is manifested:

1) as a reaction of fear, anxiety, refusal of self-realization, may be accompanied by a sense of guilt, a
desire to escape from conflict;

2) as offensive, accusing others, active or even aggressive behavior, hostile statements or actions;

3) as the desire to suppress certain reactions, to be passive or indifferent to the incident, to try to
balance the severity of the conflict.

For research the level of students aggression the test by American psychologists Buss A. and Durkee
A. (developed in 1957 and adapted in 1989 by Soviet and Russian psychologist S. N. Enikolopov [16])
was used.

The test was conducted among students of Kazakhstan universities. 105 people passed the Buss-
Durkee test in Russian. The age of the subjects 18-30 years. Of these, 54 men and 51 women. The results
obtained on 8 scales:

1) Physical aggression - the use of physical force against another person;

2) Indirect aggression - directed in a roundabout way at another person or directed at no one;

3) Irritation - readiness for the manifestation of negative feelings at the slightest excitement (short
temper, rudeness);

4) Negativism - an oppositional behavior from passive resistance to active struggle against established
customs and laws;

5) Resentment - envy and hatred to others for real and fictional actions;

6) Suspicion - ranging from distrust and caution towards people to the belief that other people plan
and cause harm;

7) Verbal aggression - is the expression of negative feelings both through form (screaming, squeal)
and through the content of verbal responses (curses, threats);

8) Guilt - expresses the subject's possible belief that he is a bad person, that evil is being done, as well
as the remorse he feels.

The questionnaire consists of 75 statements, to which the subject answers “yes” or “no”.

Testing was conducted on the basis of voluntary consent. The method of Buss-Durkee in processing
was very long and difficult. The obtained indices of aggressiveness and hostility can be found in the
following tables:

Table 1 — Aggression index

Below normal Norm Above normal
The number of tested women 7 44 0
% ratio 13,7% 86,2% 0%
The number of test men 10 38 6
% ratio 18,5% 70,3% 11%
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The table shows that, on average, the index of aggressiveness in most subjects is normal, but the
aggressiveness that is below the norm is observed in 17 people and mainly in mens. Indicators above the
norm were found in 6 men.

Table 2 — Hostility index

Below normal Norm Nbove normal
The number of tested women 4 35 12
% ratio 7,8% 68,6% 23,5%
The number of test men 0 31 23
% ratio 0 57,4% 42,5%

The table shows that a low index of hostility is observed only in 4 womens from the total number of
subjects. The norm is inherent in the majority of the subjects: 23.5% of womens and 42.5% of mens were
distinguished with an indicator of hostility above the norm.

The hostility index is within the normal range of 3-6 (H.I. is normal - 6-7 + 3);

The hostility index includes the 5th and 6th scales, Hostility = Offense + Suspicion;

The index of aggression is also in the normal range of 15-20. (The norm of aggressiveness is the value
of its index, equal to 21 + 4).

Test of neuropsychological stability. Neuropsychological stability is a features that characterizes a
person in the process of a complex activity, some of his emotional mechanisms, closely interacting with
each other, lead to the successful achievement of goals.

The primary elements here are: the level of self-rating, emotional stability, social approval of the
people around them. In the understanding of stability included the concept of reliability and functionality
of reality. The stability of psychological stability depends on the realization of the individual in society, it
affects the satisfaction with life, the success of professional activity and the world outlook as a whole.
Decrease in neuropsychological stability leads to stressful situations with negative consequences for health
and extinction of personality development in the process of life. Among the diversity of factors, there are
personality traits and factors related to the social environment.

Factors of neuropsychological stability are:

- environmental factors maintaining self-rating;

- support in self-realization;

- adaptation assistance;

- reliable assistance of the social world, including from friends, relatives, colleagues.

These factors have a positive effect on neuropsychological stability in a person. Their presence forms
favorable behavior in the process of professional activity and personal development of the individual.

Psychological stability is a variety of personality qualities and selected aspects of character, which are
determined by endurance, poise, resilience. These qualities help to resist a person in the process of life
difficulties, unfavourable circumstances, while maintaining health and effectiveness of work [17].

One of the most important criteria for entering the military service is the assessment of the level of
neuropsychological stability. Assessment of neuropsychological stability and identification of persons
with neuropsychological instability is an important direction in the psychological (psychophysiological)
maintenance of conscripts and contract service mans in military units.

A mentally healthy is considered serviceman who is mentally qualified, staid, able to master a
military specialty, to be in an organized military collective and undergo increased mental and physical
stress without effect their health. There are no people absolutely immune to stress. Everyone has a strictly
individual limit of resistance, after which psychoemotional stress, overwork or violation of body functions
leads to a breakdown of mental activity.

To determine the "propensity for nervous breakdown in the activity of the nervous system with
considerable mental and physical stress” in 1978 Spivakproposed to consider the concept of “neuropsychic
instability” (NPI) [18]. Changing the rhythm of life, separation from home and family, daily routine
according to military regulations, the need to obey, no privacy, increased responsibility, certain household
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inconveniences, unusual climatic and geographical conditions, various occupational hazards that
accompany one or another type of military labor — all of this places increased demands on the mental and
physical health of military personnel. Based on the foregoing, an extremely important role in the practical
work of military psychologists and specialists in professional psychological selection is assigned to an
assessment of the level of neuropsychological stability of military personnel. Based on the study of
servicemen serving on conscription, it was established that healthy - 61%, with some signs of neuro-
mental instability - 25%, with pronounced signs of neuro-mental instability - 10%, patients - 4%.

Thus, revealing a high neuropsychic stability, we can talk about the high functional ability of the
system of mental adaptation for maintaining stability and high efficiency of mental activity both under
ordinary conditions and under the influence of extreme stressful environmental factors. Conversely,
unsatisfactory neuropsychic stability and neuropsychic instability indicate a low functional capacity of the
mental adaptation system, an increased risk in terms of the development of maladaptive mental disorders
not only in extreme, but even in normal conditions of professional activity when its individual parameters
change.

The technique developed in S. M. Kirov Military Medical Academy and is intended for the initial
selection of persons with signs of neuropsychic instability. It allows to identify individual pre-painful
signs of personality disorders, as well as to assess the probability of their evelopment and manifestations
in human behavior and activity [19].

The test was conducted among cadets of military institutions and students of civil universities of
Almaty. 145 people passed the test "Neuropsychic Stability (NPS)" in Russian. The subjects were
18-20 years old. All test men. The indicator on the scale of NPS is obtained by simply summing up the
positive and negative answers that coincide with the “key”.

The data obtained can be found in the following table:

Table 3 — Test Results

Amount / ratio in% Low Average High
The number of subjects NPS 52 78 15
% ratio NPS 35,8% 53,7% 10,3%

The test “Neuropsychic Stability” is adapted and translated into Kazakh.

When adapting the test “Neuropsychic Stability” to the Kazakh language, a certain algorithm was
observed:

1)  The validity of the methodology on a sample that yields statistically significant results between
test indicators and the validity criterion is verified. The first results were unsatisfactory, since the
correlation coefficient of -0.560 and the sample build-up did not improve it, therefore, the criterion was
validated and verified by the results, the internal consistency of the test items. With the exclusion of
uninformative and socially significant tasks in this situation, the desired validity was found.

2) Reliability by retest method checked. Without information on retest reliability, the test cannot be
used to build a psychological forecast.

3) Analysis of correlation with relevant external criteria, with the author's criteria has been
performed.

4) Test standards after checking the sustainability of the obtained distribution of test scores were
checked.

As a result, it was found that it is personal and biological factors that influence the development of
neurotic disorders. It should be noted that individuals, military personnel with signs of neuro-psychic
instability require special attention of a psychologist. Mental states can have the opposite effect on
personality, its development and dynamics, the formation of some properties and the weakening of others,
changes in the structure of motives, goals and activities. Individuals with neuropsychic instability are at
risk group. There is a high probability of disadaptive forms of behavior.

Conclusion. A software&hardware complex for psychophysiological testing has been developed,
which allows recording and assessing the psychophysiological state of the test person when answering
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each test question. The graphical user interface of the application is implemented in the Kazakh and
Russian languages. The techniques of Buss-Durkee and assessment of neuropsychic stability are
automated and adapted to the Kazakh language.

It is expected to use a software&hardware complex for obtaining a psychophysiological portrait of a
person when hiring in state and private organizations, as well as for service in law enforcement agencies.

Acknowledgment. The work was carried out at the expense of grant funding for research for 2018-
2020 under the project Ne AP05132044 “Development of a hardware-medical complex for assessing the
psycho-physiological parameters of a person” at the Institute of Information and Computational
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HCUXOPU3NOJOT'UAJBIK TECTIVIEYITH OMBEBAII KEHIEHI

AnHoTanusi. Makanana TCHXO(U3HONOTHSIBIK TECTUICYIIH ammapaTThIK-Oarmapiaamanslk kerreHiH (ABK)
KOJIIaHYIBIH ©3€KTi Moceleci KapacThIpblIagsl. HakTbl yakpITTa TECTUIEyAiH (PU3MONOTHSUIBIK MapaMeTpliepiH
AHBIKTAH OTBHIPHIN, TICHXOJNOTHSUIBIK TECTUICY >KYHECiHIH ToXipuOemiK HyYcKachl jkacanasl. DU3HOJIOTHSIIBIK
JepeKTepaiH ko3l periHme Tepi-ranpBaHuKanbK peakuusHbelH (TI'P) doromnmermsmacembl (PII) momiMerTepi
aHbIKTANAeL.  Arduino mwratdopmaceiHIa (OTOINIETH3MA HKOHE Tepi-TalbBAHUKAIBIK PEAaKIHs CEHCOpJaphIHAH
MoIliMeTTepli KaObuliay jKoHE eHIey jKyheci jkacaiiubsl. DOHIBIK NepeKTep/l eHJAey Ke3iHAe ThIHBIII JKarjaaiina
HaKThI ChIHAK Kyprizyuuire ToH OII curHaibHBIH OpTaHFbl GopMackl KalbinTacaabl. TaKbIPhINTHIH CHXO(U3HOIIO-
THSUIBIK JKaFJallbIHbIH ©3repyiMeH (MbICajbl, CTpecC XKariailblHaa) THIHBIC ajly KbULIaMaaisl Hemece azaszbl (0J1
RR wuHTEpBaNAapbIHBIH MeJIIEPIH ©3repTy apKbUIbl OenrijgeHeni), R IIBIHBIHBIH aMIUIMTYAachl TOMEHIEeH i
(«tapanane» curHanbl), T IOBIHBIHBIH aMIUTUTYJAchl MEH NO3UIMACH e3repeni. Ockl OenrinepiiH OapibiFbl
OarapiaMaliblK TYPZAE aHBIKTANAAbl KOHE TaKBIPHINTH JHAarHOCTHUKAIayAa KOJJaHblaasl. [IcHXo(hu3HonorusibK
TECTUICYIIH anmapaTThIK-0arjapamMaiblK KEIIeH! TECTTIH 9p cyparblHa jkayan OepreH KesJle MCHXOJIOTKa KOChIMIIA
aKnapar OepeTiH TecTUIeyIli aJaMHBIH ICHXO(QH3MOJOTHSUIIBIK JKaFlaiblH TipKeyre )oHe Oarajayra MYMKIHJIIK
6epeni. Kolburan MiH/IET ICHXOJIOTHSUIBIK TECTUICY apKbUIbI IIETIUICTIH MiHAETTepAiH OipiHe KaThICTHI. ATPEeCCHUBTI
MIiHE3-KYJIBIKIIEH arpecCHBTI OpeKeTTep Ke3-KeNreH MAaHBI3OBl MAaKcaTKa >JKETYIOiH TOCUT, MCHXOJIOTHSITBIK
penakcanys, ©3iH-e31 TaHy XOHE ©3iH-631 pacTay KaKeTTUITiH KaHaFaTTaHOBIPY TOCUII PETiHAE OpEeKeT eTesi.
TyaFanblK €peKIISTIKTep 3MOIMOHAIABI KyH3emic JKaFgaiblHaa aikelH KepiHeai. COHIOBIKTAH ICHXOJOrTap
allyIIaHAbIK XKaFlaibIHIaFbl aJaMHBIH PEAKIMACBIH MYKHAT 3€pPTTEii. ABTOpIap OChI TaKbIPbIN OOMBIHIIA Tanaay
KYPTi3li, SKCHEPUMEHTTIK TECTTIH OpTYpil OMICTepiH, MBICAIbl, HEHPOICHXHMKAIBIK TO3IMIUTIKTI Oaramay
ozicTeMeciH KapacTelpabl. by »karnmail kociOM TysiFaHbel TaHJay >KYHECiHIH OOBEKTHBTUINH €I9yip apTThIpajbl.
TecTTiH (U3MOIOTHSIIBIK MapaMeTpiiepiH OeNriIeHTiH ICUXOJIOTHSJIBIK TECTUIEY JKYHECIHIH ToXIpHOeNiK HYCKachl
KacanIpl. DKCHEPUMEHTTIK ChIHAKTap PETiHlEe JXeKe OachIHBbIH arpecCHBTUIINH JWArHOCTHKalayFa MYMKIHIIK
Oepetin bacc-Jlapka ofici *KoHE HEHPOIICHXHMKAIBIK TO3IMIUTIKTI Oaraiay oIicTeMeci TaHmaIabl. AMEPHKaHIBIK
ncuxonorrap A. bacc xoHe A. [lapka ChIHaKTapblH KOJJAHA OTBIPBINT CTYIEHTTEPHIH arpecCHsUIbIK JeHreiine
3eprTey Kacauabl. [ICHXONOTHSUIBIK TYPaKTBUIBIKTHIH OPHBIKTBUIBIFBI KOFAMJIAFbl JKEKe TYJIFAHBIH JKY3ere
aCBIPBLTYBIHA OAWIaHBICTHI, O OMipre KaHAFaTTaHyFa, KOCcIOM KBI3METTIH KETIiCTIKTEpiHEe YXKOHE TYTacTail arFaHmga
JTYHHETaHBIMFa dcep eTedi. HelponcnxuKanblK TO3IMAUTIKTIH TOMEHAEY] JeHCAayIBIKKA TEPIC 9cep €TETiH CTPECcCTIiK
JKaF/laiiylapra oHEe eMip INPOIECiHAe KeKe TYJIFaHbIH JaMybIHbIH JKOHBUTybIHA SKeNemi. ©Op Typili (akTopiaapabiH
iImiHAe JKeKe TYIFaIbIK epeKIIeNiKTep MEH JJIEyMEeTTIK opTara OaitmaHbicThl (hakTopmap Oap. by moceneni menry
YIIiH >KayanTapAsl Ka3blll, TECTTIH MCUXO(QH3NOIOTHIBIK JKaFIallblH OarajlafThIH amapaTThIK-OaraapiaMalnbik
KeIIeHi KOJIIaHa OTHIPHINT IICUXO(PU3NOIOTHAIBIK TECTUICYOl KONIaHy YChHbUIAAbl. OchbUiaiimia, >KOFapbl
HEHPONCUXHUKAIIBIK TYPAKTHUIBIKTHI aHBIKTAM OTHIPHII, 013 IICUXUKAIBIK OCHIMICTY *KYHECIHIH KaIbIIThI JKaF 1ai1arbl
CHSKTBI, COHBIMEH KaTap SKCTpeMaiabl (haKTOpIapIblH OCEPiHEH A€ TYPAKTBUIBIKTHI JKOHE aKbUI-OM OpeKeTiHIH
JKOFaphbl TUIMJIUTITIH CaKTail anaThlH )KOFapbl (PyHKIMOHAIIBI KaOIJIeTi Typalisl Ja aiita anambi3. KocsiMia napamerp
peTiHzie ap TecT cypakTapblHa jkayan Oepy yakbIThl TajnaHazpl. KockiMiiaHblH rpadukTik nHTEpdEci Kazak jxoHe
OpBIC TUTIEPIHIE KY3ere achIpblUIaIbl.
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bepiiren mbican ncuxo(U3NONOTHSIIBIK TECTUICY/IIH allnapaTThiK-0aFaapiaMablK KEIeHIH KOJIaHy TeCTTIH ap
CyparblHa >ayan OepreHae HakThl yaKbIT PeXUMIHAE TECTUIEYII aJaMHBIH (U3HOIOTHAIBIK IapaMeTpiepiH
TIpKEYyre JKoHe OaraynayFa MYMKIHIIK OepeTiHmirin kepcererdi. JKorapbiia aranfaH jKarmaillapJbelH OiCHAMAChIH
KOJIJTaHa OTBIPBIM, KOCIMKOW JKEKE TYJIFaHbI TaHIAYIbIH OOBEKTHBTI JKYHECIH KYpYy YCBIHBUIambl. By chiHakTap
9CKepH KbI3METKE ICHXOJIOTHSUIBIK TaHAay Ke3iHae maiinananyra ycbiHbDIagsl [1-2]. Tectrep Kazak TiniHe
OeitimMpenin, ATMaThl KATaChIHAAFBI OCKEPH OKY OPBIHIAPBIHBIH KYPCAHTTaphl MCH CTYACHTTEPI apachlHIa CHIHAKTAH
oTKi3ini. ¥CHIHBUIFAH almnapaTThIK-OarmapiaMaiblK KCIMICH HETi3iHAC KacalFaH alTOpPUTMICPMEH O3ipJICHTeH
OarmapiaMalibIK JKacakTaMa TECTUICYINI aJaMHBIH ICUXO(U3NOJIOTISUIBIK KaFAalblH Oarayiay YIIiH HHBAPHAHTTHI
€KEHIH KOPCEeTTi.

Tyiiin ce3gep: >JeKTpoKapAHOrpaMMa, (OTOILICTH3M, TEPi-TalbBAaHUKAIBIK pPEaKIUsI, MHKPOIIPOILECCOD,
CHUTHAIIBl OHAEY, ICHXOJOTHSIIBIK TecTTep, bacc-Jlapku omici, JXeke TyIIFa, ©3iH-e31 Oaramay JeHTrefi,
HEHPOIICUXHUKAIBIK TYPAKTBUIBIK, WHTEJUICKTYaJAbl pPETTey, INCHUXUKAJBIK OeHiMaeny »Kyiemnepi, XapaMIBLIBIK
KPUTEPHIAi, peTecT o1ici, 3USH/IBI MiHEe3-KYJIBIK, alllapaTTHIK-0aFaapiaMalblK KelleH, TpauKTik naTepdeiic.
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YHUBEPCAJIbHBIN KOMIIJIEKC ICUXO®U3HOJIOTMYECKOI'O TECTUPOBAHUSA

AHHOTanusl. B crathe paccMmarpuBaeTcCsl aKTyajbHas NpoOjeMa NPUMEHEHUS MPOrpaMMHO-alNapaTHOTo
kommiekca ([TAK) menxo(u3HoIOrnueckoro TeCTHPOBaHUs. Pa3paboTaH IKCIICPUMEHTANBHBIA BapHAHT CHCTEMBI
MICUXOJIOTHYECKOTO TECTUPOBAHUS C (PUKCHpOBaHWEM (HM3HOIOIHYECKUX MApaMETPOB TECTUPYEMOTO B PEATbHOM
BpeMeHU. B kauecTBe MCTOYHHKOB (PU3MOIOTHYECKHX AAaHHBIX OINpEJeIeHbl JaHHble (oToruieTn3Morpammel (DIT)
KokHO-ranbBannueckor peakuuu (KI'P). Ha mmatrdopme Arduino paspabortana cucrema mpuema W 00pabOTKH
JIAHHBIX C JaTYMKOB (DOTOIUIETH3MOTPaMMbI U KOXKHO-TalIbBAHUYECKOW peakuuu. Bo Bpems oOpaboTkn (GoHOBBIX
JIaHHbIX (opmupyercst yepeanenHas ¢popma curnana @I1, cBoiicTBeHHas! KOHKPETHOMY TECTHPYEMOMY B CIIOKOMHOMN
oOcraHoBKe. [Ipy HM3MeHEHMH INCUXO(]U3NOIOTHYECKOTO COCTOSIHUSI HMCCIENyeMOoro (HampuMmep, IpH CTpecce)
yyalaercsi WJIM CTaHOBUTCS pexe JbIxaHue (4To QuKcupyercss H3MeHeHueM pasMmaxa RR-uHTepBasnos),
yMeHbIIaeTcsl aMIuMTyAa R-mmka (curnan “paszmasbiBaetcs’”), M3MEHIETCS aMIUIMTY/a M TIOJIOXKeHue |-mmka. Bee
MIepEYCIICHHbIC TIPU3HAKK OMNPENSIIOTCS NPOTrpaMMHO W HCHOJB3YIOTCS NPH JUarHOCTUKE HCCIIETyEeMOro.
[IporpammHO-anmapaTHbIH KOMIUIEKC IICHXO(H3NOIOTHYECKOTO TECTUPOBAHKS TIO3BOJISIET MPU OTBETE HA KaXKIbIH
BONPOC TecTa (UKCHPOBaTh M OLCHMUBATh IICHXO(HU3NOIOTHYECKOE COCTOSHHE TECTHPYEMOro, YTO JaeT
JOTOJHUTEIbHYI0 HHpOpManuio s ncuxornora. IlocTaBineHHas 3amada OTHOCHTCSA K OJHOM M3 3a/1ad, PEIacMbIX
TIPY TTOMOIIH TICHXOJIOTHIECKOTO TECTHPOBAHMSA. ATPECCHBHBIC ACHCTBUS MPH arpeCCUBHOM IOBEICHUN BBICTYIAIOT
KaK CIoCO0 MOCTH)KEHHS KaKOH-TuM00 3HAYMMOM IICJH, CIIOCOO IICHXOJIOTHYECKOH paspsiikd, Crocod
YIOBJIETBOPEHHS MOTPEOHOCTH B CaMOpeaM3allidl M caMoyTBepxkaeHHH. OCOOEHHOCTH JMYHOCTH HPOSBIISIOTCS
ApY€ B COCTOAHHUU SMOIMOHAJIBHOTO HAIIPSYKCHU. HOSTOMy TMCUXO0JIOTM BHUMATCJIbHO U3YYal0oT pCaKIM MHAUBUIA
B cuTyanuu ¢pycrparuud. ABTOpaM MPOBEICH aHAIM3 IO JAHHOH TEMaTHUKE, PACCMOTPEHBI Pa3IMYHBIC METOIBI
OKCIIEPUMEHTAILHOTO ~TECTa, HalpuMep, METO/AWKa OICHKH HEpPBHO-NICUXMYECKOW ycTtoiumBocTu. JlaHHoe
00CTOSITEILCTBO  CYIIECTBEHHO TMOBBIMIAET OOBEKTUBHOCTH CHCTEMBI IPO(ECCHOHATEHOr0 OTOOpa JIMYHOCTH.
PazpaboTaH SKCHEPUMEHTAIBHBI BapHaHT CHCTEMBI IICMXOJOTMYECKOI0 TECTUPOBAaHHUS C (HKCHPOBAHUEM
(hU3MONOTNUECKHX ITapaMeTPoOB TECTHPYEeMOro. B kadecTBe SKCIIepUMEHTANILHBIX TECTOB BBIOpaHbl MeToauka bacca-
Jlapku, 1mo3BOJIIOIIAS AMArHOCTHPOBATh arpecCHMBHOCTH JIMYHOCTH, M METOAMKA OLEHKH HEPBHO-TICHXHYECKON
ycroiunBocTH. [IpoBeneHO HccieoBaHNE yPOBHS arpecCHM CTYAEHTOB C HCIOJBb30BaHHWEM TECTa aMEPHKAHCKHX
mcuxonoroB A. bacca m A.Jlapkm. IlpemnmoxkeHo pemeHHe 3Toi mpoOieMbl ¢ ucmonb3oBaHumem I[IAK
MICUXO(U3NOIOTHUECKOTO TECTUPOBAHMS, KOTOpPOE (DUKCHPYET OTBETHl M OLECHMBAET IICHXO(PH3NOIOTHIECKOE
coCTOsIHHE TecTHpyeMoro. CTaOMIBHOCTh NCHXOJIOTUYECKONH YCTOMYMBOCTH 3aBHCHUT OT PEAIM3AIMHU JMYHOCTH B
COIIMyM€, OHAa OKa3bIBaeT BIMSHUE HAa YAOBJICTBOPEHNE )KU3HBIO, HA YCIIEIIHOCTh NMPOECCHOHATBHON AEATEIBHOCTH
U MHpOBO33peHHe B IenoM. CHMKEHHE HEPBHO-TICUXHUYECKOW YCTOMYMBOCTH BeIET K TOSBICHUIO CTPECCOBBIX
CI/ITyaLII/Iﬁ C OTPULATCIBbHBIMU IMOCJICACTBUAMUA JJId 310POBbA U YIraCaHUIO PA3BUTHA JIMYHOCTU B MNPOILCCCE KU3HU.
Cpenu pa3HooOpasus (hakTOpOB CYIIECTBYIOT JHYHOCTHBIC OCOOCHHOCTH M (haKTOPHI, CBSI3aHHBIC C COIHMAIBHOMN
cpemoit. Tak, BBISABISISE BBICOKYIO HEPBHO-TICMXHMYECKYIO YCTOMYMBOCTh, MOXXHO TOBOPHTH O BBICOKOH
(YHKIMOHAJIBHOW CIIOCOOHOCTH CHCTEMBI IICMXMYECKOW afanTaldd MO COXPAaHEHWIO YCTOWYMBOCTH W BBICOKOH
(G (PEKTUBHOCTU TICUXUYECKON JESITENFHOCTH Kak B OOBIYHBIX YCJOBHUSIX, TaK W B YCIOBUSX BO3JCHUCTBHS
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9KCTPEMANIBHBIX CTPECCOBBIX (DAKTOPOB BHEIIHEW Ccpelbl. B KauecTBE JOMONHUTENBHOTO apaMeTpa aHAIM3UPYeTCs
BpeMsi OTBETa Ha KaxAbli Bompoc Tecta. ['paduueckuii nHtepdeiic moab3oBaTesss NMPUIOKEHHUS pealn30BaH Ha
Ka3aXCKOM U PYCCKOM SI3bIKaX.

[TpuBeneHHBIH TPUMEpP IOKa3bIBAET, YTO MCIOJIB30BAHUE IPOrPaMMHO-ANINApaTHOrO0 KOMIUIeKca mcuxodu-
3HOJIOTMYECKOTO0 TECTUPOBAHMs TO3BOJISAET TPH OTBETE HAa KaXIbId BONpPOC TecTa (PMKCHPOBATh U OLEHUBATH
(hu3monornuecKue mapaMeTpsl TECTUPYEMOT0 B pealbHOM pekuMe BpeMeHH. [peoxkeHo pemenne 3Toi mpoOiemMsl
C UCIIOJIb30BaHUEM METOJUKH BBIIICH3IIOKECHHBIX OOCTOSTEIBCTB, KOTOPHIE TUKTYIOT HEOOXOIUMOCTh B CO3JIaHUU
00OBEKTUBHOM cHCTEMBl NpO(ecCHOHATFHOr0 0TO0Opa JMYHOCTU. YKa3aHHBIE TECTHl PEKOMEHIYIOTCS ISt
MIPUMEHEHHMS TIPH TICHXOJIOTHIECKOM 0TOOpe Ha BOeHHYIO Ciryk0y [1-2]. TecTsl aganTipoBaHbl Ha Ka3aXCKUH S3BIK U
anpoOMpOBaHbl HAa KypCaHTaxX BOEHHBIX 3aBEJICHWH M CTYJEHTaX I'PaKIAaHCKHUX BY30B I'. AnmMatsl. [IpemioskeHHble
aBTOPOM aJTOPUTMBI, CO3JaHHbIE Ha OCHOBe mpetokeHHoro [TAK, mokasanm, 4to pa3paboTaHHas MMporpaMMHas
cucTeMa 00J1a/lacT MHBAPUAHTHOCTBIO K OLICHUBAHUIO NICHUXO(U3HOIOTHUECKOTO COCTOSHHS TECTHPYEMOTO.

KiroueBble cjI0Ba: 3JIEKTpOKapaHOTpaMMa, (OTOIUIETH3MOTPaMMa, KOXXHO-TaJbBaHMUYECKAs PEaKIus,
MHKPOIIPOIIECCOpP, 00pabOTKa CHTHAJIOB, MCHXOJOTHYECKHE TECThI, MeToAuka bacca-/lapku, JIMYIHOCTH, YPOBEHBb
CaMOOIICHKH, HEPBHO-TICUXUYCCKas yCTOI\/’I‘II/IBOCTB, HUHTCJUICKTYyaJIbHasA pEeryjianusa, CUCTEMbI MICUXUYECKOM
ajalrTanuu, Kpl/ITepl/Iﬁ BaJIMAHOCTHU, METO PETCCTA, JAC3aallTUBHAA q)opMa MOBCACHUA, TPOrpaMMHO-aInapaTHoro
KOMILIEKC, rpaduyeckuii nHTepdeic.
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ON THE DYNAMICS
OF THREE AXISYMMETRIC BODIES

Abstract. It explores the translational and rotational movement of the three free non-stationary axisymmetric
celestial bodies with variable mass, size and variable compression interacting according to Newton's law. Newtonian
force interaction is characterized by an approximate expression of the force function, which takes into account the
second harmonic. Differential equations of translational-rotational motion of three non-stationary axisymmetric
bodies with variable mass and size in the relative coordinate system, with the beginning in the center of a more
massive body, are given. The axes of inertia of own coordinate system of non-stationary axisymmetric three bodies
coincide with the main axes of inertia of the bodies, and it is assumed that their relative orientation remains
unchanged during evolution. The mass of bodies are varied isotropically in the different rates. Canonical equations of
translational-rotational motion of three non-stationary axisymmetric bodies with variable masses and sizes are
obtained in the osculating analogues of the elements of Delaunay-Andoyer. Canonical equations of unperturbed
motion and their integrals are given.

Keywords: Translational-rotational movement, Variable mass, Three-body problem, Axisymmetric celestial
body, Osculating elements, Delaunay-Andoyer elements.

1. Introduction

In classical celestial mechanics, real celestial bodies are modeled by a material point (a spherically
symmetric body). In cases when such a description of physical phenomena inadequately reflects the
essence of a real celestial-mechanical problem, celestial bodies are modeled by a solid body of constant
size, mass and unchanged structure [1, 2]. Observational astronomy shows that real celestial bodies are
non-point and unsteady. Celestial bodies are non-stationary, in the process of evolution their masses, sizes,
shapes and structures will change [1, 3]. In this connection, the creation of mathematical models of the
motion of celestial bodies with variable masses, sizes, and shapes becomes relevant.

The purpose of this work is to obtain differential equations of translational-rotational motion of non-
stationary three axisymmetric bodies with variable masses, sizes and variable compression in osculating
elements based on the equations of motion obtained in our previous work [3]

2. Equations of motion in a relative coordinate

Under certain assumptions for the physical problem, the equations of translational-rotational motion
of three axisymmetric bodies in the relative coordinate system were obtained in our work [3]. The
beginning of the relative coordinate system G xyz coincides with the barycenter of the body Ti , and the
coordinate axes are parallel to the respective axes of coordinate of the absolute coordinate system (see
figure 1).
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Figure 1 - Bodies in a relative coordinate system GO XyZ .

G, f 77,4’ own coordinate systems

2.1. Rotational motion
Differential equations of the rotational motion of bodies around their own center of mass in the
relative coordinate system are written as follows

d ouU oU |sing,

el ~C,)qr =| < —cosd, | Sy

S AR) (A~ =| 22 cosg 22 |0 o, &

d oU oU |cosp. . oU

— C - I =| ———cosf L _sing, —, (2.1)
5 (Ad)=(C-A)pr {év/. 5(/)& sng ™ og

dcrn=Y oo i-0,1,2

dt 8(0,

where P =y sindsing +6cosg, o =y, sinf cosp —A sing , I =y c0SO +¢. (2.2)
Pi,0;, I — the projections of the angular velocity of the rotational motion of the bodies Ti on the axes

of its own coordinate system Giggiﬁig:i, .W,,0 - Euler angles.

In General, the Newtonian force function of the problem of three non-stationary bodies has the form
[1-3].
u=uU,+U,+U,

(2.3)
where
U01: f .[ J‘ dl’]’]odm1 ,Ulzz fJ' j dmldmz , 02_ f J' J' dm dm (2.4)
(To) (T2) 01 () (T2) 2
Ri =R; =\/(xj —xi)2+(yj —yi)2+(zj —zi)2 i,j=012, i=]j (2.5)

there is a mutual distance between the centers of inertia Gi and Gj of the bodies Ti and Tj ,and f is the
gravitational constant.
Uij — the force function of the mutual attraction of two bodies Ti and Tj is defined as follows.

— 4 ——
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0 2
U; =U+U® (2.6)
Here
mm. A +B, +C, —31") +C. —310D
UiEO) — f 1) 'UiEZ) — fmi ] ] é J + fmj A + BI +C|3 3|| (27)
Rii 2Rij 2Rij
1 = Aa + B +Crj 10 =Aaj+BA+Cr @9

|i("”and Ifi’j)— moments of inertia of bodies Ti and TJ- relatively straight Rij — connecting the centers

of mass of two bodies GiG,- , respectively. i, j=0,1,2, i=#j.

2.2. Translational motion
We will not consider the equations of translational motion of body To, since the beginning of the

relative coordinate system coincides with the barycenter of body To, so we will only consider its
rotational motion.

The equations of translational motion of the body T1 in the field of gravity of the "Central" body To

in the presence of disturbances from the body T2 , in the relative coordinate system is written as follows
[1-3]

* * *

18U, &V . 14U, oV, . 1 au, &V
X = + Y, = + 7= + (2.9)
() ox  0x m(t) oy, oy, () oz, oz,
where
mm
1, (t)=—"—— —reduced mass, (2.10)
m, +m,

VAR iulz +i X, Uy +y, U +2, MUy |- perturbance from body Tz (2.11)
m, m, OX, oy, oz,

The equations of translational motion of the body T2 in the field of gravity of the "Central" body To

in the presence of disturbances from the body T, in the relative coordinate system is written as follows
[1-3]

18U, &V, . 1 au, oV . 1 au, oV
X, = +—= ), = +—L 7, = + (2.12)
(1) ox, X, () oy, oy, w(t) oz, oz,
where
mm
14, (1) =—""— —reduced mass, (2.13)
m, +m,

V, = ium +L{X2 0Uy, +Y, Uy +2, Uy } — perturbance from body T1 (2.14)
m, m, oX, oy, 0z,

For our purposes, it is preferable to use canonical equations of perturbed motion in the osculating
analogues of the elements of Delaunay-Andoyer [1].
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3. Equations of motion in the osculating elements delaunay-andoyer
The translational motion of the center of mass of axisymmetric bodies T1 and T2 is further described

in the osculating elements. Rewrite the equations of translational motion of the body T1 (2.9) as

>'<'1+fm°+m1x1—bx1—avl
Ry’ oo
. m, +m, ov,
y, + f R : yl—b1y1=5, (3.1)
7o f MM,y oM
R103 aZl

1

. 1
where V, =V, +—U1(§) _§b1R120 — force function of the perturbing force (3.2)

dZ

v 1 m,(t, )+ my(t,)
b =b (t)=—=(m el |yt 3.3
L=, (t) v, (m, + 1)dtz[mo+m1j m,(t)+m/(t) (33
We will write the equations of translational motion of the body T2 in the following form
m,+m \Y/
5('2+1‘L32x2—b2x2=a £,
20 8X2
. m,+m oV
y, + f 0R203 > Y, _b2y2 :W:’ (3.4)
m +m \Y/
,+ f ngzz—bzz2 :L.
20 az2
Where V, =V, +iU£§) —%bz R2 — force function of the perturbing force (3.5)
2
V d2( 1 m, (t, ) +m,(t,)
b.=b (t)=-=2= — |, V,= 3.6
:=0: (1) v, (m°+m2)dt2(mo+m2j m,(t)+m,(t) (3.6)
And the equation of rotational motion remains unchanged
I 1sing.
di(Aj pj)_(Ai_Ci)qiri = aa_U_COSejg_U -—(ZJ+ 054"1%’
t | OV ;| SING; j
d U oU |cosp; . aU
—(AQ;)-(C; = A) pyr; =| ———cos; — | ——L—sinp; —, 3.7)
gr T gy T gy, | sing, 190,
i( jrj)zﬁzo, j=012
dt ol

3.1 Equations of translational-rotational motion in osculating analogues of the Delaunay-
Andoyer elements.

Consider the analogues of the Delaunay-Andoyer elements

L, G,

Hi, |i ; 9 hi — Delaunay elements (3.8)
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L, G/, H/, I, g, h'i — Andoyer elements

The equations of motion in the osculating elements (3.8), (3.9) have the form

(R g R g R R R R
al a0, oh oL, 3G, oH,
1 4 m, +m 1 .

F=—L0 _H™ (311) He® = | 2" iy® _ZpRr 2|, i=12 (3.12

boyrolr T (3.11) Hy [ m,m, 2 (3.12)

., OF . oF . oF . OF ., o .  OF

Li=—r Gi=—7, Hij=—, lj=-%- dj=—77 h=-7275
o o) an o oG! oH

12 12
F,_g(G,Z_L,z)i+L_j_1G_j+1(i_i]L,z_Hm
i i j - j 1j
2 A2, 2A 2\C, A

]

f0 1
Hljt :—(U 2) —EbjRojzj, J =0,1,2

(3.9)

(3.10)

(3.13)

(3.14)

(3.15)

Note that the perturbing functions (3.12), (3.15) must be expressed in terms of the osculating elements
(3.8), (3.9). These procedures are time-consuming and cumbersome analytical calculations. To do this, we

use the system of symbolic calculations MATHEMATICA [10].

3.2 Equations of unperturbed translational-rotational motion in osculating analogues of the

Delaunay-Andoyer elements.
3.2.1 Unperturbed translational motion.

If Hy™™ =0, in the Hamiltonian (4.5) then

F- — Funpert — 1 . /l’loz )
V() 2¢

(3.16)

Equations of unperturbed translational motion of the center of inertia of bodies T1 and T2 in analogues

of Delaunay elements (3.8) have the form
. .unpert . . . .
Ii:—aFéL , 06,=0, h=0 L=0 G =0 H =0 1i=12

Integrals of the system (3.17) can be written as follows

L =L,=const, G, =G,=const, H,=H,=const,

2 t
dt
| =% 0 +l,, l,=const, g,=g,=const, h =h =const,
i t i

3.2.2 Unperturbed rotational motion.

If H;" =0 in the Hamiltonian (3.15), then

12 12
F_':E(G{Z_L{Z)i+L_i:EG_J+1 1 1 |2
2vt A ¢ 2 A 2(C

(3.17)

(3.18)

(3.19)

(3.20)
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Equation of unperturbed rotational motion in the analogues of Andoyer variables (3.9) has the form

=0, G =0 =0 =0 ¢ T g (321)
J J ] J aLJr J GGJ’ J
From equation (3.9) it follows
L; = L,=const, G; =G =const, H=Hj=const, (3.22)

A1 (1) ’

The geometric meaning of the analogues of Andoyer variables is given in [1, 4].

4. Conclusion

The article deals with the translational-rotational motion of non-stationary bodies that are interacting
according to Newton's law. Based on the equation in the relative coordinate system with the beginning at
the center of inertia of the most massive body, the equations of translational-rotational motion of three
non-stationary axisymmetric bodies in the osculating analogues of the Delaunay-Andoyer elements are
obtained. In the future, it is planned to Express the perturbing function through the osculating Delaunay-
Andoyer variables and numerical analysis of the obtained equations.

I'=L(;j.wdt+l’ I, =const g’:G'J‘i+g' g.=const, h’=h'=const, (3.23)
Crlale @ T By BT AR

M.I:x. Munraubaes, A.K. Kymexo6aii
an-®apabu ateingarsl KazYV, Anmarel, Kazakcran
OCTIK CUMMETPUSIJIBI YII JEHEHIH ITUHAMUKACBIHA

AnHotanus. KiaccukanblK acliaH MEXaHWKACBIHIA TAOWFHM aclaH JCHENepl HYKTE PETiHAC KapacThIPhLIaIbI
(chepanbik cuMmMeTpusiibl aeHe). Erep myHmaii Moaens (U3MKaNbIK KYOBUIBICTBIH KACHETTEPIH HAKThI CHUIATTAIl
Oepe anMaraH >Xarfaiima TaOWFW acmaH MACHENEpiH ejdmeMaepi MEeH Maccalapbl TYPAaKTHl KOHE KYPBUIBIMBI
©3repMEUTIH KATTHI JCHE PETiHJe MOIENBICH . ACIaH JCHENEpiHiH HYKTe (Imap) Ae emec, KaTTHl JCHE JIe eMec
eKeHiHe OyriHae OaKpUIAyIIbl aCTPOHOMHUS Kyollik eTeni. TaOuFu acmaH JieHeJepl HeriziHeH OeiicTaruoHap. Y akbIT
oTe OJIAPIbIH Maccajlapbl, eJIIeM/EpPi JKOHE MacCaHBIH Tapaly KypbUIbIMAaphl e3repemi. ColikeciHiie, ojapiablH
TPaBUTAIMSIBIK TAPTHUIBIC KYIII %oHE 03apa HeI0TOHABIK acepiiecy KyIIi yakpITKa Toyenni 6omansl. by gakropnap
JICHCHIH JIWHAMHUKAIBIK OBOJIOIISICHIHA aWTapibIKTaili ocep eremi. EH kem TaparaH OelicTalMOHApPIIBIK-
TPaBUTANUSIIBIK JCHEIEP MacCaapbIHBIH JKOHE eIIeMIIepiHiy e3repMeniiiri. JKorapesiaa cunarranral QU3UKaIbIK
Kyitenepaiy inrepiieMeni-aiHaIMaiabl KO3FAJbICHIH 3€pTTEY Kasipri 3aMaHFbl TEOPHSUIBIK JKOHE —aclaH
MEXaHHUKACHIHBIH MaHbI3/IbI ece0i 00JIbIn TabbLIabl. MbIcaiFa, aifHBIMAIIbI KYJIIBI3IAPIbIH PAINYCHIHBIH MEPHOITHI
e3repyi OCBIFaH JANIE. Op TYPIl KYJIIBI3IAPIBIH 6CY TAlbIH/Ia OJaPAbIH KbICHUTYBl MEH KEHEIO1 KYJIIBI3/IBIH 1K1
SBOJIIOIUSL TEOPHUACHIHAH MIBIFABI. MBICAbI, JKYJIIBI3ABIH ©JIIeMi KbI3bUI TMTAHT CTaIUsChlHA OTKCH Ke3je,
MaccacbiHa Toyenai 10-man 100-re meifin e3repeni. Ocipece AUCCHUMAIUS IPOLIECCIiHIH MHTCHCHUBI KOHE MaCCaHBIH
aybICybI THIFBI3 €Ki xKyiene 0onaapl. XKyIab30apAblH MIOFBIPIAHYbI, Ta3bIK (OHAAFHI IBONIOLISIAHYBI MyIbCAIINs
Karaierana Oonmaabl. CoFaH KaThICTBI OJapAbIH TapTHUIBIC OailyIaHBICTaphl alHBIMANEI OoNanbl, HEIOTOHIBIK 63apa
MOTeHLMANIbl OaiaHbIChl TiKesleil yakpITTan Toyenni Oonanel. Ochl (akropiiap OJapIblH —JTUHAMHKAJIBIK
IBOJTIOLIMSICBIHA dcep eTei. YKyJIbI3aap biH SBOIONUSACHIH CUITATTAY YIIIIH MAaCCAHBIH YKOHE PaJNyChIHBIH 03repyiHe
JKYIIBI3ABIH PEaKIUsAChIH OepeTiH, cumarrtama (YHKOUACHI CHTi3ineni. JKYIabI3aplH Maccachl ©3repreH KesJeri,
OHBIH OJIIIEMiHIH ©3repyi 3epTTenesi. Macca, eJIeM KoHe MINIHHIH 63repyi (PU3UKAIBIK aifHBIMAJIBI KYJIBI3Aap —
MyJIbCalMsIaHATHIH JKYJIABI3Aapaa ailKeIH KOpIHEI.

Knaccukanplk yIn geHe Moceleci - acliaH MEXaHMKACHIHBIH ©T€ KBI3BIKTHI, KYpAeli XOHE ©3eKTI Moceleci,
FaJIBIMIAp OYJT MOCENICHIH JKaITbl MESIIiMIH 9JTi KyHTe Aeiin Taba amMaii kemeni. Erep ocel Mocenene 613 aeHenep iy
Maccajapbl aiHbIMAajbl C€KEHIH ecKepeTiH Oosicak, Oy ecenti KublHaaTaabl. OchiFaH OalIaHBICTBI AWHBIMAJIBI
Maccajbl YII IEHE MOCEJIeCiHiH JKalIbl )KoHe Aepbec Oipae-0ip HaKThI MISTTiMi KOK.

I'paBuTanusIayIIbl ASHEHIH Maccachl MEH OIIIIEMIHIH ©3repy cajjapbl OeiiCTallMOHAp HAKTHI FAPBIIITHIK XKYiie
JIUHAMUKAJIBIK 3BOJIOIMSACHIHBIH HETi3T1 (PaKTOpIaphIHEIH Oipi 00k TadbuTaasl. OCKHl KYMBICTA MACCACHI, OJIIEMI
KOHE MIIIiHI alHBIMAJIBI YIII IeHE MACENECiHIH allHbIMaJIbI-IIrepiieMelti KO3FajbIChl KapacThIPbUIFaH. Byl sKyMBICTBIH
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Heri3ri MaKcaThl Oi3/[iH aJIbIHFbI )KYMBICBIMBI3/IA AJIFaH KO3FAJIBIC TEHJICYJIEPiHIH HETI31H/AEe YII 6CTIK CHMMETPHSIIBI,
Maccajapbl MEH eJIIeMenepi alHBIMaNbl, aWHBIMANBl CHIFBUIATHIH  JCHENCPHiH iIrepiieMeli-aiHaIMabl
KO3FaJIBICHIHBIH TU(QepeHIHaNIbIK TEHICYIEPIH OCKYISIMIAYIIBI SIEMEHTTEPIE aly.

Makanaza e3apa rpaBUTAIMJIAHYIIB OCHCTAMOHAD YII JCHE KapacThIPbUIAIbI: OIPIHIN JIEHE — IICHTPIIIKY,
sSFHU Oacka eKi JeHere KaparaHa YJKeHIpeK. YII JCHEHIH ¢ AWHAMHKAJIBIK KYPBUIBIMBI JKOHE INIIiHI OcCTiK
cuMMeTpHsLIbl. HBIOTOHHBIH ©3apa ocepiiecy KyIli eKiHI rapMOHUKAHBI €CKePreH/Ieri KYIITIK (yHKIUIHBIH KYBIK
OpHEriMeH cunarTajgraH. Maccacel JKOHE eJleMi aiHbIManbl OCTIK CHMMETPHSUIBI JICHENIEpIiH inrepiiementi-
aifHaNMaJibl KO3FaJbICBIHBIH JuddepeHInanabK TeHAeyIepl CalbICTBIPMalbl KOOpAMHATANAD JKYHECiHAe OTKEeH
JKYMBICHIMBI3/Ia KOPBITBUIBIN IIbIFAPbUIFAaH OOJAaThIH. BelicTaloHap yII JieHe YIIIH MEHIIIKTI KOOpAMWHATAIap
JKYHeciHiH ecTepi AeHeHiH 0ac MHEepIHs 6cTepiMeH ColKec Keyell kaHe OyJl Kyil aBomoIust 6apbIChIHAA e3repicci3
Kananel. JleHenmepaiH Maccanapbl opTYPIIi KapKbIHAa H30TPONTHI e3repeni. Ecente YHBITKY TCOPHSICHIHBIH ToCUIACPI
nadiganansirad. OcKymsiusiaayinsl  Jlenone-AHayaiie 3JI€MEHTTEPIHIH aHaJOrTapbhlHaa CEpIiKTIH inrepimemerti-
aflHanManbl KO3FANBICHIHBIH TEHICYNepl albIHIbl. ¥HWBITKBIMAFaH KO3FAIBICTBIH KOHOHIBIK TEHJACYJIEePiHiH
MHTETpajiapbl KENTipuIi.

Tyiiin ce3mep: oCTIK CUMMETPUSUIBI J€He, LirepiiemMeri-aiiHaIMalbl KO3FaJIbIC, alHBIMAJbl Macca, YII JeHe
eceli, OCKYIAIIIIAY Tl 2JIEMEHTTEP.

M.J:x. Munraubaes, A.K. Kymexo6aii
KaszHY um. anp-Dapabu, Anmatel, Kazaxcran
K AMHAMMUKE TPEX OCECUMMETPHUYHBIX TEJI

AnHoTanus. B krmaccuueckoll HeOGCHON MEXaHHWKE peallbHbIe HEOCCHBIC Tella MOJICITUPYIOTCS MaTepUATbHOU
TOYKOH (chepryeckr CHMMETPUYHOTO Tea). B cirydasx, Korjaa Takoe onvucanne (GU3NISCKUX SBICHUI HEaJeKBATHO
OTpakaeT CyTh pealbHONH HEOCCHO-MEXaHWYECKON MpoOiieMbl, HeOSCHBIC Tela MOJCTHPYIOTCS TBEPABIM TEJIOM
MOCTOSIHHOTO pa3Mepa, MacChl M HEM3MEHHOH CTpyKTypoi. HaOmrogarenbpHas acTpOHOMHS CBUICTEILCTBYET, UTO
peanibHbIe HeOECHBIC TeJla HETOYCUHBIC U HETBep/ble. PeabHble KOCMHYECKIE Teja 0 CYIIECTBY HECTAlMOHAPHEIC.
Co BpeMecHEM MECHSIOTCS WX MAcChl, pa3Mepbl, (OPMBI M CTPYKTYpa paclpelesicHHs MacChl BHYTPH TEIL.
COOTBETCTBEHHO, CTAHOBUTCS TEPEMEHHONM WX TPaBUTHUPYIOIIAs CBSI3b W HBIOTOHOBCKUH  MOTEHIMAI
B3aMMOJICHCTBHSI OKAa3bIBACTCSA SIBHO 3aBHCAIIMM OT BPEMECHH. OTH (DAKTOPHI CYIIECTBEHHO BIUSIOT Ha
MUHAMAYCCKYIO DBOJIONMIO Teld. Ha HEKOTOpBIX 3Tamax »dBOJIOIHMHA TPABUTHPYIONUX CUCTEM 3(PQPEKTHI
HECTAIIMOHAPHOCTU TEJ, BXOMAIIMX B CHCTEMY B KOHIIC 3TOro dTama. Hambosiee yacto pacrmpocTpaHCHHAs
HECTAllMOHAPHOCTh — MEPEMEHHOCTh MacC TpaBUTHUPYIOIMX Tell. MccnemoBanuwe nocTymnaTelnbHO-BPAIlaTEIbHOTO
JIBIOKCHUS BBIIIC OMMCAHHBIX (DU3UYECKUX CHCTEM SIBJIICTCS aKTyaJbHOW 3a/laueil COBPEMEHHOW TEOPETHYCCKON U
HeOeCHOW MeXaHHKH. B CBSI3M ¢ 3THM CTAHOBUTCS aKTYaJIbHBIM CO3/IaHHEC MATEMATUYCCKUX MOJCICH TBUKCHUS
HEOECHBIX TEJI C MEPEMEHHBIME MaccaMHu, pa3Mepamu, U ¢popmamu. L{enbro HacTosIIeH pabOTHI ABJSETCS HA OCHOBE
YpaBHCHUsI JBIDKCHHS, IMOJyUYCHHBIC B MPEABIAYIICH Haimieil paboTe BhIBECTH TU(PQPEpPEHIMATBHBIC YpPaBHEHUS
MOCTYNaTEeNbHO-BPAIIATEILHOTO JBUKEHUA HECTALIMOHAPHBIX TPEX OCECUMMETPUUYHBIX TeJl C MEPEMEHHBIMU
Maccamu, pasMepamMu U IEPEMEHHOTO CKATUS B OCKYJIUPYIOIIMX 3JI€MEHTaX.

Hccnenyetcs moctynaTensHO-BpaIiaTeaIbHOE IBIKEHHE TPeX CBOOOIHBIX HECTAITMOHAPHBIX OCECUMMETPUUHBIX
HEOECHBIX TEJ C MEePEeMEHHBIMH MacCaMH, pa3MepaMH M MEPEeMEHHOIrO CHKAaTHS B3aUMOJICHCTBYIOIIUX IO 3aKOHY
HeroToHa, W3 KOTOPBIX HHKAKHEe JBa HE HMMEIOT o00mme dYacTH. HBIOTOHOBCKAas cuia B3aUMOICHCTBHUS
XapaKTePU3yeTCss MPUOIIKEHHBIM BBIPAKCHHEM CHJIOBOM (DYHKIIMH, YYHTHIBAIOIIAsS BTOPYIO TapMOHHUKY. IIycTh
muncoun uHeptuu ten lg, 14,1, pasnuunble, ocecuMMeTpUYHBIE M UMEIOT COOCTBEHHYIO 3KBAaTOPHAJIbHYIO
IJIOCKOCTh CUMMETPUU M B XOJ€ SBOJIOIMHM 3TH CBOWCTBA COXPAHAIOTCS. Tak ke JOMYyCTHM, YTO CXKaTusl Tel
OTHOCHUTEJIBHO 3KBAaTOPUAIBHON IIOCKOCTH TNepeMeHHble. VCcXOqHble PACMONOKEHHs TJIaBHBIX OCeM WHEpLHUH U
LIEHTP MHEPLMH B TEJIE OCECUMMETPUYHBIX TEJ B XOJ€ IBOJIIOLMU OCTAlOTCS HEM3MEHHBIMU M HAIPaBIIEHbI BJIOJb
JIMHUY TIEPECEUCHUs TPEX B3aUMOMEPTICHIUKYISIPHBIX TUIOCKOCTEH.

[puBenensr  muddepeHInanbHbple  ypaBHEHHS [IOCTyNaTEIbHO-BPAILIATEILHOTO JBIKCHUS Tpex
HECTAI[MOHAPHBIX OCECUMMETPUUYHBIX TeN C MEePEeMEHHBIMH MacCaMU U pa3MepaMd B OTHOCHUTEIBHOW cHCTEeME
KOOpJAMHAT, C Ha4yaJloM B IIGHTpe Oojiee mMaccuBHOrO Tena. OCH MHEPIMH COOCTBEHHOH CHCTEMBI KOOPIHMHAT
HECTALIMOHAPHBIX OCECUMMETPUYHBIX TPEX TEJI COBNAAAIOT C IJIABHBIMU OCAMM MHEPLUH TEJ U MPEIII0NIaraeTcs, 4ro
B XOJI€ SBOJIIOIIMH WX OTHOCUTEJIbHAS OpUEHTAIMs OCTAIOTCSl HEM3MEHHBIMU. Macchl TeJl U3MEHSIOTCS U30TPOITHO B
paznuuHbIX Temmnax. llofydyeHbl KaHOHUYECKHE YpPaBHEHHS MOCTYNATelbHO-BPAIIATEIbHOTO JBUKEHHUS TpeX
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HECTAllMOHAPHBIX OCECHUMMETPUYHBIX TEJI C MEPEMEHHBIMH MaccaMH M pa3MEpaMH B aHAIOTaX OCKYIHPYHOIIUX
anemeHToB Jlenone-AHpyaiie. IlpuBeneHbl KaHOHMYECKHE YpPAaBHEHUS HEBO3MYILEHHOTO [BIDKCHHS, M HX
WHTETPabl.

KnioueBble ci10Ba: IOCTyHaTelbHO-BpAIAaTENbHOE [BIDKCHHWE, IEpEMEHHas Macca, 3ajada Tpex Tel,
0CECHMMETPHUIHBIE HEOECHBIC TENa, OCKYJIHPYIOIINE JIEMEHTHI.
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BOUNDEDNESS OF THE HILBERT TRANSFORM
FROM ONE ORLICZ SPACE TO ANOTHER

Abstract. In this paper, we investigate boundedness of the Hilbert transform from one Orlicz space to another.
D.W. Boyd gave examples (see [1]) showing that reflexivity of X is both unnecessary and insufficient for
boundedness of the Hilbert transform from X to itself. This may be somewhat surprising, since the condition for L,
to be reflexive (1 < p < o) is the same as the condition for the Hilbert transform to be bounded from L, to L,,.
However, D.W.Boyd considered only the cases when the domain and the range of the Hilbert transform coincide.
Since L,, spaces are examples of rearrangement-invariant (r.i.) Banach function spaces, we consider boundedness of
the Hilbert transform from one reaarangement-ivariant Banach function space to another. To be precise, we
generalise the Boyd’s results allowing the domain of the Hilbert transorm to be a particular Orlicz space defined on
(0,1), and the range is different from the domain an other Orlicz space defined on (0,1). Moreover, we also consider
boundedness of the Hilbert transform from one Lorentz space on (0,1) (which is also rearrangement invariant) to
another Lorentz space (0,1). In case when the domain of the Hilbert transform is a Lorentz space Ay, (R,) which
coincides with its range, the problems was fully resolved by D.W.Boyd. He showed (see [1]) that uniform convexity
of Ay, (R,) (1 <p < ) is necessary and sufficient condition for boundedness of the Hilbert transform. However,
for the most important case when p = 1 the result was proved recently [2, Theorem 4.2]. Moreover, applying the
main theorem D.W.Boyd obtained the following [1]:

Let Ly be an Orlicz space. Then H' € B(Lg, Lg) if and only if Ly os reflexive.

Towards these goals we also investigate boundedness of the Calder6n operator from one rearrangement-
invariant Banach function space to another. Such questions have been attracting a great deal of attention for many
years, in particular in connection with embeddings of Sobolev spaces. In the present paper we discuss such
boundedness problems for classical operators of great interest in analysis and its applications, namely the Hilbert
transform and the Calderén operator. The action of these operators on specific classes of function spaces has been
extensively studied over the several decades. Classical results are available for example in connection with familiar
function spaces. Besides the importance of these operators is very well known, and their properties have been deeply
studied.Classical Lorentz spaces which originated in 1950s and have been occurring occasionally later became
extremely fashionable in 1990s when the fundamental papers appeared.

In this paper we study the boundedeness of such classical operators on rearrangement-invariant spaces, a class
of function spaces that includes for example all Lebesgue, Lorentz, Orlicz, Marcinkiewicz spaces and more. Our
focus is mainly on boundedness of the Hilbert transform from one Orlicz space to another. We also give examples of
particular rearrangement-invariant spaces on which the Hilbert transform acts boundedly.

Key words: Hilbert transform, Calderdn operator, Rearrangement invariant Banach functon spaces, Orlicz
spaces, Lorentz spaces, Marcinkiewicz spaces.

1 Introduction

The purpose of this paper is to determine Orlicz spaces such that the Hilbert transform defines a
bounded linear operator from one Orlicz space to another. Besides the Orlicz space, we deal with other
spaces having the property of rearrangement-invariance.
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Let H be the classical (singular) Hilbert transform (for measurable functions on R), given by the
formula

@) () =p.v.~ [ s,

t—s
If X is a Banach space, let B(X, X) denote the space of bounded linear operators from X into itself. A
classical result of M.Riesz states that H € B(L,, Ly,) if and only if 1 <p < co. The main result of the
paper by D.W.Boyd [1] generalises this as follows.

Theorem 1. Let X be a rearrangement-invariant space. Define the operator E; for 0 < s < oo by
(Esf)(x) = f(sx), f € X. Denote the norm of E as a member of B(X, X) by h(s; X). Then, ¥ € B(X,X)
if and only if

sh(s;X) > 0ass - 0+,and h(s; X) > 0ass — oo,

Using this result, D.W.Boyd gives examples showing that reflexivity of X is both unnecessary and
insufficient in order that 7' € B(X, X). This may be somewhat surprising, since the condition for L, to be
reflexive (i.e. 1 <p < o) is the same as the condition for } € B(L,, L,). However, 1 < p < o also
ensures that L,, is uniformly convex, so D.W.Boyd [1] obtained the following result:

Let X be the Lorentz space A(¢,p),1 <p < oo. Then H € B(X,X) if and only if X is uniformly
CONVex.

In [1], D.W. Boyd characterized Lorentz spaces Ay, (R,) in which the Hilbert transform  is
bounded from Ay ,(R,) into itself in the case when 1 < p < co. However, for the most important case
when p =1 the result was proved recently [2, Theorem 4.2]. Moreover, applying the main theorem
D.W.Boyd obtained the following [1]:

Let Ly be an Orlicz space. Then 3 € B(Lg, Lg) if and only if Ly os reflexive.

While D.W.Boyd investigated the boundedness of the Hilbert transform acting from a rearrangement-
invariant space into itself, we rather consider the boundedness of the Hilbert transform from one
(particular) Orlicz space, defined on (0,1), to another, i.e. we provide the Orlicz functions G; and G, such
that (see Corollary 10) the Hilbert transform

H:Lg,(0,1) > Lg, (0,1).
We also give examples of Lorentz spaces such that the Calder6n operator
S:A4(0,1) - A, (0,1).

2 Preliminaries

Let (I, m) denote the measure space, where throughout this paper I = (0,1), equipped with Lebesgue
measure m. Let L(I,m) be the space of all measurable real-valued functions on (0,1) equipped with
Lebesgue measure m, i.e. functions which coincide almost everywhere are considered identical. Let
L(1,m) be the space of all measurable real-valued functions on (0,1) equipped with Lebesgue measure m.
Define Ly(0,1) to be the subset of L(0,1) which consists of all functions x such that m({t: |x(t)| > s}) is
finite for some s > 0.

2.1 Rearrangement invariant Banach Function Spaces

Definition 2. [3, Definition I. 1.1, p. 2] A mapping p: L(I)* — [0, o] is called a Banach function
norm if, for all x,y, x,, (n = 1,2,3,...), in L(I)*, for all m-measurable subsets 4 of R, the following
properties hold:

1. pisanorm

20<y<xae=p@y) <pk)

3.0<x,Txae =p(x,) Tpk

4.p(8) <= p(xa) <

5.p(8) <= [, xdm < cpp(x)
for some constant c,, 0 < ¢, < oo, depending on A and p but independent of x.
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Let p be a function norm. The set E = E(p) of all functions x in L(I) for which p(|x|) < oo is called
a Banach function space. For any x € E, define

I x llg= p(lx]).
Define Ly (1) to be the subset of L(I) which consists of all functions x such that m({t: |x(t)| > s}) is
finite for some s > 0. Two functions x and y are called equimeasurable, if

m({t: |x(1)| > s}) = m({t: [y(O)] > s}).
For x € Ly(I), we denote by u(x) the decreasing rearrangement of the function |x|. That is,
u(t,x) =inf{s = 0: m({|x| > s}) <t} t > 0.

Definition 3. [3, Definition 4.1, p. 59] A Banach function space E is called rearrangement-invariant
if, whenever x belongs to E and y is equimeasurable with x, then y also belongsto E and Il y llz=Il x llg.

For the general theory of rearrangement invariant Banach function spaces, we refer the reader to
[3,4,5,6].

2.2 Kothe dual of Rearrangement invariant Function spaces

Next we define the Kéthe dual space of rearrangement invariant Banach function spaces. Given a
rearrangement invariant Banach function space E on (0,1), equipped with Lebesgue measure m, the
Kdéthe dual space, denoted by E*(0,1), is defined by

1
E(0,1)* = {y € S(O,l):f [x(®)y(t)|dt < oo, Vx € E(O,1)}.
0
E* is a Banach space with the norm

1
1Y lpgoay: = sup{f3 [x(©)y(©)ldt:x € EQ,1), 1 x g < 1} 2.1)

If E is a rearrangement invariant Banach function space, then (E*, |I-lzx) is also a rearrangement
invariant Banach function space (see [3, Section 2.4]). For more details on Kothe duality see [3, 5].

2.3 Lorentz and Marcinkiewicz spaces

Definition 4. [4, Definition 1I. 1.1, p. 49] A function ¢ on the interval [0,1] is said to be
guasiconcave if

lLo®)=0et=0;

2. @ (t) is positive and increasing for t > 0;

3. @ is decreasing for t > 0.

Observe that every nonnegative concave function on [0,00) that vanishes only at origin is
quasiconcave. The reverse, however, is not always true. But, we may replace, if necessary, a quasiconcave
function ¢ by its least concave majorant @ such that

P=p=¢

N | =

(see [3, Proposition 5.10, p. 71]).
Let Q denote the set of increasing concave functions ¢:[0,1] — [0,1] for which lim;_ ¢, ¢(t) =0
(or simply ¢(0+) = 0). For a function ¢ in (, the Lorentz space A, (0,1) is defined by setting
Ap(0,1): = {x € Lo(0,1): f; (s, x)dep(s) < oo}
equipped with the norm

1
Il x ”Aq,(O,l): = fo u(s, x)deo(s). (2.2)
The Lorentz spaces (A,(0,1), "'"A,,,(O,l)) are examples of rearrangement invariant Banach

function spaces. For more details on Lorentz spaces, we refer the reader to [3, Chapter I1.5] and [4,
Chapter 11.5]. Let ¢ be a quasiconcave function on (0,1). The space
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My(0,1) = {f € Ly: Il £ llyg, < 0}

equipped with the norm
1 t
(| = sup —- s, f)dm
f My (0,1) te(og)w(t) fo 1(s, f)

is the rearrangement invariant space with the fundamental function ¢@(t) = ﬁ- 1(0,1)(t)- The space
(My, "'"Mw) is called the Marcinkiewicz space.

2.4 Orlicz spaces

Definition 5. An Orlicz function is a function G: [0,1] — [0,1] such that

(1) G(0) =0, G(44) > 0 forsome 1; > 0and G(A,) < oo for some 4, > 0.

(2) G is increasing.

(B)Gisconvex: G(al;1 + (1 —a)Ay) <aG()+ (A1 —a)G(4,),0<a < 1.

(4) G is left-continuous.

In what follows, unless otherwise specified, we always denote by G an Orlicz function.
For every Orlicz function G, we define a functional

Ie(f) = [, G(Ifdm € [0,00]

and set
I1flle = inf{a > 0:15 (£) < 1} € [0, 0]
for every measurable function f:[0,1] = R. We put here inf{@®} = co. The set
Lo ={f € Lo:|Ifll1; < o0}

equipped with the norm || - ||, is the rearrangement invariant space. The space (Lg, || - ||.,) is called the

Orlicz space. Orlicz spaces which generalize Lebesgue’s scale in a direction essentially different from
Lorentz spaces, received much attention too, see for instance [7, 8, 9, 10, 11, 12, 13].

2.5 Calderdn operator and Hilbert transform
Let £(0,1) be a r.i. Banach function space. For a function x € E(0,1), define formally the operator S
as follows

(Sx)(B): =1 fy x(s)ds + [ x()5,t > 0. (2.3)

The operator S is called the Calderdn operator. It is obvious that S is a linear operator. If 0 < t; < t,,

then
. S . S tz . S
min (1,3) < min (1,2) < o min (1,;),5 > 0.

Let x be nonnegative function on [0,1]. It follows from the first of these inequalities that (Sx)(t) is a
decreasing function of t. The operator S is often applied to the decreasing rearrangement pu(x) of a
function x defined on some other measure space. Since Su(x) is non-increasing itself, it is easy to see that
u(Su(x)) = Su(x). Throughout this paper, we write A < B if there is a constant c,;s > 0 such that A <
CapsB- We write A ~ B if both A < B and A = B hold, possibly with different constants.

If x € E(0,1), (E is rearrangement-invariant space) then the classical Hilbert transform H is defined

by the principal-value integral

(#Hx)(s): = p.v.~ f, ’S‘%)dr,. (2.4)

(see, e.g. [3, Chapter I1l. 4]). Boundedness of such classical operators on rearrangement-invariant spaces
have attracted attention of leading mathematicians in the field of r.i. spaces and non-commutative analysis,
see for example [14, 15, 16, 17, 18, 19, 20].

3 Main results

3.1 Boundedness of the Calderédn operator on Orlicz spaces

Let S be the Calderdn operator acting on Lorentz spaces

— 34 ——
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S:A4(0,1) - Ay (0,1)

In the next lemma we find the Lorentz function ¢, such that S: A, (0,1) - L1(0,1) is bounded and
Ay, (0,1) is maximal.

Lemma 6. If ¢y(t) = tlog( )+ t,0<t<1, then A, (0,1) is the maximal among all

rearrangement invariant spaces such that S: 4, (0,1) - L;(0,1). (Here and throughout this paper log
stands for the natural logarithm)
Proof.

1 11t 1 1
fy S0)@®dt = [} 5[5 x(s)dsde + [, [} *Pdsdt =
1 11 1 x(s)
= Jy x(s) [} cdeds + [ =2 [ deds =

= fol x(s) (log G) + 1) ds.
Hence ¢q(t) = log (g) Then, by integrating we obtain
@o(t) = tlog (%) +t
Now, we show that A, (0,1) is maximal among such rearrangement invariant spaces. Indeed, let
S:E(0,1) = L,(0,1),
where E(0,1) is arbitrary rearrangement invariant space. Then,

l1x[la,, = IISxllL, = l1x]|g. m
Therefore, £(0,1) c A, (0,1).

Lemma 7. Let o (t) = tlog (%), ¢ € (0,1) and ¢(t) = tlog? (%), t € (0,1). Then

S (tp(t)) < 2® ¢(t) t>0.
Proof. Indeed, integrating by parts, we obtain

(M)——f lo ()ds+f Uds-%(slog())|6+f0tds—%|%

2

10g()+1 - @=log(i)+ log()+—:

_ tlog(?)+%tlog2(%)+%t < tlogz(%)+%tlog2(%)Hflogz(%) _ Etlogz(%)

t t 2 t
Note that both ¢ (t) and ¢ (t) are Lorentz weight functions for t € (0,1).

Lemma 8. Let ¢(t) = tlog( ) t € (0,1) and ¢(t) = tlog? ( ) t € (0,1). Then the Calderon
operator

S:A4(0,1) > A,(0,1)
is bounded. Moreover,
S:M,(0,1) > My(0,1)
is also bounded.
Proof. First we show the boundedness of the Calderén operator from one Lorentz space to another. It

was shown in [17, lemma 10] that if lim,_,log (%) @(t) = 0and lim;_, e %t) = 0, then

S:Ap(Ry) = Ap(Ry)

5(@)5@,t>0.

if and only if
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Here we consider the boundedness of the Calderon operator
S:A4(0,1) - A, (0,1).
It is easy to see that the first condition in [17, lemma 10], lim,_,log (%) @(t) = 0, is satisfied. The

condition for a function ¢(t) such that S (%t)) s @ for all t > 0 is satisfied by lemma 7. Hence, by

[17, lemma 10] we obtain that the Calderén operator

S:A4(0,1) - A, (0,1)
is bounded. It is well known fact that the associate space (Kéthe dual) of the Lorentz space A, with
weight function ¢ is the Marcienkiewicz space My, and || - [|ax = || - [Im,,- [4, Theorem 5.2, p.112]

Hence,
§:M,(0,1) - My(0,1)
is also bounded.

Theorem 9. Let G, (t) = el*l

1
2

1
- lzﬂ — |t|z2 — 1 and G, (t) = e!*! — 1. Then the Calderdn operator

S:Lg,(0,1) = Lg, (0,1)
is bounded.
Proof. It is known from [19, see Lemma 4.3] that Ly, = My, (with norm equivalence) holds for

every p > 0, where

& t]*kP
Ny (t): = eltl” — ka=0 T P € (O1);

Ny(t):=ell" —1,p>1,t R
and

P(e): = tlogh? ()t > 0.

If we choose p = % then ¥ (t) = tlog? G) coincides with the ¢(t) above. The corresponding Orlicz

1 1
function is N1(t) = eltl* — lzﬂ — |t|z — 1. For convenience let us denote N1(t) = G,(t). Then
2 2

M4 (0,1) = Lg, (0,1).
Similarly, we need to find the Orlicz function G, such that M, (0,1) = Lg,(0,1). For p =1 we have

Y(t) = tlog (%) which is equal to ¢(t). Hence, the corresponding Orlicz function is Ny (t) = eltl — 1. Let

us denote Ny (t) = G,(t) so that M,,(0,1) = L, (0,1) holds. Thus, we have found the Orlicz functions G,
and G, such that the Calderdn operator
S:Lg,(0,1) — Lg, (0,1)

is bounded.

3.2 Boundedness of the Hilbert transform from one Orlicz space to another

In this section we use the equivalence (up to equimeasurable functions) of the Calderdn operator S
and the Hilbert transform # [3, chapter 3.4].

Corollary 10. The Hilbert transform

H:Lg, (0,1) - Lg, (0,1),

1 1

where G, (t) = eltl — 1 and G, (t) = el** — lzﬂ — |t|2 = 1, is bounded.
Proof. An estimate of the Hilbert transform (# f)(t) from above by the function S(u(t, f)) is given
in [3, Theorem 111.4.8, p.138]. The theorem states that if S(u(1,f)) < oo, then the Hilbert transform

(Hf)(t) exists a.e. Furthermore,
u(t, Hf) < cS(u(t, f)),t >0
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for some constant ¢ independent of f and t. The corresponding lower estimate is false. However, there is
the following substitute. If S(u(1, f)) < oo, then there exists a function g equimeasurable with f such that

Sut, ) < 2mu(t,Hg),t > 0.
[see [3, Proposition 111.4.10, p. 140]].
Therefore, all results obtained in the previous section for the Calderén operator S will also remain
valid for the Hilbert transform # . In particular, we also obtain boundedness of the Hilbert transform from
one Lorentz space to another and from one Marcienkiewicz space to another as well.

E.X.Hecun6aes'??, K.C.Tyaenop!?

MHcTUTYT MaTEMATHKN 1 MATEMATHYECKOTO MOJIENTMPOBanus, Anvatel, Kasaxcraw;
2KasaxcKuii HalMOHANBHBII YHUBepcuTeT uM. Anb-Dapabu, Anmatel, Kazaxcran;
3MesxmyHapoaHblii yHHBEPCUTET MHPOPMAIMOHHBIX TEXHOJIOTH, AnMatsl, Kazaxcran

OI'PAHMYEHHOCTbDb IPEOBPA30OBAHUSA 'NJIBBEPTA
N3 OJHOI'O TIPOCTPAHCTBA OPJIMYA B JIPYT'OE

AnHoTtammsi. B 270l cratke wmccnenmyercs OrpaHMYEHHOCTh TIpeoOpa3oBanusi [uinbOepra W3 OIHOTO
npocrpanctBa Opnuya B npyroe. 1. B. boiin npusen npumeps (cM. [1]), mokaspiBaromue, 4To peIeKCHBHOCTh X
He SIBJISIETCS KaK HEOOXOIUMBIM, TaK U JOCTATOYHBIM YCJIOBHUEM JUIS OTPaHHYEHHOCTH IpeoOpasoBanus [ minbepTa.
DTO MOXET HECKONbKO yIHMBUTH, TOCKONBKY ycioBHe pedrexcuBHOCTH Ly (1 <p < ) coBmajaer ¢ ycrnoBueMm
OTpaHHYEHHOCTH NpeobpasoBanus ['mibbepra us Ly, B L,. Onnako JI. B. boiix paccMarpuBan TONbKO CllydaH, KOTa
obracTe ompeneneHns U 00IacTh 3HAUYCHUH mpeoOpa3oBanus [ mmsbepTa coBmamarT. [lockombKy mpocTpaHCcTBa Ly
SBISIFOTCS TPAMEPaMH  TI€PECTAHOBOYHO-WHBAPHAHTHBIX OaHAxXOBBIX (YHKIMOHAIBHBIX IPOCTPAHCTB, MBI
paccMaTpuBaeM OTrpPaHWYEHHOCTh IpeoOpa3zoBaHus [ 'mipOepra W3 OAHOIO IEPECTaHOBOYHO-WHBAPHAHTHOTO
GanaxoBa mpocTpaHcTBa (yHKIWH B Apyroe. Tounee, Mpl 00oOmaem pe3ynsTaTthl boiima, mo3Boisisi 0OMIacThIO
ompeneneHus nmpeoodpasosanus ['miasdepra OBITE KOHKPETHBIM NpocTpaHcTBoM Oprmya, omnpeneneHHsM B (0,1); a
o0jacTei0 3HA4YEHHMH Tarkke OBITH TpocTpaHcTBoM Opnuda, ompeneneHHsIM B (0,1), omimuHsM oT oOxactu
ompenenenus. Kpome Toro, Mbl Takke paccMaTpuBaeM OTpaHMYEHHOCTh NpeoOpasoBaHMs ['miibOepra M3 OJHOTO
npoctpancTtBa Jlopenna nHa (0,1) (koTopoe Taxke SBISETCS WHBapHUAHTHO-TICPECTAHOBOYHBIM) B JIpyroe
npoctpanctso Jlopenma (0,1).

JUIst TOCTIDKEHUSI STHX Lelied MBI Takke pacCMOTPUM OrpaHMYEeHHOCTh omneparopa KampaepoHa u3 oxHOTO
NepecTaHOBOYHO-MHBAPHAHTHOTO OaHaxoBa IPOCTPaHCTBA B Jpyroe. B ciydae, xorma obnmacteio mpeoOpa3oBaHMs
I'unsbepra spisercss mpoctpancTBo Jlopenma Ay, (R,), coBmanaromee ¢ ero 06acThio 3HAYEHHH, 3a1a4u ObLIH
nonHocteio pemensl JI. B. Boitnom. On mokasan (cm. [1]), uro paBHOMepHas BBITYKIOCTh Ay ,(R,) (1 < p < )
SBJSIETCSl HEOOXOJMMBIM M JIOCTATOYHBIM YCIIOBHEM OIPaHUYEHHOCTH mpeolOpazoBanus ['mmsOepra. OmHako uist
HanOoJee BaKHOTO ciyyasi, Korjga p = 1, pe3ynbraT OblI HEAaBHO JioKa3aH [2, Teopema 4.2]. Kpome Toro, npumeHsis
ocHOBHyI0 Teopemy J1.boiin, nonxyuywnu cienyromee [1]:

Ilycte Ly - mpoctpanctBo Opnmua. Torma H € B(Lg,Ly) TOrma W TONBKO TOTAa, Koraa Lg sBISETCS
pedIIeKCUBHBIM.

Takue Bonpoch! MpHBIIEKalOT 0OJIBIIOE BHUMAaHHE MAaTEMAaTHKOB Ha MPOTSHKEHUH MHOTHX JIET, B YAaCTHOCTH, B
CBSI3U C BIOXKEHHSMH COOOJIEBCKMX IIPOCTpPAaHCTB. B HacTosmeid craTtbe MBI 00CyXHaeM Takue IpoOiIeMbl
OTPaHMYECHHOCTH [UI KJIACCHUYECKHX OIepaTopoB, MNPEACTABILIONIMX OOJIBIION HMHTEpeC Ui aHajiu3a MU €ero
TIPWJIOKEHUH, a UMEHHO sl TpeoOpaszoBanust [ minsbepra u oneparopa Kanpaepona. JleifictBue 3THX onepaTopoB Ha
KOHKPETHBIE KJIAacChl (PyHKIMOHAIBHBIX NMPOCTPAHCTB IIMPOKO H3y4YaJOCh B TEUYEHHE HECKOJBKHX JECSTHICTHH.
Krnaccuueckne pe3ynbTaThl AOCTYITHBI, HallPUMEP, B CBSI3M CO 3HAKOMBIMH (DYHKIIMOHAIBHBIMH MPOCTPAHCTBAMH.
Kpome TOro, MpHIOKEHUSI 3TUX ONEPaTOPOB OYEHb XOPOIIO M3BECTHBI, M MX CBOMCTBA OBUIM I'TyOOKO H3YUCHBI.
Kiaccuueckue npoctpanctsa JlopeHiia, kotopsie BO3HUKIN B 1950-X rogax, cTainu upe3BbrdaiiHO MoaHbIMU B 1990-
X Tofiax, KOT/ia MOSIBUINCH (PyHIaMEHTaIbHBIE CTAThH.

B »oT0ll crathe MBI H3y4aeM OIpPaHHYEHHOCTh TaKHX KJIACCHYECKUX OIEepaTOpOB Ha IPOCTPAHCTBAX,
HWHBAPUAHTHBIX OTHOCHUTECJIBHO MEPECTAHOBKH, TO €CTh KJIaccC (byHKLII/IOHaJ'[I)HBIX IMPOCTPAHCTB, KOTOpBIﬁ BKJIFOHACT,
Hampumep, Bce npoctpancTBa Jlebera, Jlopenma, Opinua, Maprmakesrya 1 MHOTHE Apyriue. OCHOBHOE BHHIMAaHUE
MBI y/IeJIsieM OIpaHWYEeHHOCTH npeoOpasoBaHus [ mibOepra U3 oxHOro npocrpancrea Opnuya B pyroe. Mbl Takxe
NPUBOJUM TIPUMEPhl KOHKPETHBIX I1€PEeCTaHOBOYHO-MHBAPUAHTHBIX IPOCTPAHCTB, B KOTOPBIX NpeoOpa3oBaHKE
I'mnpbepra neiicTByeT orpaHMyYeHHO.
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T'MJIBBEPT TYPJEHAIPYIHIH BIP OPJIMY KEHICTITTHEH
EKIHINICIHE IEHEJITEHAIT'T

AnHoTauusa. by makanaga 6i3 ['mne0ept Typrenaipyinin 0ip Opawmy keHicTirined ekinmi Opiand KeHiCTirine
meHenreHairin 3eprreiimiz. J.B. boin e3imiH sxymeiceiHa [1] T'mmebept TypreHzmipyiHiHy X KeHIiCTiriHmeri
HICHENTeHAIT] YImiH X KeHICTITiHIH pe(IeKCUBTLIIr KaXKeT Te KETKIUTIKTI e eMec eKeHIriH kepcerTi. by 6ipmama
TaHKAJIAPJBIK XKarmai 60i1ybl MyMKiH, eiiTkeHi Ly, (1 < p < ) pedekcti 6oajipl COH/Ia TeK cOHia FaHa ['miibbept
TYpieHaipyi L,-mnan Ly,-Fa menenren omneparop 6onca. Anmaiima, J.B. boiix I'mnbepr TypnenmipyiHiH aHbIKTaIy
OONBICEI MEH MOHJEp OOJBICH Oipicl KEHICTiK OoNaThiH JKarjainapiabl TONBIKTAH 3epTTedi. L, KeHicTiri
aJMacThIPMalbl-UHBAPUAHTTHl (YHKIMSIApbIHBIH baHax keHicriri OonraHabIKTaH, 0i3 Oyn kymbicta ['misdept
TYPACHIIPYiHIH aHBIKTaXy OOJBICEI MEH MOHAEP OONBICTAphl op TYpii OoNFaH KargaiIel KapacThIpaMbl3. ATam
aiitkanma, [wnbepr typnenaipyinin (0,1) apaneiFplHAa aHBIKTAFaH —emmeMal QyHKmsuapasiH  Opiamy
KEHICTIKTepiH/e MIeHeITeHAIrH 3epTTeiMi3, arau 0ip Opnnd keHictirineH 6acka Opnud KeHICTITiHe MeHeIreHairiH
kepceremi3. CoHbIMEH KaTap, 0i3 ['mmebepT Typrenaipyiniy Oip Jlopenn keHictirineH O6acka JlopeHIl KeHicTirine
IICHENTeHIIK KPUTEpHifiH KapacTelpaMbi3. Erep ['mnbept TyprenmipyiHiH aHBIKTady oOmbIchl JIopeHI KeHicTiri
Ay p(R,) Gomica, xoHe OHBIH MoHEp 00ibICH a con Jlopenn kenicTiri Ag,(R,) (1 < p < o0) Gonca, oHza OCHI
npoGnemansl J[.B.boiin tomeikraii memken. On ([1]) Jlopenm kemicririnin Ag,(Ry) (1 <p < ) 6Giprexti
nmeHecTiniri ['wsbepT TyprieHAipyiHiH MEHeNTeHIIr YIIiH KaXKeTTi )KoHe JKeTKITIKTI MapT eKeHiH KepceTTi. Anaiiia,
€H MaHBI3/IbI JKaFrJai yirid p = 1 6oiFaH Ke3/1eri HOTIKe TeK KaHa jkKakbIHaa npanenaenai [2, Teopema 4.2]. ConsiMeH
karap, J{.B.boiin Heri3ri TeopemMachiH KOJIZIaHa OTBHIPBIT, TOMEHIET] HOTIKe angsl [1]:

Lg Orlicz xenicriri 6oncwin. Onna 3 € B(Lg, Ly) conna xoune Tek Kana conna erep Ly peduexcusti 6oica.
Ocbl MakcarTapra kery yuiH 0i3 Kanpgepon onepatopbiHblH Oip 0aHax —aiMacThIpMalbl-MHBAPUAHTTHI
(hyHKIIIapEIHEIH baHax KeHiCTiriHeH ekiHmricine OeHHeIeHTIHAITiH KapacThIPaMBbI3.

MyHpaii cypakrap KenTereH Xpuigap 00iibl, acipece CoboeB KEHICTITIH eHIipyre OaiIaHbICThI KOIIIITIKTIH
HazapblH aypapapl. Ocbkl skymbictTa 6i3 Tajgayra >KOHE OHBI KOJJAaHYFa YJKEH KBI3BIFYIIBUIBIK TYABIPATHIH
KJIaCCHKAJBIK OIepaTopiap YIIiH, MbIcaybsl, [Hiap0OepT TypieHnipyi »xoHe KanpaepoH omeparopbl YINiH MyHAi
IICHENTeHIIK MpoOJieMallapblH TaNKbUIAMBI3. Byl omeparopiapibiH (yHKIHOHAIABIK KEHICTIKTEPIiH apHaibl
KJIaCTapbIHIAFBl OpeKeTi OipHelle OHIaraH Kbuimap OOMBI KeH 3epTrenreH. KiiaccuKanblK HOTHXKEIepre, MBICAIBL,
TaHBIC (PYHKIUUIAP KCHICTIriHE OaiiaHbICTBI KO *keTiMi. COHBIMEH KaTap, OChl ONEPaTOPIIAP/IbIH MaHbI3IbLIBIFBI
Oenriyi, KOHE OJNIAPJABIH KacHeTTepi TepeH 3eprreireH. 1950 »kpuimapbl maiina OonFaH KiacCHKaibIK JlopeHI|
keHicTiri 1990 xpuinapaan 6actamn Heri3ri 3epTTeyiep naiiaa OoJFaH Ke3zie oTe KON KOJJaHbUIA b

Byn kymbicta 0i3 OChIHIAal KJIaCCHKAJBIK OIEpaTOPIIapblH I[ICHENTSHAITH aJMacThpMaJibl-HHBAPHAHTTHI
KEHICTiKTepAe, Mbicanbl, Oapiablk Jleber, Jlopenn, Opnny, MapIiHKeBHY KEHICTIKTEpiHAE KoHE Oacka
(OYHKIIMOHAIABIK KEHICTIKTEpae 3epTTerimi3. Bi3miH HasapbiMbI3, HeriziHeH, ['wisdept TypiaeHaipyidiy 6ip Opiwny
KeHICTIriHeH eKiHmmiciHe menenreHairiaae. CoHpIMEeH KaTap, 0i3 ['minbept TypieHmipyiHiH mekTeyni OonaTbiHaai
WHBapUAHTTHIK KeHICTIKTEPiH MBICATIIapbIH KeITipeMis.

Tyiiin  cesmep: Tumnnbepr Typrennipyi, Kanpaepon — omeparopbl, — anMacThlpMaibl-MHBAPUAHTTHI
¢yskumsmapsiabie banax kenicriri, Opnny kenicriri, JlopeH keHicriri, MapiuHKeBUY KeHICTEpi.
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TWO-PHASE STEFAN PROBLEM
FOR GENERALIZED HEAT EQUATION

Abstract. The generalized heat equation is very important for modeling of the heat transfer in bodies
with a variable cross section, when the radial component of the temperature gradient can be neglected in
comparison with the axial component. Such models can be applied in the theory of the heat- and mass
transfer in the electrical contacts. In particular, the temperature field in a liquid metal bridge appearing at
the opening electrical contacts can be modelled by the above considered Stefan problem for the
generalized heat equation. The exact solution in the case when the temperature field in a liquid bridge is
modelled by the generalized heat equation, while for the temperature of the solid contact zone is modelled
by the spherical model, can be represented in the form of series with radial heat polynomials and integral
error functions. The recurrence formulas for the coefficients of these series are given in papers published

earlier in “News of the National Academy of Sciences of the Republic of Kazakhstan, Physic-mathematical
series”.

The two-phase Stefan problem for the generalized heat equation is considered in this paper for the
case when one of the phases collapses into a point at the initial time. That creates a serious difficulty for
the solution by the standard method of reduction of the problem to the integral equations because these
equations are singular. Another method is used here in the case, when the functions appearing in the initial
and boundary conditions are analytical and can be expanded into Taylor series. Then the solution of the
problem can be represented in the form of series for special functions (Laguerre polynomials and the
confluent hypergeometric function) with undetermined coefficients. These special functions have a close
link with the heat polynomials introduced by P.C. Rosenbloom and D.V. Widder.

Keywords: Stefan problem, special functions, Laguerre polynomial, Faa-di Bruno formula.

1. Introduction

These special functions have a close link with the heat polynomials introduced by P.C. Rosenbloom
and D.V. Widder [1]. The similar approach was used for the solution of other free boundary problems [2], [3].

Let us consider the equation

,v=0, o< < @

It is well known that this equation has two linearly independent solutions

1-v
B v+l Oy 2 =BV 3-v.,
21 2 1X)1(02() ( 2 ’ 2 1 )

—— 40 ——

)

P1(X) = D(-
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where ®(a,b;x) is the confluent (degenerate) hypergeometric function . Setting T (z) = ¢(x), where
x =—z?, one can find that T (z) satisfies the equation

2
LHEAPRLLEPY Jo
z dz

Using this equation one can check up that the function

B
6(z,t) = (2a\t)’ T(—— a\[

satisfies the equation

3020, v0)
ot o/ G/ ®

Hence the functions

2
S O pn=(2 tﬂ@_ﬁ‘il-_z
50 (2,) = (2a/t) ( > 2 @)
2 2
@ (7 1) = (2ayt)* (L 2C1)1vﬂ’3v,z
(2.1) (a\/_) (4a2 ( 2 2 4a2t)

satisfy the equation (3).
If g isan even integer, B =2n, the function S, (z,t)can be expressed in terms of the generalized

Laguerre polynomials

) 2 B 2> ) nIT(w) 20\ (D _2_2
S, (2,1) = (4a°t)" q)( n, g, — 4a2t]_r(y+n)(4a t) L, ( 4a2tj (5)

2 1-p 2 2 1-u 2

@ z n(e) (o, 2\ 2 wn|  Z
z,t) = 4a%t" D 1-pu—-n2—pu,— = 43%) | —| L -——|(6)

Sy (21) = (4at] [ H a 4a2t] 1“(,u+n)( ) 4a’t " 4a’t

where 1 = TH It should be noted that this formula is valid for . > 0only.

Properties. Using the integral representation for the degenerate hypergeometric function

@(—g,,u;—zz) = 21q(ﬂ;exp(—zz)z“‘“jexp(—xz)x*‘”fIﬂ_l(22x)dx 7)
C(u+7) 0
2
and the asymptotic formula
e’l,(2) 1
Z—)oo 272'
it is possible to show that
1 ) r
||m ﬂq)(_guu;_z )ZL)ﬂ (8)
o T(u+2)
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In particular,
|imic1>(—£,1:—zz)=—1 ©)
e 27 2 B
rd+%)
2
For v =1both functions (1) coincide :
s,.%@zt)=5S @ao—a&ﬁw®eﬁr—zz)
ﬁ’]_ 1 ﬂ’]_ 1 2 == 43_2'[
In this case, the second linearly independent solution of the equation (3) is [4]
(/)Z(x):(I)(—g,l,lenHZkak (10)
k=1

where

k Y1( 1 2
M :(—ﬂlzjﬁmz_(,(m—ﬂ/2+m+lJ |

Stefan problem for spherical case when v =2 is considered in works [5]-[7]. The case when we
represented spherical model as introduced in R. Holm [8] of heat transferring zones. In Stefan problem
with generalized heat equation we can represent solution in heat polynomials [9], but in this work we
represent in linear combination of two special functions. About special functions and their applications in
heat transfer problems we can see in [10].

The generalized heat equation can be used to describe the heat transfer in a bar with the variable
cross-section in the case when the radial component of the temperature gradient can be neglected in
comparison with the axial component. Such mathematical model is very useful for some applied problems,
in particular, for the dynamics of the heating with phase transformation in electrical contacts. Such
approach was used in the papers [11] and [12] for the calculation of the temperature fields in a liquid
metal bridge appearing at the contact opening, which was modelled by the generalized heat equation, and
the solid contact zone modelled by the spherical heat equation. The exact solution in this case was
represented in the form of radial heat polynomials and integral error functions.

2. Problem definition
Let us consider the two-phase Stefan problem for the equations

2
%: Z(ZZ€1+%%} O<r<a(t), «(0)=0, 0<v<l, (11)
00, 0’0, v o0
8t2 = azz( 8222 +? 8r2 j at)<r<owo (12)
with the initial conditions
6,(0,0)=6, (13)
0,(r.0)=p(r),  ¢(0)=06, (14)
the boundary conditions
60)="1(), f(0)=6, (15)
6,(a(t).t)=6,(alt),t)=6, (16)

—— 4) ——
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6,(0,t)=0 (17)
and the Stefan condition
9 6, (a(t)t) 9 06, (a(t),t) da )
or or dt
2. The method of solution
Suggesting that the initial and boundary functions can be expanded in Maclaurin series
o f (n) 0 (2n) 0 ]
=22t =22 O (19

n=0

we represent the solution in the form

© N 2 0 n 2 - ’
91(r,t)=ZOA1(4aft) Ln(yl)(_4;2t]+§Bn(4aft) 4;2t D 1—u—n,2—u,—4;2t) (20)

r2 L 2

RS 2\ (u) e N O_ .
t)=>C,(4a,) L, [ 4a J+n§;D(4a2 ) i ®|1-p-n2-y, 4a22t](21)

where %<quv—+l<l.

2
r
Satisfying the boundary condition (15) and using the formula (8) for z = 2—\/f £ =2n we obtain
&

and
(0
= © (22)

Using the initial condition (14) and the formula (8) forz = > \/{ , B =2n for the first term with
&

Cn and g = 2(n + x —1) for the second term with Dn we get

(2n)
p(r) = Z¢(2 g?) = lim 6,(r.1) = Z[( Dcr +—r(nl+ﬂ) Dnrz“]

Thus
" 1 (2n) 0
Gl b, 20O )
n! '(n+ u) (2n)!
Now we should use the conditions (16) and (18) to get additional three equations for the definition of
all coefficients and the free boundary. Thus «(t) can be written in the form
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a(r) = ianf”’l
n=1
where 7 = \/E

Now we rewrite the conditions (16) and (18) in terms of ; and compare the powers in the left and the
right sides of equations using k -th differentiation and putting then = = 0. We obtain

8k¢91(a(r),r)| :6k¢92(a(r),r)|

k > =0, k=012,..
or or
=0 7=0
(24)
o“o. (a(T),T) o*o (a(T),T)
—ﬂllra—k:—;tzzr@—k*'l‘yk!ak’ k=012,.. (25)
T T

At first, we use Leibniz formula for k-th derivative for (24) equation and we obtain for the first term

of Q(rlt)l i:112.

ak[zmaiznfann<ﬂ-l>(—5(r))]| _ g K! oL (=5 ()]
o7 " (k—2n)! or' "

=0

=0
and for second term we have

o[ 277" (3(0) @t -0, 2- 1, -5(0)] |

or

7=0

g KU O [EE) M- 02— -5
" k—2n)! o

=0

o 2
where 5(z) = ! (Zanrn‘l}, i=12..
n=1

4a°
In particular, when k =0 and 7 =0 we have
A=0., B,=0, C,=6, D,=0.

For this purpose, we use the Faa di Bruno formula (Arbogast formula) for a derivative of a composite
function. For the first term of temperature equation we have

ak—zn L (u-1) _S(r k—2n N e k —2n !5bz5b3 ___5bk_2n_m+z
[ n k,g(n ( ))]| — Z (—l) [I—gﬁml )(_51)]2( |) I2 3 k=2n-m+2
or 20 m=0 by b2 .b3 ""bk—2n—m+2 .

bz.bg, ... satisfy the following equations
bz + b3 R bk—2n—m+2 =m
2b, +3b,+...+(k—-2n-m+2)b, , .., =k-2n

— ) ——
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2 2 2
0[ 0! ak—Zn—m+2
where 51 52 = ye §k—2 “me2 — )
4a? 4a, 4a? o 4’

=12

for the second term we have analogously.
Then from condition (16) we get the following recurrent formulas for determine coefficients

Aﬂ’ n’ nd n
kI k2n N (k—2n)'§b2§b3 5bk 2n-mi2
(2 )Zn (_1)m[L(n,¢iml m) (_5 )] 3 k-2n-m+2 +
;A‘ % (k—2n)!mzzo ' ; bbb, !
k Lk (-pre-p e (k=2n)1526% 5‘]“:*";:3
+).B,(2a)" o 2 Tk ~ K ey o 10.00 S o)
= (k=2n' = (1-u—k+2nI'(2-u-k+2n) 5 LB o min!
k-2n-m (k _ 2n _ m) !5b2 é‘ba .“5bk—2n—m—l+2
. [dA-pu-n2-u,~6 )](I) 2 73 Tkean-m-l+2 ()
1=0 l ; 0, 10,15 50 1.2
‘ < 2" " (k=2n)16,%8,%...50 2
ch 2 | ﬂl 1)]2 ' |2 3 k2| 2 4
& k 2n M = b Ib !
130,22, W02~ p) Lo mz(k—2n)!5§25§3---5fi5;_:;iz,
i k 2n MWimo (1—u- k+2n) (2-pu-k+2n) " 4 blblb, .., (27)
k-2n-m o m ISR s Sheanno
. Z [D(1- g-n,2— 11,5 )](I)Z(k 2n-m)16;° 65" .0 3 -0
1=0 b b2 IbS !'"bk—Zn—m—I+2!

As coefficient Ah is known from (22), then by making substitution to (26) we can find coefficient Bn :

From system of equations (24) and (27) we can determine the coefficients Cn and Dn

f™(0
i r(1+)i—1 @8)
n!(2a1)2”( i jéz
(2n)
C. - @' (0)n! D n! 29)

@MD" DTN+ )

5 ™ O)N1Z,
(2n)!(—1)“*1(54—

y (30)
(-1)'T(n+ ﬂ)j

where n=1,2,... and
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k— 2n bz b3 B on-me2
(p 1) (m) (k ) 5 é‘k 2n—-m+2
51(3 =(2 a1(2) )1 4 (=6,)] ; ) ' b, ! '
y - W)r@-) e (k=20)1628. 5
2 = (2) k2n'z k2 TQ2-u-k+2 ) b'b'2b3 T
Mz (- p—k+2n)(2-p—k+2n) b 2 *M3 7D on-ms2 *
k-2n-m —9n —m)I St shs Be2n-m-142
. Z [@(1—;1—“,2—#,—51)](|)Z(k 2n m)52 é‘3 "'5k—2n—m—l+2l
=0 b VLR P

From Stefan’s condition (18) and (24) we have the recurrent formula for free boundary

k -2n _ ] b, Sbs By _2n-m+2
a, = Zz zcn (2 2 z (y -1) (_61)](m)z (k 2n)'52 5 5k 2n—-m+2 +
Lyk! 7= (k 2 )' b bz !b3 !'"bk—Zn—m+2'
3 D, 2o g e KM K22 COM (D) ooy (K= 20707 GG
(k—2n+2)! = m I+ p—m) b b, 0, 1.0 5 s

_k_zimz k—-2n-m+2 ﬁ(l)z(k 2n—m+2)!1 B2 B Brianit,
I ' b'b|bk2nml+2

1=0

k—2n-m—I1+2 ) _ o m_ 1 3% 135 Bezn-mi2
Z [®r(l—y—n,2—u,—5l)](')z(k 2n—-m-| +2)'ﬁ2 133 Pk-2n-m-l-i+2 | _
i=0 by b2 |b3 !"'bk—Zn—m—I—HZ !

n e — m k—2 !5b25b3_._5bk72n7m+2
|_ k||:ZA1( al)2 (k n )I Z[ nr(# 1)(_51)]( )Z( n) 2 =2 K_2n-m2 4

by b2 |b3 !"'bk—Zn—m+2 '
+Z B 22n—la 2n-2 k '(1_ /J) a2k -2n+2 (_1)m1—~(lu +1) 5—y—mz (k B zn) '5;253?3 5&7.2237—?112 .
" 2 (k-2n+2)! & m Cl+u-my * % b,1b,'.b, . ..,

kznzim k—2n-m+2 (I)Z(k 20 —m+2)1 By B i dawtn |
b b bk—2n—m—|+2!

1=0

.k—ZnZ—mz k—2n-m+2 ﬂ("Z (k=2n—m+2)! 82 B .. Bedait.,
I ' b b bk—2n—m—|+2 '

1=0

(31)
k-2n-m-I+2 . _ _m_ | b, nbs B _2n-m-1:2 )
Z [CDr(l_lu_ n, Z_ﬂ’_él)](l)z (k 2n I + Z)ﬂz ﬂs P k=2n-m-l-i+2
i=0 b; b Ib bk 2n—-m-I- |+2'

We can find coefficient A], n, , and Dn from (22), (28)-(30) and free boundary we can determine
from (31).

3. Convergence of series

Convergence of series (20)-(21) can be proved as following. Let OC(tO) =1, for any t=t0. Then
series (20) can be written as

1-u
o n . 77 2 0 n 77 2 77 2
:ZAﬁ(4a12t0) L - {_HJ+§ Bn(4a12to) (4a:2t ] (I{l—,u—n,Z—u,—4 % ](32)

n=0 0 al t0

—— 45 ——
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The series (20) and (21) must be convergence because 6 (r,t)=6,(r,t)=6,. Then there exists some
constant E; independent of n, and for the first term of (32) we have

| A I<E, /(4a2t,)" L, [—%} (33)

2
Since A, bounded, then multiply both sides of (33) by (4at)"L *“™ (_(Zﬁ) we obtain
a't

(4a7t)"L, ™ (— (e () j .
Zw: A1(4a12t)n Ln(/l—l) _ (a(tZ) < Elzw: 4a1 t < Eli l (34)
n=0 4a’t n=0 24 \n | (u-1) 772 o\ L
(4a1 1:o) Ln ! _702
4at,
Similarly, for the second term of (33) we have some constant E2 which satisfy
7 2 O\ 7 2
B,I<E,/(4at,) | —2—| ®|1-p-n2— -2
S oy -

I-u
1)’ a(t)’
i i i sa2ty| & O|1-p—n,2- -
Analogously, if we multiple both sides of (35) by( a't) ( 4a12t H Yz, 4aft

we get

S, e (S| ofsu-n-u-2

4at 4a,’t
(@O (L )’ (36)
_(4a) (4a12t ] CD(l u—n,2—pu, 4a12tJ n

These geometric series and 191(I’,t) convergence for all I' </, and the same 192 (r, t) convergence for

all I'> t; and t< to . Convergence for «(t) can be determined analogously from (31).

4. Conclusion
A mathematical model of describing heat distribution for generalized heat in electrical contacts on

liquid and solid zone is constructed by two-phase Stefan problem. Temperature for liquid zone Hl(r,t)
and for solid zone Qz(r,t) which given in the form summation two special functions as Laguerre
polynomial and confluent hyper-geometric function are determined and their coefficients Aq, Bn,Cn and

Dn are founded from equations (22) and (28)-(30) and free boundary on melting isotherm is described in
recurrent formula (31). The convergence of series is proved.
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KAJIIBLITAHF AH XKbLTY TEHAEYI YIIIH EKI ®A3AJIbI CTE®PAH ECEBI

Annorauus. JXanneulaHraH JKbUTy TEHJEYI TeMIepaTypaiblK I'PaJMeHTTIH paauaibl KOMIOHEHTIH OHBIH OCBTIK
KOMITOHEHTIMEH CaJIBICTBIPFaH/a eJeMeyre OOJaThIH aybICIIanbl KUMAchl Oap JAeHeNeperi )Kbury Oepyai MoJebaey YIIiH
MaHbpI3Abl. MyHmail MonenbiaepAi »7aeKTp OainaHbICTApBIHAAFBl KBUIY JKOHE Macca ajaMacy TEOPHSCHIHIA KOJIIAaHYFa
Oomazpl. ATam aiTKaHIa, ambIK JJEKTp TyHiclenepiHae maiga OONAThIH CYHBIK METal KOHIpiHIEri TeMIIepaTypaibk
OpICTi KaJMbUIAaHFAH XbUIy TEHJEYI YIIIH JKOFapbina Kapacteippuiran CredaH ecebimMeH mopenbreyre Oosanbl. CyHbIK
KOIpIiH TeMIepaTypalblK opici JKajllblIaHFaH JKbUIy TEHICYyiMEH, aj KaTThl JKaHacy ailMarbIHBIH TeMIepaTypachl
chepanblK TypAe MOJEIBJICHICH Ke3[eri HakThl INENIM paJuaigsl TEPMUSUIBIK IMOJHMHOMIAP >KOHE KATENiKTepAiH
UHTETrpaniblK (GYHKUMSIApbl TYpiHAE YCHIHBUIYBI MyMKiH. Ocbl KaTapiuapAblH Ko3(GHULIUEHTTEpiHiH KalTanaHy
dhopmynanapsl KP ¥FA-ubiH «M3BecTrs» Qusnka-mMareMaTukaiblK CEPUICHIHA XKapHsIaHFaH eHOCKTEp/Ie KEeTiplIreH.

Byn makanana dazanapnein Oipeyl Oacramkpl yakbITTa Oip HYKTEre TOMEHAETeH jKarjaija >KajlbUlaHFaH XKbUTY
TeHeyi yuniH eki ¢azansl Credan ecebl KapacThIpbUIaibl. Byl ecenTi HHTErpaAbIK TeHICYIepre KeATIpYIiH CTaHAAPTThI
OMIiCi apKbUTBI INENIyre aWTapibIKTai KUBIHIBIKTAP TYFbI3aJbl, OHTKEHI Oyl Kargaiia TEHASYJep JKEeKe CHIaTKa He
Oomanpl. By KymbIcTa OacTamkbl JKOHE IMICKApaJbIK IIapTTapAa naiina 0oiaTelH (QYHKIMSIAP aHATUTHUKAIBIK OOJBIII,
onapzap! Telnop KarapblHa KEHEHTY MYMKiH OoiFaH jxarjaijga 0i3 Oacka onicTi KojjiaHambI3. byn skarnaiina MoceseHiH
menrimi  Genriciz ko3¢ ¢uimenTrepi 0ap apHaiibl (QyHKIMSIapAarbl KaTapiap TypiHAe YChIHBUTYBI MyMKiH (Jlaryepp
MOJIMHOMHUSCHI JKOHE JICTCHEPATUBTI THUIEPreOMETPUsUTBIK (QyHKuuWs). By apHaitel ¢yHkuusiap PoseHOnym sxone
J1.B. Buanep eHrisreH xbuty MOJTMHOMIAPBIMEH THIFbI3 OaliIaHbICTHI.

AJNBIHFaH KaTap anpuopiibl TYpHAE KbUIy TEHICYIH KaHaFaTTaHIbIPAJIbl, COHABIKTAH OacTalKbl KOHE IICKApPabIK
IapTTap/pl, CoHmaii-ak epkiH mekapa yiuriH CredaH mapThiH KaHaFaTTaHIBIPaThiH K03 duimentrepai tTaby kepek. by
TOCLI eTe Maiiianbl OOJIbII KepiHei, OUTKeH] LeKapablK KarJaiaap Tek kel0ip KaTediKTepMEH FaHa KaHaraTTaHIbIpbLICca
Jla, JKbUTY TCHICYIHIH MaKCHMAaJIbl MPUHIMII OOMBIHINIA IICHIIM KATEINIrl IIeKapa jKarJalblHAaFbl KaTENIKTeH achaysbl
Kepek. By epitinaiHi KaObUIIaFaHFa JCHiH OHBI JKAKbIHAATYIbIH OarachblH ailyra MYMKiHAIK Oepeni. Pa-au-BpyHo
(opMynacelH KOJIAHBI, OacTanmkbl JKOHE MNIeKapalblK IIapTTapiarbl (YHKIHUIapapl KaTapra KeOeWTim, koadou-
IUEHTTEepAl Oip yakbITTa peTKe KelTipe OTHIpHIN, 013 Oenrici3 ko3dduimenTTepai i3aey YiliH KaiTanaHaThIH TEHACYJIep
Kylecin anambi3. EpkiH miekapanbiH koddduimentTepi yiniH TeHaeylepaiH ykcac xyiecin CredaH mapThiH KOJJaHa
OTBIPBIN Ta0yFa Oonajbl. AJNBIHFAH KaTapiapAblH KOHBEPIeHIMACHI €PKiH IIeKapaarbl TYPAKThl TEMIIEpATypa KaFaailbiH
KOJIIaHa OTBIPBIN JaJelieH . by xarnail cCeprusHBIH TeOMETPHSUIBIK MPOrPECCHsIMEH MacIiTabTalybIHa jKOHE KaTapIblH
’KaKbIHAACYBI YIIiH KaXeTTi Oaranap/pl alnyra MYMKiHIIK Oepeni.

Tyiiin ce3nep: Credan ecebi, apHaiibl pyHkiusiiap, Jlareppa nomuaomsl, Paa-au bpyHo Gpopmynace.
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JABYX®A3ZHAS 3AJAYA CTE®AHA
JJIS1 OBOBINEHHOI'O YPABHEHUSA TEIIJIOITPOBOJHOCTH

AunnoTtanusi. OGOOIIEHHOS ypaBHEHHE TEIUIONPOBOJHOCTH MMEET BKHOE 3HAYCHUE ULl MOJACIHPOBAHHS TEILIO-
oOMeHa B Telax C MEPEMEHHBIM IONEPEYHBIM CEYCHHEM, KOT[a PaJHaIbHOM COCTaBISIIOIICH TPajHeHTa TeMIepaTyphl
MOXHO TPEeHeOpeUb M0 CPABHEHHIO C €¢ OCEBOW cocTaBistoniell. Takue MOIENU MOTYT OBITh MCIOJB30BAHBI B TEOPHU
TEIUIO- ¥ MAacCOIepeHoca B JJICKTPHYCCKHX KOHTAKTax. B YaCTHOCTH, TeMIEpaTypHOE MOJE B JKHIKOMETAILTHYECKOM
MOCTHKE, BO3HHMKAIOIIEM B Pa3MBIKAIOMINXCS JJCKTPUUYCCKHX KOHTAKTaX, MOXET OBITh MOJEIUPOBAHO PAaCCMOTPEHHOM
Beime 3amadeil Credana mis 0OOOILICHHOrO ypaBHEHMS TEIUIONPOBOAHOCTH. TOYHOE pelieHWe Uit Ciydas, KOraa
TeMIIepaTypHOe MOJE XHUIKOr0 MOCTHKA MOJACIUPYETCS 000OMICHHBIM YpaBHEHHEM TEIIONPOBOJHOCTH, B TO BpeMs Kak
TeMIepaTypa TBEPIOil KOHTAaKTHOH 30HBI MOACIHPYETCS B c(HEpPUYECKOM BapHaHTE, MOXKET OBITh IPEICTABICHO B BHIC
PSIOB MO paJHalbHBIM TEIUIOBBIM TIOJIMHOMaM W HMHTErPaibHbIM (DYHKLUSIM OMIMOOK. PekyppeHTHbIe (QopMyIbl is
K03 PUIIMEHTOB 3THX PSNOB JaHbl B paborax, omyOinmkoBaHHbIx paHee B «M3Bectusix HAH PK, cepus ¢wusuko-
MaTeMaTHYeCKas.

—— 4§ ——
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B ar0ii cratee paccmarpuBaetcs aByx(asHas 3agava Credana s 000OLICHHOTO YpPaBHEHHS TEIJIONPOBOA-HOCTH
JUISL cIydasi, KOr/a ofHa U3 (a3 B HaualbHbI MOMEHT BPEMEHH BBIPOXKIAETCA B TOUKY. DTO CO3JIa€T CEPhE3HbIE TPYJHOCTH
JUISL PeIIeHHs 3aJa49l CTaHJapPTHBIM METOJIOM €€ CBEJCHHS K MHTEIPANbHBIM YPaBHEHUSM, IIOCKOIBKY YPaBHEHHUS B 3TOM
Cllydae CTAaHOBSTCS CHHIYJISIpHBIMH. B nanHO# paboTe ucrmosb3yercs AOpyroil MeTox I ciydas, Korjga (QyHKLUH,
¢urypupyromue B HaUaabHBIX U TPAHUYHBIX YCIOBHSAX, SBIAIOTCS aHAIMTHICCKHMH U MOTYT OBITH Pa3lIOXKEHBI B PSIBI
Teilinopa. B 3ToM ciydae penieHue 3agaul MOXKHO IPEICTaBUTh B BUJE PAIOB IO CHEIUANBHBIM (yHKIUSAM (MHOTOWICHBI
Jlareppa u BBIpOXIEHHAs THIEpreoMeTpudeckas GYHKIUS) ¢ HeolpeneaeH-HbIMH K03 GHUIMeHTaMI. DTH CHEIHANbHbIC
(YHKIIMH UMEIOT TECHYIO CBSI3b C TEIUIOBBIMU HoIMHOMaMy, BBeneHHbIMU I1.C. Pozenbmomom u J1.B. Yunnepom.

INocTpoeHHBIE PAABI ATPHOPH YIOBIETBOPSAIOT YPAaBHEHHUIO TEINIONPOBOJHOCTH, U HYKHO HAHTH MX KO3(D(HIHEHTHI,
YIOBIETBOPAIOIINE HAYAILHOMY M IPAaHUYHOMY YCJIOBHIO, a Taike ycioBuio Credana it cBoOOIHOM rpaHuIbl. Taxoit
MOAXOJ MpEJCTaBIAeTCS BecbMa IIOJE3HBIM, IOTOMY 4YTO Ja)Ke €CIM TPAHWYHBIC YCIOBUS BBIIOMHAIOTCS JIHIID
OpUONMKEHHO € HEKOTOpOH OMMOKOH, TO omuOKa peIIeHHs COINIaCHO MNPUHIMIY MAaKCUMyMa Al ypaBHEHMS
TETUTIONPOBOIHOCTH JODKHA OBITH He OOJbIIE, YeM OmMOKa B TPAHUYHBIX YCIOBHAX. DTO JaeT BO3MOXHOCTH HONIYYUTh
OLIEHKY HpHONMKEHMs pelieHus 10 ero mnomaydeHus. Mcmonndys dopmyny Paa-au BpyHo u pasmaras ¢yHKIMU B
HaYalbHBIX U TPAaHUYHBIX YCIOBHSAX HA POl W NpUpaBHUBAS KOS(P(UIMEHTH B OXHOM H TOM XK€ MOpSAKE BPEMEHH,
MOKHO TIOJIy4UTh CUCTEMY PEKYPPEHTHBIX YPAaBHEHUH Ul OMCKA HEU3BECTHBIX KOA(QUIIMEHTOB. AHAIOTMYHAs CUCTEMA
ypaBHeHUH Ui K03(duireHToB cBOOOIHOI rpaHUlbI MOXET ObITh HaiifieHa C Uclojb3oBaHueM ycioBus Credana.
CX0IMMOCTh TIOIYYeHHBIX PAAOB JOKAa3bIBACTCS, UCIIONB3YS yCIOBHE MMOCTOSHCTBA TEMIEPaTyphl Ha CBOOOIHOM TpaHHUIIE.
OT0 00CTOSITENBCTBO IO3BOJSIET MAXKOPUPOBATH PAbl TEOMETPUUECKON MPOrpeccuci U MOydUTh OLEHKH, HEOOXOIUMbIE
JUISL CXOAUMOCTH Psifia.

Karouesble cioBa: 3anaua Credana, crenuanpible ¢hyHKIMY, nonuHoM Jlareppa, Gpopmyna ®@aa-nu BpyHo.
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ON COMPLETENESS OF ROOT VECTORS
OF THE CAUCHY PROBLEM OF THE FIRST ORDER EQUATION
WITH DEVIATING ARGUMENT

Abstract. The main objective of this paper is to study the conditions under which the system of finite-
dimensional invariant (root) subspaces of the operator A turns out to be complete in H or in the range of the operator.

In the case of a general completely continuous operator, completeness may not take place. The simplest
example of this kind is the integration operator

Af = [ f(dt,a<x<b,

which acts in the Hilbert space of square-integrable functions on the interval (a, b). In what follows, we will denote
this space by L?(a, b).

In the present work, by the method of M.V. Keldysh, the completeness of the system of root vectors of the
operator corresponding to the Cauchy problem of a first-order equation with a variable coefficient and a deviating
argument is proved. The Volterra operator of the ordinary differential equation corresponding to the Cauchy problem
is well known, so the result is in sharp contrast with the known facts. It can be expected that the results obtained will
find application in theoretical physics, the theory of signal transmission, especially in fiber optic communications.
Since the coefficient of the equation is not assumed to be real, the corresponding operator is not self-adjoint;
therefore, questions of basicity were not considered. The result obtained is formulated in terms of the coefficient of
the equation, and is close to the necessary, which is confirmed by the constructed example. This condition is a
consequence of the method used; perhaps with other methods they can take a different look.

Note that the square of the operator A generates a sheaf of operators in the space L?(0,1); therefore, the results
of the paper are of interest also for the theory of sheaf.

Keywords. Spectrum, deviating argument, root subspace, completeness, Keldysh theorem, compactness,
Hilbert-Schmidt theorem, Green function, resolvent, sheaf of Keldysh operators.

1. One of the central concepts of the spectral theory of linear operators is completeness of the
system of its root vectors. In this paper, we consider a linear non-self-adjoint operator acting in a separable
Hilbert space H and having a discrete spectrum. The latter means that all points of the spectrum of the
operator A (with the possible exception of one) are isolated and the corresponding subspaces are finite-
dimensional. A finite-dimensional invariant subspace of the operator A related to some point A, of the
spectrum o (A) is usually called the root subspace. We will denote it by R,. The root subspace R can be
characterized as a set of elements f satisfying for some integer m > 1 the following equation

(A-AE)"f = 0. 1)

Discrete spectrum, as well known, is possessed by completely continuous operators, as well as

unbounded (for example, differential) operators having completely continuous inverse operators. In fact,
we consider only such operators.

The main objective of this paper is to study conditions under which the system of finite-dimensional

invariant (root) subspaces of the operator A turns out to be complete in H or in the range of the operator.
—— 50 ——
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We explain that a system of finite-dimensional invariant subspaces of an operator is commonly called
complete in a Hilbert space H if any element h € H can be approximated with a predetermined accuracy
by the norm by a finite linear combination of elements, each of which belongs to one of the invariant
subspaces. It is well known that if some completely continuous operator is self-adjoint, then the system of
its finite-dimensional invariant subspaces is complete in the range of the operator (in this case, the root
subspaces turn out to be eigenvalues, in the formula (1) m = 1).

In the case of a general completely continuous operator, completeness may not take place. The
simplest example of this kind is the integration operator

Af = [Ff(dt,a<x <, (2

which maps in a Hilbert space of functions having a Lebesgue integrable square on the interval (a, b).
Furthermore, we denote this space by La(a, b). It is easy to verify that the operator (2), being completely
continuous, has only a single point in the spectrum — zero, and does not have any eigenvectors.
Consequently, it does not have finite-dimensional invariant subspaces.

Although the question about completeness of the system of root subspaces for operators with a
discrete spectrum has long been considered in a large number of works, a decisive step on this path was
made only in 1951 by M. Keldysh in the fundamental paper [1], where he proved the general theorem, in
which completeness in a large number of boundary value problems for various series of equations with
ordinary and partial derivatives was established. In his research, M.V. Keldysh relied on the results of his
previous authors [1] - [7]. After this work, a number of papers [2] - [20], devoted to this theme, appeared.
After 20 years, M.V. Keldysh continued his research [21]. This paper contains a detailed exposition of the
first part of the work “On eigenvalues and eigenfunctions of some classes of non-self-adjoint equations”
published by the author in [1]. According to the author, content of the paper was reported in 1951 at the
meeting of the Moscow Mathematical Society. Then its manuscript was made available by the author to a
number of mathematicians.

Note that the second part of this work did not appear, apparently, it was lost in archives of his
students. Works in this direction are published today. In development of this direction in the theory of
non-self-adjoint operators, the present paper is also written.

Compact operator A in a linear topological space E is called complete, if the system };,(A4) of root
vectors, corresponding to eigenvalues, which are nonzero, is complete in J/mA. In the case ker A = 0, it
means that for the operator A=1: JmA — E system of root vectors is complete in the domain (and complete
in E, if D(A™1) = JmA is possible). In usual concrete situations original operator is A=, for example,
A~ =L is a differential operator, A — is an integral operator, generated by the Green’s function of the
operator L. Any self-adjoint and compact operator A in a Hilbert space is complete. It is natural to expect
that for small perturbations of such operators the completeness is preserved. This expectation is justified if
eigenvalues of the unperturbed operator quickly tend to zero. As noted above, the first general result in
this direction belongs to 1.V. Keldysh [1].

Keldysh Theorem [1]. Suppose that operator A in a Hilbert space H has the form A = (I + R)S,
where S,R - are compact operators, moreover S — is self-adjoint and its eigenvalues
A, # 0(n=0,1,2,...), taking into account the multiplicities, satisfy the condition

S 12" <0
n=0

at some p > 0. Then the operator A - is complete.
The aim of this paper is to study the operator of the Cauchy problem for an equation with a
deviating argument for completeness.

2. Research Methods.
Let H = L?(0,1) be a Hilbert space, and q(x) be a continuous function. We consider the operator

Ay =Sy +Qy,D(4) = {y € *(0,1) n [0,1],y(0) = 0} @)
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Where S, Q are also operators, given by the formulas:
Sy(x) = y(1- X), Qy =q(x)- y(x) 3)
The question is whether the operator A™ will be complete in H . To answer this question, we study
the operator A according to the scheme of the Keldysh theorem.

Let
Ao =5L @
Where L = D(L)={y eCc*(0.1)nc[01] y(0)=0f
Then we get:
A=A +Q=All+AQ|=[1+QA] A,
A =1 ArQ] " A, ©
e AR = Zar (el =1+ X 0 (ae)” o

These equalities are true if A5 exists and the inequality |45 Q|| < 1 holds, therefore we study these

operators in detail.
We consider the spectral problem

Ao y =21y @)
for them in expanded form
{— y'(t-x)=2y(x)
¥(0)=0 ®)- @)

the following lemma holds.
Lemma 2.1. Spectral problem (8) +(9) has an infinite set of eigenvalues

Ao = (—1)"(”7”%) (n=012,..) (10)

and the corresponding eigenfunctions
u,(x)= \/E-sin(nn +%Jx

which form an orthonormal basis in the space L2(0,1).

(11)

Lemma 2.2.
(a) Operator Ag? is self-adjoint and almost continuous;

(b) For any p > 1 we have
+00 l
> < oo,
p
n=0

4]

where 151 — are eigenvalues of the operator Ay?.

© 143" < =

Proof.

(a) We show that if an operator A, is symmetric, then the operator Ag? is also symmetric; since it is
defined throughout the space H, then it is self-adjoint.

(b) Due to Lemma 1, we have
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S I S 1 2 & 1
207 A A & 1 pg@ "2
" (nn+2j np[n+2j

(c) Norm of the integration operator is known [3], it is equal, therefore

|23 =15 =] <[] st = -] =

2
.
Now we estimate norm of the operator A51Q.

Jaco] <ol 2 ol

alf v

Qv = Jla(tye)7 et =l [yle) e < ma

0<x<1

|yl < maxal-}y] = |Q] < max(al

0<x<1 0<x<1
Thus,
a 2
HAO QH <=-max(q|.
T 0=x<1 (12)
Lemma 2.3. If
max|q| < z
0<x<l1 2 , (13)

then the operator

+00
R=> (1" (A"Q)"

m=1 (]_4)
is almost continuous.

Proof. From the conditions (12)+(13) it follows that the series (14) converges uniformly; since each
term of this series is almost continuous, then the sum is also almost continuous operator. The proved
Lemmas imply Theorem 3.1.

3. Research Results.

Theorem 3.1. If max|q| < % then the operator A

0<x<1

d
A=S—+QDA)={y€ ¢*[0,1] n [0,1], y(0) = 0},
where Sy(x) = y(1 — x), Qy = q(x) — y(x) is complete in the space H = L?(0,1).
Our operator A is invertible, therefore its range is whole space H = L?(0,1), consequently, Theorem
3.2 also holds.

Theorem 3.2. If g(x) is a complex continuous function, satisfying the condition

max(q(x} <7

then the system of root vector of the operator
A=5+0Q,D(4) = {y € c*(0,1) n[0,1],y(0) = 0},
where Sy(x) = y(1 — x), Qy = q(x) - y(x) is complete in the space H = L?(0,1).
If g(x) is a real function, then the operator Q:
Qv =q(x)- y(x)
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will be self-adjoint in H = L2(0,1). Then the operator
A=A,+Q

Is also self-adjoint. From
Afl — [I + Aole]71 . A(;l
it follows that the operator A™ s almost continuous, moreover if A71f =0, then f = AA™1f = 0.

Therefore kerA=1 = 0. We have proved the following Theorem 3.3.
Theorem 3.3. If g(x) is a real continuous function, satisfying the condition

max(q(x)} <7

then the system of orthonormal eigenvectors of the operator A:
Ay =y'(L-x)+q(x)y(x) D(A)=1{yeC*(01)n[01] y(0)=0f

forms an orthonormal basis in the space H = L?(0,1).
Proof follows from the Hilbert-Schmidt theorem [36], and the above discussions.

4. Discussion.
Remark 4.1. Condition

V4
maxfale) <
provided invertibility of the operator A, as the following example shows, it may not be invertible. Then the
application of the Keldysh theorem becomes difficult.
Example 4.1. If
Q(x) = _gl‘x € [Oﬁl]
then the equation
y'(1-x)+a(x)y(x)=0

has a nontrivial solution. In fact, solution to this equation is the function
. 7X
y(x)=sin==,
2
which can be verified by direct calculation:

, T 7iX T T T T 7IX . T . 7X T . 7X
= — —, ’1— = — —1— = — —_ B — —_ _— = —,
y'(x) 2cos > y'(1-x) 2c032( X) 2[cos2 cos ) +sin 5 sin 2} 5 sin >

, T . X 7w . X
y'(L—x)+q(x)y(x) 5 Sin-—=sin=-=0.
Theorem 4.1. If symmetric operator A has a complete system of eigenvectors, then closure of this
operator A is self-adjoint in H, in other words, the operator A is self-adjoint in essential.
5. Conclusion. If g(x) is a real continuous function, satisfying the condition

max|q(x) < %

0<x<1

then
(a) system of orthonormal eigenvectors of the operator A:

Ay = y'(1-x)+q(x)y(x) D(A)= ly ec*(01)n[04] y(0)=0}
forms an orthonormal basis in the space H = L?(0,1).

(b) operator A is self-adjoint in essential.
The latter property is very important, see [21].

—— 54 ——
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APT'YMEHTI AYBITKbBIFAH, BIPIHIII PETTI JU®P®EPEHITUAJIABIK TEHAEY JIIH
KOHIWJIIK ECEBIHIH TYIIKI BEKTOPJIAPBIHBIH TOJBIMABIJIBIFBI TYPAJIBI

AnHoTauus. ChIHApIBl ONEPATOPJIAPABIH CIEKTPAIII TEOPHSICHI PETIHIE, OJAPJAbIH CIEKTPIJIIIK KACHETTEPiH
3epTTeyre apHaJFaH KeH ayKbIMIbI CYypaKTap Ti3iMi TaHbUIaJIbl, MBICAJIBI, CIICKPIH OpHAJIacy TOPTiOi MEH aCHMTOTHKACHI,
TYINKI BEKTOpJIAp Ti3IMiHIH TOJBIMBUIBIFBI, TYIIKI BEKTOpPJIAp CHCTEMACHIHBIH 0a3UCTIri, TYNKI BEKTOpJIapAaH )KacaKTaJFaH
KaTaplIapAblH >KMHAKTbUIbIFBIH B. Bb. Jlunckuiinin omici apkeuibl 3eprrey. Konmemi Mocenenepii 3epTTereHie, >KoHe
i depeHnnanaplK TeHAeYIep TEOPHICHIHIA OCBIFAH YKCac ecenTep Ke3lnecendi, OipakTa, OYJ1 coTTe omeparop YLIiH eMec
omepatop MoHII (yHkuusulap yuiH. OnepaTopiapiblH CIEKTPAIAIK TEOPUSCHIHBIH Oyl TYpiH, OpHHE, OIepaTop-
dyHruusIapabiH  (0.-().) CHEKTpasi TEopuschl Jien aTaraH eH. Omneparop-QyHKiusuapabiH (0.-.) crnekTpanmik
KacHEeTTEepiH 3epTTey eCeNTEpiHiH KaKeTTiNiriHe MaTeMaTUKTEePIiH Ha3apbl 6TKEH FACBHIPABIH OachbIHIA ayFaHbIMEH, 0.-¢.-
JapbIH a0CTPaKTi TEOPHSICHIHBIH Herisri HoThexenepiH Tek 1951 xbutel M. B. Kengpimn angpi, Oy eHOEKTe TYIKi
BEKTOpPJIAp CHUCTEMACBIHBIH N-PETTi TONBIMIBUIBIFBI YFBIMBI CHII3UIII,)KOHE A-Te€ MOJIMHOMOIAI TOyelal oeparop-
(YHKIMSITApIBIH TYTIKI BEKTOPIAP CHCTEMACBHIHBIH N-PETTi TOJBIMIBUIBIFBI JANIENACH I, KeHiHIpeK MyHIal oreparopiap
M. B. KennsluthlH onepaTopiap IIOFBIPHI AeniHAi. byn Teopema omneparop-auddepennuangik tennenepaiy Kommrik
ecenrtepin Dype oiciMeH 1menryre %ot amrtsl. Oneparop-anddepeHIuaIiK TeHaeyIepAiH 6acka ecenTepin 3epTTereHe,
M. B. KengplutiH n-peTTi TOJBIMABUIBIK YFBIMBIHBIH JKETKITIKCI3Airi OalKasibl, COHIBIKTAH, €CENIiK TOJIBIMIIBLIBIKTHI
3epTTey ecenTepi naiaa OOJIbL.

Tymki BEKTOpIap CHCTEMACHIHBIH TOJBIMIBUIBIFBI CHI3BIKTHIK OMEPATOPIAPABIH CIEKTPIIIIK TEOPHSCHIHBIH HETi3ri
YFBIMIApBIHGIH Oipi. By eHOekre runbepttiy cenapabenai H keHiCTIriHIEe CIEKTPi CUPEK CHI3BIKTHIK ChIHAPJIBI OIepaTop
KapacThIpbUIIbl. byl aercHiMi3z cnekTpaiH Oip HyKTeciHeH Oacka HYKTeNlepi OKUIayJlaHFaH, COHJAM aK oyapra ColKec
IIKeHICTIKTepl caHcanabl JereHnai Oinmipeni. A omeparopblHbIH G(A), CIEKTPiHIH Ag HYKTECIHE COWKec caHcajaibl
WHBapUaHTTH! 1IKEHICTITH TYNKI KEHICTIK Aen aray KaObuinaHraH. biz oHbl Rg apkpuibl Oenrineiimis. Tynki KeHICTIKTI
MmbiHa, ( A —A,E)™ = 0, m> 1 (1) Tenaeyin menriMaep *UBIHBI Ien cumartayra 6omanel. Erep ne m=1 6osnca, onna f
BEKTOpBI MEHIIIKTI BEeKTOp O0Jaibl, 0acKa jkarJaiija eHIlijgec BEKTOp Jell aTajabl.

9cipe y3iKci3 onepaTopiaapMeH, Kepici acipe y3ikci3 (Mbicaibl, AuddepeHHaIibK) onepaTopiaapAblH CIIEKTPi CUPEK
exeHi Oenrimi. Bi3niH omepaTopbIMbI3 a OCBUIAPIbIH KaTapblHA )KaTaJbl XKoHE Oi3 TeK COHAAM omepaTropiapAbl FaHa
KapacThIPaMbI3.

Byn enOekTiH Herisri ece0i TYNKiI KEHICTIKTEp CHCTEMAChIHBIH TOJIBIMABLIBIFBIH KAMTaMachI3 €TETiH MIapTTapasl Taly
JKOHE 3epTTey, €H OoJIMaraHaa, olap OIepaTOpAbIH MOHIEPIHIH JKHBIHBIHAA TONBIK Oomysl mapT. Erep ruibeprtTiH
H kewnicririnin op06ip heH »neMeHTiH, ori TYNKEHICTIKTEpAE *KaTKaH 3JEMEHTTEPAIH ChI3BIKTHIK KOMOMHALUSCH! apKbUIBL,
KaJaFaH JQJJIIKIICH, JXYbIKTayFa 0oJica, OHJa QNI caHcaaalbl KEHICTITEp CHCTEeMachlH ochl H KeHiCTiriHae TOJBIK el
canaiimbi3. Erep-ne Oenrini Gip ocipe y3iKci3 ornepaTop >Kajkbl 0oJica, SSFHM OHBIH ChIHApPBI OHBIH €31 00Jica, OHJIa OHBIH
caHcasajgbl MHBAPUAHTTHI 1MIKEHICTIKTED CUCTEMAChl, OHBIH MEHJICPIHIH JKHUBIHBIHIA TOJBIMIBI eKeHi Oenrimi (Oyn coTte
OHBIH TYIKi KEHICTiKTepi MeHIUIKTi Oonansl, sFHU (1) Gopmynana m =1 Goxansl).ChiHAPIBI olepaTopiap YLIIH Xargai
MYyJijieM Oackaria MyMKiH.

TonBIMIBIIBIK KacHueTi ocipe Y3iKCi3 omeparopniap YUIiH >xanmbiiaid emec. OmepaTopablH ocipe Y3IKCi3aAiri OHBIH
TOJBIMABI OOJTybIHA JKEeTKiNikci3. YKanmel »karmaiifia, TOMBIMABUIBIK YIIIH ONEPAaTOPAbIH ocipe Y3IKCI3IIri JKETKUTIKCI3.
MyHBIH aiiKbIH MBICAJIBI PETiHAE, Kelleci,

Af =[f®dt,a<x<bh, 2

UHTErpajgay OIepaTopblH aiiTyra Ooxamel, Oy omepaTop MeninnepiHiH ksaxparrapbl Jleber OoiibiHIna (a, b)
UHTEpBallbIH/a UHTErpaJaHaTbiH (GYHKIUIAPAbIH TIOEPTTIK KEHICTIriHAe opekeT eTeni. byn keHicTikTi 613 opi Kapaii,
Obuaii L2(a, b) Genrineiimis. byn (2) oneparopasiy acipe y3ikci3 GonraHbiHa KapamacTaH, Oipze 6ip MEHIIIKTI MOHi XKOK,
OHBIH CIEKTPi TeK HeN HYKTECIHEH TYPAThIHBIH TeKcepy KBIBIH Mapya emec. JleMek OIepaTopablH CaHCalalbl
WHBApUAHTTHI KEHICTIKTEPI XKOK.

Byn enOexkte M.B.KennpluThlH oHmiCiMEH apryMeHTiI aybITKbIFaH KOI(Q@UIHMEHTI alHbIMaibl OipiHIN peTTi
muddepennuanabik TepaeyaiH Komu eceOiHiH TYNKi BEKTOpIAp CUCTEMACBHIHBIH TONBIMABLIBIFBL KepceTinai. bipinmi perri
komimri nuddepeHumanaplk TeHaeyAiH Kommnik eceOiHiH BONTEpii €KeHI KOIKe MoJiM, COHIBIKTaH, OyJl kail Oenrini
JKalnapJaH epekieneHesi. ANbIHFaH HOTUEXeIepli TEOpUsUIbIK (pU3UKa MEH JepeKTepAl TapaTy TeOpHACBhIHAA, acipece
OINITHKANBIK TapallbIM XKyiienepinae Konganslc Tabaabl A€l KyTyre 60iaibl.

TenaeyniH k03GPUIMEHTI HAKTHI O0JIMAaFaHAbIKTaH, €CENKe COUKEC ONepaTop ChIHAPIbl, COHABIKTaH 0a3UCTIK Typabl
MoceJeNiep Ha3apaH ThIC KaJ/ibl. AJIBIHFAH HOTHUEKENEp TeHAeyIiH KoeUIueHTi apKbUIbl ©PHEKTEI, JKOHE OJI KAXKETTI
MIapTKa SKaKblH, OHBICHI HAKThl MbICAJl apKbLIbl JAdiekrenreH.byn mapT KonjaHbulFaH OMICTIH caijapsl0acka dfic
KOJIJJaHFaH COTTE OHBIH TYPi ©3repyi ie MyMKIiH.
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KapacTeipbiiran onepatopabid keaaparsl L2(0,1) keHicTirinae omeparopnap IIOFBIPBIH TYbIHAATa[bl, COHIBIKTAH
aJBIHFAH HOTUEXKETIeP ONepaTopIiap MOFBIPBIHBIH TCOPUSCHIH/IAAA KbI3BIFYIIBUIBIK TYFBI3Ybl MyMKIiH.

Tyiiin ce3nep. CriekTp, aybITKbIFaH apryMEHT, TYIIKI KEHICTIK, TOJIBIMABLIBIK, KeIbIIITHIH T€OPEMaChl, KOMITOKTILIIK,
I'un6epr-1lIMuntin Teopemacsl, ' puHHIH QyHKIUACH, PE36IIBEHTA.

T.II. Kaamenos!, A.IlL.Ianxan6aes?, M.U.AkbL16aes’, A.H.Ypmarosa*

L2 HCTUTYT MaTeMaTUKH U MATEMATHYECKOTO MOJIEMpoBanus, Anmarsl, Kazaxcran;
*MesxmyHapo/IHBII TyMaHHTapHO — TEXHAYECKUH yHuHBEpCHUTeT, [lIbvkenT, Kazaxcran;
*IOKTY umenu M. Ayesosa, T. lllsivkent, Kazaxcran

O NOJIHOTE KOPHEBBIX BEKTOPOB 3A/TAYHM KOIIW YPABHEHMUSA ITIEPBOT'O IIOPSIJIKA
C OTKJIOHAIONIUMCA APTYMEHTOM

Annoranus. Ilox crnexTpanbHOW Teopuell HECAMOCONPSIKEHHBIX OINEPATOPOB NMPHUHATO MOHUMATh LIMPOKHUN Kpyr
BOIIPOCOB, CBSI3aHHBIX C M3YYEHHEM CIIEKTPAIBHBIX XapaKTEPHCTHK HECaMOCOIPSDKEHHBIX OIEpaTopoB, Harpumep,
HCCICAOBAHUEC ACUMIITOTUKHU W JIOKaJIW3allMU CIEKTpa, IOJIHOTBI KOPHEBLIX BEKTOPOB, 63.31/ICOB, COCTaABJICHHBIX H3
KOPHEBBIX BEKTOPOB, H3YyYeHHE BO3MOXXHOCTH CYMMHPOBaHHS KOPHEBBIX BEKTOPOB METOAOM, IPEIOKEHHBIM
B.b. Jluackum. Ho Bo MHOrux 3amauax, BcTpedaromuxcs B IuddepeHnnanbHbIX YpaBHEHUSX U NPUKIAJHBIX BOIPOCAX,
BO3HUKAEeT HEOOXOIMMOCTh HW3YUYHTh aHAJOTMYHBIE BONPOCH, HO HE U1 ONeparopa, a JiIs HEKOTOpod (yHKUIHUH,
[IPUHUMAIONIEH 3HaYECHUsI BO MHOXECTBE ONepaTopoB. Takoe 00001IeHNE CIEKTPAIbHON TEOPUU ONEPaTOPOB €CTECTBEHHO
Ha3BaTh CIEKTpaJbHOU Teopueil omepartop-pyHkuuit (0.-¢.). XoTs Ha HEOOXOIMMOCTH HCCIEHOBAHUS CHEKTPaTbHBIX
CBOWCTB 0.-(). BHMMaHHME MaTEeMaTHKOB ObUIO OOpalleHO elle B HayaJle Hallero BeKa, TeM HE MCEHee, NepBbIe
OCHOBOIIOJIATAIOIINE Pe3yNbTaThl B aOCTPakTHOM Teopuu o.-p. Obumm momydeHst M. B. Kenmemmem. B pabore,
omy0OiaukoBaHHOM B 1951 r., e BBeIEHO BaKHOE NOHSATHE N-KPATHOM TOJHOTHI KOPHEBBIX BEKTOPOB W JOKa3aHa
(yHnaMeHTanbHas TeopeMa 00 N-KpaTHOW IOJIHOTE KOPHEBBIX BEKTOPOB A MOIMHOMHANBHO 3aBUCAIUX OT 4 0.-¢.,
MOJMYYMBIIMX BIIOCICJICTBMM Ha3BaHHE Iy4koB omneparopoB M. B. Kengpima. OTta Teopema 00OCHOBBIBAaET
IPUHLUNUAIBHYI0 BO3MOXHOCTh IpuMeHeHus Merona Dypbe mpu pemieHuu 3agauu Komum s mumpoxoro kiacca
orepatopHo-nuddepeHInaNbHbIX ypaBHeHUH. VccnenoBanue ke Apyrux 3aaad s oneparopHo-auddepeHInaIbHbIX
ypaBHEHUH IUKTYET U3y4eHHE KPaTHOM MOIHOTHI KOPHEBBIX BEKTOPOB, OTIMYHOE OT N-KPATHOH IOJIHOTBI, PACCMOTPEHHOM
M. B. Kengpiiem.

OIHMM U3 LEHTPAIbHBIX MOHATUH CHEKTPaJbHON TEOPUM JIMHEHHBIX OIEPATOPOB SIBJIAETCS MOJIHOTA CHUCTEMBI €rO
KOPHEBBIX BEKTOpPOB. B HacrosIei paboTe paccMaTprBaeTCs TIMHEWHBIH HECAMOCOIPSIKEHHBIN OMepaTop, ICHCTBYIONINN B
cenapabesbHOM I'MIb0epTOBOM IpocTpaHcTBe H, u obOnanaromuil auckpeTHelM crekTpoM. IlocnenHee o3HayaeT, 4To BCe
TOYKH CIIEKTpa omepaTopa A (3a UCKIIOUCHHEM, OBITh MOXET, OJTHOH) SIBISIOTCS H30JMPOBAHHBIMH U COOTBETCTBYIOILUE
UM INOJIPOCTPAHCTBA KOHEUHOMEPHbL. KOoHEUHOMEpPHOE MHBAPUAHTHOE IOANPOCTPAHCTBO OIEepaTopa A, OTHoOcsAIeecs K
HEKOTOpOU Touke Ag; cieKTpa 6(A), NPUHATO Ha3bIBaTh KOPHEBHIM MOANPOCTPAHCTBOM. MBI OyZieM ero 0003HayaTh uepes
R;. KopHeBoe moanpocTpaHcTBO Ry MOXKET OBITh OXapaKTepPU30BaHO KaK COBOKYITHOCTH JIEMEHTOB f , yIOBIETBOPSIOMINX
npH HeKoTopoM reniom m> 1 ypasuenuto ( A —A,E)™ =0, m=> 1. (1)

JIMCKpeTHBIM CIIEKTPOM, KaK H3BECTHO, OOJNANaIOT BIIOJHE HETPEpHIBHBIE OINEPaTOphl, a TaKKe HEOrpaHWYCHHEIE
(nanpumep, nuddepeHnuanbHple) onepaTopsl, UMEIOLINE BIIOJIHE HEeNpepbiBHbIE oOpaTHble. I1o cymiecTBy, TOIBKO Takue
OIIepaTopsl MBI M PACCMATPHBAEM.

OcHoBHOH 3aaueil HacTosdell pabOTHI SABISETCS UCCIEJOBAaHUE YCIIOBUI, IPU KOTOPBIX CUCTEMa KOHEYHOMEPHBIX
WHBApPHAHTHBIX (KOPHEBHIX) MOANIPOCTPAHCTB OlepaTopa A oKa3bIBaeTcs MoiaHoH B H nim B o6nactu 3Ha4eHHIA oneparopa.
W3BecTHO, YTO €CIM HEKOTOPHIH BIOJIHE HETPEPHIBHBIH ONEpaTtop SBISAETCS CaMOCONPSDKEHHBIM, TO CHCTEMa €ro
KOHEYHOMEPHBIX MHBApUAHTHBIX MOANPOCTPAHCTB IOJHA B 00NacTU 3HAa4YeHWH omeparopa (IIpU 3TOM KOPHEBBIE
MOJIIPOCTPAHCTBA OKAa3bIBAIOTCS COOCTBEHHBIMH, B hopmyuie (1) m =1).

B cirydae ke 0011ero BIOJIHE HEIPEPHIBHOIO OIIEPATOpPa IOJHOTA MOKET M HE UMETh MECTA.

[IpocTedmmm MpUMEpPOM TaKOTO POJia CIIYKHUT OIEePATOP HHTETPUPOBAHHS

Af = [ f(B)dt,a<x <D, )

KOTOPBII JeHCTBYeT B THILOEPTOBOM MpOCTpaHCTBE (QYHKIMHA, 00IaJalomuX HHTErpupyeMbIM 1o Jlebery kBaapaTtoM Ha
uHTepBane (a, b). To NpOCTPaHCTBO MBI OyAeM B JaibHeimeMm 0003Hauath yepe3 La(a, b). HerpynHo mpoBeputsh, 4To
omeparop (2), Oyayun BIOJNHE HENPEPHIBHBIM, 00JagaeT JUIIb eJUHCTBEHHOW TOYKOM CHEKTpa — HyJlIeM M He MMeeT HH
OJHOro cOOCTBEHHOro BekTopa. ClenoBaTeNbHO, KOHEUHOMEPHblE HHBAapUAHTHBIE HOANPOCTPAHCTBA y HEro BooOLIe
OTCYTCTBYIOT.

B Hacrosimeit pabore, meromom M.B.Kenppima nokazaHa MOJHOTa CHUCTEMBI KOPHEBBIX BEKTOPOB OIleparopa,
COOTBETCTBYIOIIEro 3anade Komm ypaBHEHHS MEPBOrO MOpSAKA, ¢ MEpEeMEHHBIM KO3()(OHUIHUEHTOM, M OTKIOHSIO-IIUMCS
apryMeHTOM. BoubTeppoBOCTb ollepaTopa COOTBETCTBYMOLIEro 3agade Komm OOBIKHOBEHHOro auddepeH-IuaIbHOro
ypaBHEHHsI OOLICU3BECTHO, MMOITOMY PE3YJIBTAT PE3KO KOHTPACTHPYET C M3BECTHBIMH (hakTaMH. MOXHO OXKHIATh, YTO
MOJIyYCHHBIE PE3yJIbTAaThl HAUAYT NPHUIOKEHHE B TEOPETHUECKOH (U3MKe, TEOpUH Iepelaud CUTHAJIOB, OCOOCHHO B
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ONITHKO-BOJIOKOHHOM  cBsi3U. IlockonmbKy, Kodp@UIMEHT ypaBHEHUs He NPEIIOIaraeTcsi BEIIECTBEHHOH, TO
COOTBETCTBYIOIMH OIEPaTOp HE CaMOCOIPSIKEH, IOTOMY BOIPOCH! 0a3HMCHOCTH HE paccMaTpU-BalauCh. [lomydeHHbIH
pe3yipTaT copMyNIUpoBaH B TePMUHAX Kod(duIMeHTa ypaBHEHHUS, W OJM3KO K HEOOXOAU-MOMY, UTO ITOJATBEPKIAETCS
MOCTPOCHHBIM MPUMEPOM. ITO YCIIOBUE SBJISCTCS CICICTBUEM UCIIOJIb30BAHHOTO METOA, BO3MOXKHO IPH JIPYTUX METOJax
OHHU MOTYT IPUHAMATH JPYTOi BUI.

OTMeTuM, YTO KBaJpaT omeparopa A MOPOXKAAeT MyuoK orepaTopos B mpocTpanctse L2(0,1), I03TOMY pe3yabTaThl
PaboTHI MPEACTABISIET HHTEPEC U VIS TEOPHUHU ITyUYKOB.

KnroueBble cioBa. CrekTp, OTKIOHSIOIIUICSA apryMeHT, KOPHEBOE MOANPOCTPAHCTBO, IOJIHOTA, TeopeMa Kenppima,
KOMITaKTHOCTB, TeopeMa ['mnbepra-llImunra, dbynkius ['puHa, pe3osbBeHTA.
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ABOUT ONE INVARIANT MULTIVALUED MAPPING
IN THE TASK OF THERMAL CONDUCTIVITY WITH TIME DELAY

Abstract. This paper considers a matter on the strong and weak invariance of the constant multi-valued
mapping towards thermal conductivity equation with boundary control in the presence of time delay. Sufficient
conditions for the strong and weak invariance of this multi-valued mapping were obtained for the heat transfer
control task with a delayed argument with boundary and initial conditions. The concept of "invariant sets" is applied
to a system with distributed parameters, the physical meaning of which is to "keep" the object in the desired state as
long as possible by controlling it. At the same time, here object retention is understood not in the geometric sense,
but in the sense of holding the average value relative to the volume of the object. The necessary conditions for
keeping the object in the desired state are proposed. To solve the equations, we first expand the definition of the
elliptic operator and the operator itself to a self-adjoint operator, and then consider the existence of a solution that
belongs to the energy space of this operator. This uses the fact that the extended operator has generalized eigenvalues
and generalized eigenfunctions that make up the complete system both in the energy space of the operator and in
each space. In this case, a generalized solution is understood as a solution, because it is represented as a Fourier
series whose coefficients satisfy infinite ordinary differential equations. Just in this system of differential equations
there is a control parameter. An essential point in considering this task is that the controls are located on the border of
the area. In this case, the control area is a convex compact polyhedron, and the restriction area and the terminal set
are half-spaces. This, in certain conditions, allows the possibility of applying the obtained results in solving practical
tasks.

Keywords: invariant set, control, multi-valued mapping, control of systems with distributed parameters, time
delay.

1. Introduction

Note that there are theoretical and practical issues in the controllable systems with distributed
parameters, incapable of solution with the help of known methods. Typical examples of such kind of tasks
are retention of temperature in the acceptance limits in a specified volume, avoidance of undesirable
conditions, etc.

Results in the matter about invariance of specified sets concerning systems with lumped parameters
were obtained earlier in the works of A. Feuer, M. Heymann, V.N. Ushakov, Kh.G. Gusseinov,
N.S. Rettiyev, A.Z. Fazylov and other authors [1-7]. As against the work [7], this paper considers
problems with boundary control. The works [7] consider interesting applied problems on the control by
convectors for heat distributions in a volume. As against the work, this paper considers tasks with
boundary control.

The theory of differential equations with a deviating argument has been developed in various
directions; natural formulations of tasks have been found [8-12].

As you know, many real controlled objects can be considered as objects with distributed parameters,
in which control parameters can be located both on the right side of the equation and in boundary
conditions.

In the work [13-15] considers tasks with distributed parameters.
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Invariant sets with respect to a system with distributed parameters, the physical meaning of which is
to keep the object in the desired state as long as possible by controlling it. Moreover, here the retention of
the object is understood not in the geometric sense, but in the sense of holding the average value relative
to the volume of the object. The works [16-19] considers questions of the invariance of given sets with
respect to systems with distributed parameters. In particular, the paper [17] is devoted to the questions of
the strong and weak invariance of a constant multivalued mapping with delay, and the paper [18] is
devoted to a controlled process, which is described by an equation of parabolic type, with the control
parameter participating in the additive form on the right side of the equation. This work [19] introduces
concept of the invariance of a multi-valued mapping with respect to a system with distributed parameters.
In [20], a numerically approximate method for solving of a control problem for integro-differential
equations of parabolic type was considered.

This work considers a matter on the strong and weak invariance of the constant multivalued mapping
towards thermal conductivity equation with boundary control in the presence of time delay.

A bounded region Q(C Rn) will be called a piecewise-smooth boundary, if a boundary I'=Q\Q of
the region €2 can be presented in the form I' = Z'J-\Ll Aj, where I' j < I' - the set open towards topology,
induced on I' by the topology R". Each Fj - a connected surface of class c?t, i.e. for each point Xg EFJ'
it is possible to indicate ball U, (xg) by so small radius & >0, that the set Fj ﬂUg(Xo) is defined by

equation of the type x, = fy (Xq,-.., Xk_1, Xk 110 Xn ), Where fi () € Cl, k1<k <n isasome number.

Let € be the bounded region in R" with the piecewise-smooth boundary. Through A let us denote
the next differential operator [21]:

n o op
Ap=— X —(gj(X)=), 1
@ i,j:l@Xi( u()axj) 1
where functions aj (x) € L™ (Q) satisfy conditions: ajj (X)=aji(X) and
n n 9
& 8 (X)Sié; 27/_21§i , XeQ )
i, j= i=

forany (£,%9,...&,) € R". The inequality (2) is called a condition of uniform ellipticity of operator A(1).

As the domain of operator A space CZ(Q) is taken — the set of twice continuously differentiable
functions.
Let P be operator, which is defined by the inequality

P(0=_ % aij(x) a—(DCOS(LX)-H((X)(D, XeoQ,
ij=1 OX;
where | - the unit vector of outer normal to 62, k(x) - given positive, continuous function in 62 .
It is known that the elliptic operator A with the boundary condition P =0, X € 0C, has a discrete
spectrum, i.e. eigenvalues £, such that 0< 4 <A, <..,4 —+o0, and according Eigen functions
o x € Q, compose the complete orthonormal system in L,(Q) [21, 22]. As well as in [23] it is possible

to introduce a scalar product and appropriate norm in the space CZ(Q). Let’s denote completion of this
space through H, = H,(©2), where >0 - parameter.

2. Methods.
Consider the next task on the control by heat exchange with time delay [24]
52_?)+Az(t):z(t_h), 0<t<T, @)
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with boundary

Pz(t)=u(t), 0<t<T, xeoQ, (4)

and initial
2(t)=zo(t), —h<t<0 (5)
conditions, where zg(-)e X, X ={z():z(t)e H,,~h<t<0}. The controls are measurable functions

u()e H,, i. e. satisfying the condition X4 Ak[ u(z oy de <oo. Here z(-), u(-) are abstract functions,

i.e. at each t>0 they are unique elements of the space H, - positive fixed constant, T - positive

number.
A solution of the problem (3)-(5) in H, is defined by the Fourier method. If f,(-) denotes Fourier

coefficients of the function f(-) towards the system {p, }, then solution of the problem (3)—(5) on the
segment [0,h] has the next view [24]

2(t)= [0 —Ak j{ J‘u(r)gokdx}e’ik(tf)dr}wk, (6)
k=1 o0

where 2 = zqy (0), k =1, 2.... Using this solution, the solution is built on the segment [h, 2h]:

z(t+h)= i[ hle~ At +J‘{ I T+ h)(pkdx}e (tr)dr]wk,

o

where z, (h) is defined from (6) at t=h. In the same manner, continuations of the solution are built for

the next segments.
Further, through U we denote the totality of controls, which is specified below by a some positive
number o©.

Definition 1. A multivalued mapping D: [— h,T]—) 2R , where R =(—o0,00), Will be called strongly
invariant on the segment [— h, T] towards the problem (3)-(5), if for any <Zo(t)> € D(t), -h<t<0, and

u(-)euU the inclusion <Z(t)>€ D(t)holds for all 0<t<T, where <> - corresponding norm, z(-) -
corresponding solution of the problem (3)-(5) [21-23].

Definition 2. A multivalued mapping D [—h,T]—) 2R , where R =(—o0,0), will be called weakly
invariant on the segment [— h,T] towards the problem (3)-(5), if for any <Zo<'[)> € D(t), —h<t<0 there

is control u(-)eU such that <Z(t)>€ D(t) for all 0<t<T, where < > - corresponding norm, z(-) -

corresponding solution of the problem (3)—(5).
Statement of the problem
This work studies the weak and strong invariance of the constant multivalued mapping of the next
view
D(t)=[0,b] —h<t<T,
where b - positive constant.
Our further objective is to find the connection between parameters T,b, o and A; so that to provide

the weak or strong invariance of the multivalued mapping D(t), t [~ h,T] towards the problem (3)—(5).
3. Main results.
A) Let (2(t)) =z(t),, . 0<t<Tand
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= Ju(): glﬁﬂ[ju(t)(pkdxj <p, te[0,T]t.

Here ||z(t)|2H = I|z(t)|2dx: iﬂkzk (t) 0<t<T.
r by k=1

Assertion. For any function u(-)eU the next inequality holds:

Z/ik{_[ fe A (t=r) )¢’kdXd7J S{l_i_ﬂlt] p?

k=1 080 1

The proof of the assertion follows from the next correlations:

t (o) i
Z’lr [J. je At T) (/’kdXdTJ er J.e 2(t T)e_i - J.U(r)(pkdxdr <
=1 \0aQ 20
© 2 t 2 it 2
z .[e Act=7)g ;. J‘e A (t=7) ju(r)¢kdx dr < J‘e—ll(t—r)dz_ p2|1=e 2.
k=1 o0 0 M
Theorem 1. If the follow condition is satisfied

Yo < (2’1 —1)b y (7)
then the multivalued mapping D(t)=[0,b], t<[-h,T] is strongly invariant on the segment [~ h,T]
towards the problem (3)-(5), forany T >0.

Proof. Let zq(t) with c|zo(t),, <b, -h<t<0, and u(t) with [u(t)], <p, O<t<h, be
r r

arbitrary functions. Substituting these functions in the equation (3), we have solution of the problem (3)—
(5) on the segment [0,h] in the next view (6)

2(t)= i{zge_lkt +}[20k (r—h)+ J‘u(r)(pkdx}e_lk (t_T)dr}ok :

k=1 0 oQ

If we introduce denotation fi ()= zgy (z —h)+ [u(z)pdx, k=12,..., then for the function f (), with

o0
the Fourier coefficients f,(-), we have

1@, =lole=n)+ue)ly, <lzole=ny, +lu(e),, <b+p. ©
Hence,

2
2
8, = S fo e | = S
k=1

0

t t 2
2e~ 20 [e ) (c)dr + (J e, (T)J |

0 0

From here, using the Cauchy— Bunyakovskii inequality, assertion and inequality (8), we have
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t t ?
zﬂr( 24 of+2e—wzgfe—ﬂk<t—f>fk<r>dr+[Ie‘*k(“”fk@] <

0 0
0 o0 It

ot~ or |02 oAt 2,02 [~ (t-7)

e MY Ahfeg| 2o 2,1 022 [e A=)y (c)dr +
k=1 k=1 0

2
Zﬂr(je Klt=7)¢ k (z)d } <e 2hlp2 4 e At /Ziﬂ‘zgk g
k=1

0 t 2 1_9—/11t
YA Je At (e)ae +[ : J(mp)zge%tbh
k=1

0 1

2 2
oAt At oAt
2eAtpl=® p)+[l ¢ J (b+p)? = [e-ﬂﬂmle—(m p)J .
A A M

_p Mt
Let ;((t):e_ﬂltb+1i—(b+p), 0<t<h,
1
Then we have »(0)=b, ;('(t)z —x%le_lltb +e At (b +p): et (— Ab+b+ p). It follows that when
fulfilling condition of the theorem 1, 4'(t)<o0, i.e. the function 4(t) is nonincreasing. Thus, observing
x(t)>0, wehave [z(t)],, <b,0<t<h.
r

Now, by similar reasoning for the time interval [h, 2h] we have |z(t)|,, <b . Itis seen from here that
r
continuing this process it is possible to reach for any number T >0:
z(t)],, <b, 0<t<T.
20N,

By this, the theorem 1 is proved.

Theorem 2. If A1 > 1, then the multivalued mapping D(t) = [0,b] is weakly invariant on the segment
[=h, T]towards the problem (3)-(5), where T is any positive number.

Proof. Let 4, >1. Let’s show that the set w =[0,b] is weakly invariant towards the problem (3)-(5).

Assume that z,(-) is arbitrary function from X, let u(-)=0. Then from presentation of the solution (6) of
the problem (3)-(5) we have

Izt = > Ak e_ﬁktzg+J‘e_’1k(t_7)zk(t—r)dr <e 2ht 3 A ZE‘ +
Tok=1 0 k=1
o0 t e 0]
2e At kzl/lHZEUe_/lk (t_T)|ZOk (t- T]dT + kZ:l/lﬂ x ©)
= 0 =

t ’ 1-e At 1t )
[ t0)z0 (t—r)dr | <e 2Ap? 42 Atp b+ b2 =
0 4 i

2
-t
{e_/llt +£] b2 .
%

Here, the next inequality and assertion are used:
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2
Ue Alt=r |zOkt rfdr < z/lk‘z()k‘ \/Z/lr[je A= |20kt r)d J
k=1 0

- 1-e~At
If  we introduce notation ;((t)=e At +/1—’ 0<t<h, then  we have
1

Zﬁk

0)=1 7(t)=(-4)e™ <0.
Hence, 0< y(t)<1. From here and from (9) we obtain |z(t)|, <b, 0<t<h. Sequentially using
r
the same reasoning, if necessary, to the time intervals [jh, (j +1)h], j=1,2,... we come to the fact that
|z(t)], <b,at —h<t<T.Thetheorem 2 is proved.

Let (z(t)) = z(t)],, 0<t<T, and

2
0 t
AL (e fu(e+inpedx | dr < 2| eﬂ1t gl
ORI f Jox p
k=1 0

oQ

where 0<t<h and i=-1,0,1,....

Theorem 3. If p<(4 —1)b, then the multivalued mapping D(t)=[0,b] is strongly invariant on the
segment [— h,T ] towards the problem (3)-(5), where T is any positive number.

Proof. Let zo() be any element of the set X, satisfying the condition |zo(),, €D(t), i.e.

r

||zo(-)||Hr <b, —h<t<0,and u(-) be any permitted control, i.e. u(-)eU . For 0<t<h we have

t t 2
|2 t)|| /1& 22 (t)= lek[z()ke +J'e_’1k(t_r)zok(t—r)dr+'[e_jk(t_r)ju(r)qokdxer (10)

=1 0 0 o2

Using the Cauchy— Bunyakovskii inequality and definition of control domain U , it is possible to
show that

2 a2
Zﬂr('[e At=r)y0 (¢ - rdr+je At T)J'u(r)(pkdxer s(l_i ] (b+p)?

k=1 0 a0 1

After simple calculations from (10) we obtain
J2(t)],, <be ! +pT+b(1—e_’11t). (11)

Let’s introduce the following function
_ b -
t)=pe~At 4 PO _g—At),
£t)=be™ + = h-e)

Note that £(0)=b. As E(t)=(- /11b+p+b)e_’11t, therefore under the condition p<(4 —1)b, we
have &'(t)<0. Thus, from (5) we obtain that for all t[0,h] the inequality ||z(t)],, <b holds.

Accepting z(h)as a new initial position of the considered system for the time interval, [h, 2h] we have
2
0 t t
[2(t+h)?, S A22()= 3 L] 20 (he A + [e Atz () + [ [ulr+nlxdr | |
k=1 k=1 0 0 oQ
where 0<t<h.
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Similarly, to the previous step it is possible to obtain the next evaluation
z(t+h <b,0<t<h.
J2(t+h)l,, <b,
Repeating the same reasoning we obtain that ||z(tj|H <b,—h<t<T.
r

The theorem 3 is proved.

4. Conclusions. Many scientists have studied the conditions of strong and weak invariance of sets
with respect to differential inclusion. This work continues these studies for systems with distributed
parameters. The question of the strong and weak invariance of a multivalued mapping with respect to the
heat equation with boundary control is considered. The results obtained are useful for specialists in control
theory and differential games described by equations with distributed parameters.

0.M. Uoparumos?, JK.C. Kypaxoaes?, H.Opasos®, E.A.Heicanos*

124 M.Oye30B ateiHgarel OHTYCTIK Ka3akcTan MemiiekeTTik yHuBepcuteTi, LllpivMkenT, KasakcTaH;
3Koxa Axmer Slcayn aTbingarsl XaublKapaiblK Ka3ak - Typik yHuBepcuteti, Typkicran, Kazakcran

KIAIPYJIEP OPBIH AJIATBIH KbLIYOTKI3I'IITIK ECEBIHAE
HNHBAPHUAHTTBI KOIIMOH/I BEMHEJIEY TYPAJIbI

AnHoTaums. Ka3ipri TaHgarel Kyp/eni, 6Ty aFbIHbI )KbUIIAM KOHE SHEPTrOCHIHBIMIBUIBIKTEI YPAICTEPAl OacKapy
TEOPUSCHIHBIH 3aMaHayH JKETICTIKTEPi MEH FhIIBIMU-TEXHUKAIBIK LITEpisieyci3 icke achlpy MYMKiH emec. Kemnreren
HaKThl 0acKapy HbICaHIapbIH TapaJiFaH MapameTpJi )KyHenep peTiHae KapacThlpyra OOJIBIHABIFE Oenrini, Oy perre
Oackapy mapaMmeTpiiepi TEHJEYAiH OH JKarblH/Ja HeMece IleKapallblK MIapT TypiHAe opHaiacybl MyMKiH. COHFBI
YaKbITTa OHIIPICTIK JKOHE TEXHOJIOTHSIIBIK YPICTEpAl aBTOMATTaHABIpYFa OapbIHIIa MaHbI3/(bl MOH OEpPLJIII OTHIp, all
TapaJFaH ImapameTpili TeHJIeyep xKyieci — Oy ypAiCTepIiH MaTeMaTHKaIIBIK MOZAEIbAepi 00BN TaObUIAIbL.

Backapy ecenrepin 3epTTeyAiH jkaHa SAiCTepiH Kypy/la TOMEHJIET] canaliblK CUITaTTarbl CypaKTapra xkayar oepy
KakeT 00JIajibl:

a) Oepinren G >KMBIHBI KYIICi3 (HeMece KYIITi) MHBApUAHTTHI Ma, SIFHM KapaJbIll JKaTKaH OacKapbLIaThIH
)xyiieHiH G KWBIHAAFBI Ke3 KeNreH OacTamkpl HYKTeCI YIIiH, em OojMaraHia Oip TpackTopus TaObuia ma? by
TpaeKTopus OEPUIreH HYKTEACH IIbIFbIT G JKHBIHIA TONBIK jKaTa Ma?

0) KapaJIblll J)KaTKaH OacKapbLIATHIH XKYHEre KYIICi3 HHBAPHAHTTHI G JKUBIHHBIH 00C eMec iIIKi KHUBIHBI 0ap Ma?

CoHbIMEH KaTap MbIHamai ecen TyblHmaiabl: G KUBIHHBIH TIPIIUTIK SIIPOCBIH KYpy ecedi, Hemece Kayircis
alfiMak Kypy, SFHU KapaJblll )KaTKaH 0acKapy >KMbIHbIHA KaThICThI KYIICI3 MHBAPUAHTTHI G *KUBIHHBIH €H YJIKEH 1LIKi
KUBIHBIH Ta0y. AliTa KeTeiik, OChl Mocesie OOMbIHINA KONTEreH 3epTTeyJiep HETi3iHEH JKUHAKTAJIFaH Mmapamerpli
Oackapy yiienepiHe apHanFaH. ¥ bIHBUIBII OTBIPFaH JXYMbBICTA Y/AEPICTIH YITICIH cHNaTTay/a, HaKThl Xarnainapaa
aKnaparThlH KeIIirin Kedyl apHaibl KOCBIHIBI apKbUIbI €CENKe aliblHa[bl. ONEeTTe OacKapy Mapamerpiiepi epKiH
OonMaiabl, COHIBIKTaH OJapFa 9pTYpJli TEOMETPHSJIBIK JKOHE HWHTETPANIABIK IIeKTeysep KoWbiiagsl. Ochl
HIeKTeyJepeH OacKka 0ackapy QyHKIUSICH aHBIKTAIFaH (YHKIMOHAIIBIK KeHICTIKTEH aJIbIHAIbI.

By sxympIcTa Kifipyiep OpBIH alaThIH HIEKapallblK OacKapyMeH OepilreH >KbUTYyeTKI3TIIITIK TeHACYiHEe ColKec
TYPaKTBI KOIIMOH I OelHeneynepIaiH I/l )KoHe 9JICi3 HHBAPUAHTTHUIBIFBI TYpalbl Macelie KapayraH. Kimipyiep opsiH
aJaThlH apryMEHTTI IIeKapalbIK jKoHE OacTamKhl MApPTTapAa JKbUTY alaMacyasl Oackapy eceOi YIIiH OChl KOTIMOHII
OeitHeneyIepaiH QM1 KOHE QJICI3 MHBAPUAHTTHI OOJTybIHA JKETKIJIKTI MapTTap ajblHFaH. TapajnFaH KepceTKimTepi
Oap Kyiiere KaTbICThl «MHBAPHAHTTHI KUbIHY» YFbIMbIHAH maiinananpurad. OHbIH (U3UKAJIBIK MaFbIHACKI OOBEKTiHI
0Oackapy apKpUIbl HUET €TKEH jKal-Kyiae MYMKIHIITIHIIE Y3aK «ycTam Typy». by perte, oOBeKTiHI ycTam Typy
TeOMETPUSIIBIK TYPFbIIaH eMec, OOBEKTIHIH KeJeMiHe Kapall opraimia MoOHJAI YCTall Typy [JereH YFhIMMEH
tycinaipiieni. OOBEKTIHI HHMET €TKeH jKail-Kyie ycram Typy YIIiH KeWOip >karjaiiapaa >KEeTKUIIKTI mapTrap
ycbiHbaael. Tenueynepai menly YIIH ajablMeH SJUIMITHKAIBIK ONEepaToOpAbIH MEH OIepaTOpAbIH ©3iHe-e3i
TYWiH/ECKe NeHiH aHBIKTay aiiMarbl KEHEHTLIeAl, ComaH KEeHiH OChl ONepaTOpbIH SHEPreTHKAaNbIK KEHICTIriHe
JKaTaThlH IIEIIiMHIH OOJybl KapacThIpbUIaibl. By perre, KEHEWTUIreH OoIepaTopiblH TOJBIK JKYHEHI >KoHe
OTIEPATOPIBIH YHEPTETHUKAIBIK KCHICTITIHIE JkKoHEe opOip KEHICTIKTE KYPAWThIH JKaIIblIaHFaH MEHIIIIKTI CaHaapbl MCH
JKaJIMbUTAaHFaH MEHINKTI (QyHKIusIapbl Oap (akT maigaraHbuianel. by skarmaiiia miennM skaiambbiama  JIel
KapacThIPbIIAAbI, SFHU MICIIM KO3(PQOUIMEHTTEepl Iekci3 kak muddepeHIanaplK TeHACYIepai KaHaraTTaH-
neipateiH Dyphe KaTapsl TypiHzme Oepimeni. Tam ocel nuddepeHIMANIBIK TEHAEYIEp KyieciHae Oackapy
napameTpiepi kesgeceni. ConapikTaH, memimai any yuid dypbe omici, an Oacramkel ecenTi Oackapymaa Pypne
KO3 PHUIHUEHTTEP] KOIIaHBUIAIBI.

—— g4 ——
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By Moceneni KapacTeIpynarbl MaHBI3BI COT, Oackapy dJIEeMEHTTepi aliMaKThIH IIeKapachlHIa OpHanacKaH. by
perre Oackapy aiiMarbl IOHEC BIKIIAM KOI KbIPJbI, aJl IIEKTey aliMarbl MEH TePMHHAJIBIK KOI - >KapThLIaif
KeHicTikrep Oonbln TaObuianbsl. byn Oenrimi Oip jkarmainapia anblHFaH HOTIDKENEPAl MPaKTHKAJIBIK ecenTepli
HIeIIy e KOJIaHyFa MYMKIHIIK Oepeti.

Tyilin ce3mep: WHBapHAHTTHI >KUBIHIApP, 0ackapy, KOIIMOHII OeliHeley, TapajfaH IapaMeTpiii JKyhenepmi
Oackapy, Kigipy.

0O.M. Uobparumos?, JK.C. Kypak6aes?, U. Opasos®, E.A. Heicanos*

124105xn0-Kasaxcranckuil yauBepcuteT nM.M.Ayesosa, IllsimkenT, Kazaxcran;
$ MexmyHapomHbIil Ka3axcKo-Typenkui yausepcuteT uM.X. A Scasu, Typkectan, Kazaxcran

Ob OJHOM HHBAPUAHTHOM MHOI'O3HAYHOM OTOBPA’)KEHUN
B 3AJAYE TEIIVIOITPOBOJHOCTH C 3AITIA3/IBIBAHUEM

Annortanusi. COBpeMEHHBIE CJIOXHBIE, OBICTPO IPOTEKAIOIINE W DHEProeMKHE IPOLECChl HEBO3MOXKHO
pcain30BaTb 663 JOTOJIHEHUA X COBPEMEHHBIMH JOCTUIKCHHUAMU TCOPHUU YIPABJICHUA W HAYYHO-TEXHHUYECKOI'O
nporpecca. Kak HW3BECTHO, MHOTHE pEaNbHBIC YIPABISIEMble OOBEKTHI MOXXKHO pPacCMaTpPHBATh KaK OOBEKTHI C
pacrpeeNieHHbIMU MapaMeTpaMy, B KOTOPBIX YIPABISIONIAE MMapaMeTPhl MOTYT HAaXOJUTHCS KaK B MPaBOH 4YacTH
ypaBHEHHs, TaKk W B TpPaHUYHBIX YCIOBHAX. B TociemHee BpeMs BCEBO3pacTaiollee 3HAYCHHE NPUIACTCS
aBTOMATH3aIlM TIPOW3BOJCTBEHHBIX W TEXHOJOTHYECKHX IPOIECCOB, MATEMAaTHUYECKUMH MOJEISIMH KOTOPBIX
SIBITFOTCS] CHCTEMBI YPaBHEHHUH ¢ pacIpeesieHHBIME napaMeTpamu. [Ipu pa3paboTke HOBBIX METOIOB HCCIEIOBAHMUS
3a/1a4 yIpaBJICHH CIeIyeT OTBETHTh Ha CIEAYIONINE BOMPOCH KaYeCTBEHHOT'O XapaKTepa:

a) ABJISIETCS M MHOXKECTBO G CHIbHO (MM C€)1a00) WHBApHAHTHBIM, T.C. U JIFOOOW HAYaabHON TOYKH u3 G
CYIIECTBYET JIM XOTs ObI OHA TPAaeKTOPHs (BCE TPACKTOPHN) PAaCCMAaTPUBAEMON YIIPABIIAEMON CHCTEMBI, BBIXOSIIAS
13 JaHHOW TOYKH, OTIPE/ICIICHHAs Ha OECKOHEYHOM HHTEPBAJIe BPEMEHH U LIEIMKOM Jiexkarias B G?

0) cyuiecTByer JM XOTs Obl OJJTHO HEIyCTOE ITOJIMHOXKECTBO MHOKecTBa G, c11a00 MHBApUAHTHOE OTHOCUTEIBHO
JIaHHOM YTIpaBIsieMOM CUCTEMBI?

Kpome Toro, Bo3HMKaIOT 33/1a4u: 331a4a MoCTpOeHUs siipa xuBydectd G, mim To ke camoe 0e301macHOi 30HBI,
T... MaKCHMAaJbHOTO MOJMHOXeCcTBa MHOxecTBa G, cnmabo (WM CWIBHO) WHBAPUAHTHOTO OTHOCHUTEIBHO
paccMmarprBaeMoi ynpasisieMol cucteMbl. OTMETHM, 4TO ITOYTH BCE MCCIIEAOBAHMUS 110 3TOH Mpo0iieMe IMOCBSIIEHBI
YOpaBsIEeMBIM CHCTEMaM CO COCPEAOTOYCHHBIMH TapamMeTpaMu. B mpennaraemoit paboTe B ONHMCAaHWHA MOJICIH
mporecca ¢ MOMOIIBI0 CHEIHATBHOTO CIIAraeMoOro YYUTHIBACTCS TO, YTO B PEaJbHBIX CHUTYAINSIX Bce MH(OpMAIUL
MOCTYTIAaeT C 3ama3JplBaHUEM. TaK KakK YIPaBIIONINE TapamMeTphl He OBIBAIOT MPOU3BOJIBHBIMH, TIOITOMY Ha HHX
HAJIaraloTCs pa3IM4yHble OTPAHWYEHHUS B BHUIE TCOMETPUYECKHX M HHTETpalIbHBIX. KpoMe 3THX OrpaHHYeHHH,
yrpasiisifone GyHKIHHA OepyTCcsi U3 ONPeeIeHHOro (yHKIMOHAIBHOTO MPOCTPAHCTRA.

B nmanHoil paboTe pacCMOTPEH BOMPOC O CHILHOM W CJIa00W WHBAPHAHTHOCTH MOCTOSHHOTO MHOTO3HAYHOTO
0T06pa)KeHI/lﬂ OTHOCUTECJIIbHO YPAaBHCHUA TCIUIONPOBOJHOCTH C TI'PAHUYHBIM YIIpaBJICHUEM IIpHU HaAJIWUYUU
3anasapiBanus. Jls 3ajauM  ynpaBieHWs TEIIoOOMEHa C 3ama3/bIBaloIlUM apryMEHTOM C TPaHWYHBIMH U
HAYaJbHBIMH YCIOBHSIMHU TOJYYCHBI JTOCTATOYHBIC YCIOBHS JUIS CHJIBHOW W CJIa0OH MHBAPHUAHTHOCTH JTaHHOTO
MHOTO3HAYHOTO OTOOpakeHUs. [I[pUMEHEHO TOHATHE — «WHBAapUAHTHBIC MHOYKECTBA» OTHOCUTEIBHO CHUCTEMEI C
pacrpeeNeHHbIMU TTapaMeTpaMu, (PU3MYSCKHIA CMBICT KOTOPBIX 3aKJIFOYACTCS B TOM, YTO OBl MO BO3MOXKHOCTH
JONBIIIE «yAEpKaTh» OOBEKT B JKEJTAEMOM COCTOSIHUM C IIOMOINBIO yTpaBieHUs uM. [Ipum 3ToM, 37€ch TOJ
yaepkaHHeM 00BbeKTa IOHUMAETCS HE B TEOMETPUIECKOM CMBICIIE, @ B CMBICIIE yIepKAHUS YCPETHEHHOTO 3HAUCHUS
OTHOCHUTEJIBHO 00beMa 00bekTa. [IpemToskeHbl HeO0OXOIUMBbIC YCIOBHS I YICpXKaHUS OOBEKTa B IKEIaeMBIX
cocTosTHUAX. [t peleHns ypaBHEHHH CHadala pacIIupsieTcs 00JIacTh ONPEeaesICHIs HIUIMIITHYECKOTO OlepaTropa u
caMoro omepaTopa J0 CaMOCOIPSDKEHHOTO, U 3aTEM pacCMaTPUBAETCs CYIIECTBOBAHMS PEIICHUS, PUHAIICKAIIETO
9HEPreTU4eCKOMY IMPOCTPAaHCTBY [AHHOrO orepartopa. IIpu 3ToM wHcnonb3yercss TOT (DakT, YTO PACIIMPEHHBIN
orepaTop uMeeT 0000IeHHbIE COOCTBEHHBIE YMCIa U 0000IIeHHbIE COOCTBEHHBIE (PYHKIINH, COCTABIISAIOUINE ITOTHYIO
CHCTEMY U B DHEPI'€TUYECKOM IPOCTPAHCTBE ONEPaTopa, U B KAXKIOM MPOCTPaHCTBE. B aHHOM cilydae B KauecTBe
peleHusl NOHMMaeTcsi 00OOIEHHOe, MOTOMY YTO OHO NpejacTaBisiercss B Buae psaa dypbe, k0dhGULMEHTHI
KOTOPOTO Y/IOBJIETBOPSIOT OCCKOHEYHBIM OOBIKHOBCHHBIM Ju((epeHIManbHbIM ypaBHeHHIM. Kak pa3 B 3Toit
cucreMe IuQQepeHINATEHBIX ypPaBHCHAN MPUCYTCTBYET YNPABIIONIMKA MapaMeTp. Tak dYTo s TOJXYYCHUS
pemieHust npuMensiercst meron Pypbe, a ynpaBieHHE HUCXOAHOW 3aJadd OCYIIECTBIAETCS 4epe3 Kod(h(HUIMEHTHI
®dypoe.

CyImecTBeHHBIM MOMEHTOM DPAacCMOTPEHHS NAHHOM 3agadd SBISETCS TO, YTO YIPABICHUS HAXOAATCS Ha
rparute oomactu. [Ipu 3ToM 001acTh yIIpaBIIeHHUS SABISECTCS BBITYKIBIM KOMIAKTHEIM MHOTOTPaHHHUKOM, a 00J1acTh
OTPAaHWYCHUS U TEPMHHAIHHOE MHOXECTBO - IOJyIPOCTPAHCTBAMHU. JTO, B OINPEIENICHHBIX YCIOBHUSX, ITO3BOJISET
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MCIIOJIb30BaTh BO3MOXKHOCTh PUMEHEHHS TIOJIYYSHHBIX PE3yJIbTATOB MPH PELICHUN MPAKTHYECKUX 3a/1au.
KaioueBble ciioBa: HMHBapUaHTHOE MHOXECTBO, YIPaBJICHHE, MHOTrO3HAYHOE OTOOpa)KEHHUE, YIpaBICHUE
CHCTEMaMH C pacrpe/ieeHHBIMH IIapaMeTpaMu, 3ara3ibIBaHue.
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M-FUNCTION NUMBERS:
CYCLES AND OTHER EXPLORATIONS. PART 2

Abstract. This paper establishes the cyclic properties of the M-Function, which we define as a function, [M(n)],
that takes a positive integer, adds to it the sum of its digits and the number produced by reversing its digits, and then
divides the entire sum by three. Our definition of the M-Function is influenced by D. R. Kaprekar’s work on a
remarkable class of positive integers, called self- numbers, and his procedure, [K(n)], of adding to any positive
integer the sum of its digits [1]. We analyze the distribution of numbers that make the defined M-Function behave
like a cyclic function, and observe that many such “cycles” form arithmetic sequences. We examine the distribution
of numbers that produce integer ratios between the outputs of Kaprekar’s and the M-Function functions,
[K(n)/M(n)]. We also prove that the set of numbers with equal outputs to both Kaprekar’s and M-Function functions,
[K(n)=M(n)], is infinite.

Key words: M-Function, D.R.Kaprekar, self-numbers.

5. Integer ratios between two numbers from n, K(n), M(n). Kaprekar defined a digitaddition as
K(n) = n+ S(n) > n. Hence, the difference in numbers K(n) and n is equal to K(n) —n = S(n). S(n)
is a lot less than n when n is large, hence the equation t *x n = K(n) when t = 2,t € N, does not have any
solutions.

Because K(n) >n, the investigation of the equation t * K(n) = n,when t > 2 will not produce
any solutions: t * K(n) > K(n) > n.

Therefore, we will study integer ratios between numbers n and M(n) in paragraph 5.1, and between
K(n) and M(n) in paragraph 5.2.

5.1. Integer ratios between numbers n and M(n). As defined earlier, if n = M(n), the number n is
stationary. So, we need to consider two cases:

t*xn=M(mn), whent>2, te€N,and
n=t+*M(n), whent>2 te€N.
A) Considert *n = M(n),whent > 2,t € N.
Proposition 5. If t >4, the equation t*n = M(n) will not have solutions.
Proof. Let t>4, and t*n=M(n).
Then:

t*nzg(n+5(n)+ﬁ).

Multiply by 3, and we get 3txn=n+Shn)+n.
Re-arranging, we get Bt—1)*n=5n) +n. (Equation 5)
Note that 3t—1>11 when t>4.
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Multiplying both sides by n, we get: (3t —1)n > 11n > S(n) + 1.
(Note, 10n > 7 and n = S(n), thus 11n > S(n) + i)

Hence, when t > 4, Equation 5 doesn’t have any solutions, and proposition 5 has been proven.

Let’s consider the two remaining situations.
i) t=2-> 2s*n=M(n). Substituting in the definition of M(n) and re-arranging the equation, we
can simplify the equation in the following steps:

2*n=%(n+5(n)+ﬁ).

5«n=5mn)+ (Equation 6)
Using a C++ program, we solve Equation 6 and get the following results for numbers to 10°:
18 1206 120006 12000006 1200000006
126 12006 1200006 120000006

Proposition 6. When d(n) > 10, all numbers with the type a; =120...06 are solutions of
d-3
Equation 6. In other words, 2 * a; = M(ay) forall d(n) > 10.
The proof is similar to the proof of Proposition 1.
i) t=3- 3xn=M(n). Substituting in the definition of M(n) and re-arranging the equation,
we can simplify the equation in the following steps:

1
3n = g(n + S(n) + 7).
8n=Sn)+n (Equation 7)
Using a C++ program, no solutions were found for Equation 7 for numbers up to 101°,
B) Consider n=t*M(n), when t=>2, teN.
Proposition 7. If t > 3 suchthatt € N, the equation n = t * M(n) will not have solutions.
Proof. Since ¢t >3, we know the following:

t*M(n)=t*§(n+5(n)+ﬁ)zn+5(n)+ﬁ.

(Note, n+S(n) +n >n.)

Hence, when t > 3, the equation n=tx=M(n), doesn’thave any solutions.
It remains to consider only 1 case:
t = 2, which means we consider the equation

n=2x*M(n).

By definition of M(n), it is equivalentto: n = g(n + S(n) + n).

n=2x+xSMn)+2xn (Equation 8)
Using a C++ program, we found numbers that satisfy Equation 8 for numbers up to 10°:
72 9054 120060 4920642 90000054 1200000060
180 12060 492642 9000054 120000060 4920000642
954 49842 900054 12000060 492000642 9000000054
1260 90054 1200060 49200642 900000054

Proposition 8. When d(n) > 10, the following numbers with types b; = 120...060, c; =

d—4
4920..0642, eq=90..054 are solutions of Equation 8.
d—6 d-3

In other words, by =2 *M(by), cqg =2 *M(cy), eq =2*M(ey).
68
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The proof is similar to the proof of Proposition 1.

Conjecture 4. When d(n) > 10, Equations 6 and 8 don’t have any other solutions, except the
solutions specified at propositions 6 and 8, respectively. Equation 7 doesn’t have solutions in the set N.

5.2. Integer ratios between numbers K(n) and M(n). Earlier, we investigated the equation
K(n) = M(n). Hence, in this section we investigate 2 specific cases:

t+xK(n) =M(n), whent > 2, t €N,
Kn) =t+*M(n), whent > 2, tE€N.

A) Let’s consider t x K(n) = M(n),when t > 2and t € N.
Proposition 9. Equation t *x K(n) = M(n) doesn’t have any solutions when t > 4,t € N.

Proof. Let’s simplify this equation:
t*K(n)=Mmn)

t*(n+5(n)) =%(n+$(n)+ﬁ)

Multiply by 3:
3txn+3t*xSn)=n+Sn) +n
Bt—1D*n+@Bt—1)*xS(n)=n
Because we are considering t >4, 3t—1=>11.
Hence Bt—-1D)*n+@Bt—1)*SM)=11xn+Sn)) > n
If number n has d digits, number 11 * (n + S(n)) will have at least d+1 digits.
Thus, when t > 4, the equation ¢ * K(n) = M(n) doesn’t have any solutions.
It remains to consider two other subcases: when t = 2 and t = 3.
i) t =2 - 2% K(n)= M(n). We can simplify the equation further:

2(n+S(n)) = %(n + S(n) + 1)

Sn=-5«xS(n)+ n (Equation 9)
ii) t =3 > 3% K(n) = M(n). We can also simplify this equation:
3(n+S()) =2 (n +S(n) + 7).
8n=-8xS(n)+ n (Equation 10)
Using a C++ program, no solutions were found for Equations 9 and 10 for numbers up to 10°.

Conjecture 5. Equations 9 and 10 don’t have any solutions in N, which means that n € N doesn’t
exist for the following 2 equations:

2+ K(n) = M(n), 3+K(n) =M(n).
B) Let’sconsider K(n) =t +M(n), when t =2, andteN.
Proposition 10. When t > 3, the equation K(n) = t * M(n) doesn’t have solutions in the set N.

Proof. We can simplify the following equation by substituting in the definitions of K(n) and M(n),
and performing algebraic manipulation:

Kn) =t+M(n)
n+Sn) =§(n+s(n) + 7).
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Since we are considering the case
t = 3,we can set up the following inequalities:
S+ SM) + M) =n+SM) +7>n+SM).
Hence, when t > 3, t * M(n) > K(n) and the equation
K(n) =t * M(n) doesn’t have solutions (t € N).
It remains to consider just 1 case.
i) t=2 - K(n)=2xM(n). We can simplify the equation:
n+5m) ==+ S{) + ).

n=-S(n)+2x*n (Equation 11)

Using a C++ program, we get the following solutions to Equation 11 for numbers up to 10°:

1 201 8004 200001 4999952 60000003 1079999350
2 402 8734 340071 5400072 74000073 1400000070
3 603 9474 400002 6000003 80000004 2000000001
4 804 14070 540072 6999943 94000074 3079999351
5 1470 20001 600003 7400073 140000070 3400000071
6 2001 34071 740073 8000004 200000001 4000000002
7 2731 40002 800004 8999944 340000071 5079999352
8 3471 54072 940074 9400074 400000002 5400000072
9 4002 60003 1400070 14000070 540000072 6000000003
21 4732 74073 2000001 20000001 600000003 7079999353
42 5472 80004 2999941 34000071 740000073 7400000073
63 6003 94074 3400071 40000002 800000004 8000000004
84 6733 140070 4000002 54000072 940000074 9079999354

7473 9400000074

Proposition 11. When d(n) > 10, the following types of numbers are solutions to Equation 11:

a; =140..070, by =20..01, c;=340..071, e;=40..02, [, =540..072,
d—4 d-2 d—4 d-2 d—4
g4=60..03, h;=740..073, 1,=80..04, qQq = 940..074
d-2 d—4 d-2 d—4

Which, equivalently, means that all of these numbers satisfy the equation
K(n) =2x*M(n).

The proof is similar to the proof of Proposition 1.

Note. The equation K(n) =2 * M(n) satisfies all 9 types of numbers described in proposition 11,
starting with d(n) > 4, (i.e. starting with four-digit numbers). However, there are also other four-digit,
seven-digit and ten-digit solutions to Equation 11:

2731 6733
4732 8734

2999941
4999942

6999943
8999944

1079999350
3079999351

5079999352
7079999353

We can’t observe a clear relationship between these 3 groups of numbers.

Recall the following fact: cycles with length 10 can only contain four-digit, seven-digit or ten-digit
numbers. According to all of our discovered facts, our investigation of function M(n) for four-digit,
seven-digit and ten-digit numbers take special place.

In the case of Equation 11, we can’t observe a general pattern of solutions for numbers up to 10°.
Hence, we cannot formulate a conjecture, but we can instead formulate a problem.

— 70 ——
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Problem 1. Itis possible to find all solutions to Equation 11 for all n € N, when d(n) > 10.
6. The distribution and properties of sets of m-generated numbers. Let N be the set of positive
integer numbers. Let us choose any neN and denote the sum of its digits by S(n). The number M(n) =

%(n + S(n) + n) is called a m-generated number and the inputted number n is its generator. Positive
integer that has no generator is called a m-self number. Let’s denote E as the set of all m-self numbers,

and G as the set of all m —generated numbers. Clearly,
N=GUE

In contrast to Kaprekar function’s set of generated numbers, m —generated numbers are much rare
than m —self numbers. The distribution of the set of m —generated numbers in the set of natural numbers
N brings strong interest to us.

Using a C++ program, we can find m— generated numbers for numbers up to
108, and compile the following table.

Table 2 - The distribution of set of m — generated numbers for numbers to 108

d(n) Interval Quantity of generated % percentage out
numbers of all numbers

1 [1,9] 9 100%

2 [10, 99] 29 32.22%
3 [100, 999] 188 20.89%
4 [1000, 9999] 594 6.60%

5 [10000, 99999] 3668 4.076%
6 [100000, 999999] 11352 1.261%
7 [1000000, 9999999] 69819 0.776%
8 [10 000 000, 99 999 9999] 215985 0.240%

Let’s calculate 7/215985/9 ~ 4.224. This means that, if we increase the order to 1, the quantity of
m —generated numbers in the next order d(n) will be increased, on average, by a factor of 4.224.
However, the percentage of m —generated numbers from all natural numbers decreases from 100%
among one-digit numbers to 0,24% among eight-digit numbers. The percentage of m —generated
numbers, on average, decreases by a factor of 2,37 when the order d(n) decreased by one, because

7/100/0,24 ~ 2,37.

The decreasing in the proportion of m —generated numbers out of all natural numbers while the order
of numbers is increasing suggests that the average number of m —generators for one m —generated
number is increasing. m — generated numbers with more m — generators appear when the order of
numbers is increasing.

Conjecture 6. For any keN, there exist m — generated numbers, and the quantity of m — generators
greater than or equal to k.

Let’s consider the distribution of m-generated numbers by intervals of hundreds, thousands, ten-
thousands, hundred-thousands, millions, and ten-millions.

Table 3 Table 4 Table 5
Intervals Quantity Intervals Quantity Intervals Quantity
[100, 199] 30 [1000, 1999] 57 [10000, 19999] 570
[200, 299] 28 [2000, 2999] 57 [20000, 29999] 570
[300, 399] 31 [3000, 3999] 72 [30000, 39999] 598
[400, 499] 32 [4000, 4999] 84 [40000, 49999] 625
[500, 599] 31 [5000, 5999] 85 [50000, 59999] 624
[600, 699] 20 [6000, 6999] 65 [60000, 69999] 350
[700, 799] 6 [7000, 7999] 60 [70000, 79999] 114
[800, 899] 6 [8000, 8999] 60 [80000, 89999] 114
[900, 999] 4 [9000, 9999] 54 [90000, 99999] 103
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Table 3 Table 4 Table 5
Intervals Quan-tity Intervals Quan-tity Intervals Quan-tity
[100000, 199999] 1083 [1000000, 1999999] 10830 [10000000, 19999999] 20577
[200000, 299999] 1083 [2000000, 2999999] 10830 [20000000, 29999999] 20577
[300000, 399999] 1364 [3000000, 3999999] 11366 [30000000, 39999999] 25980
[400000, 499999] 1646 [4000000, 4999999] 11906 [40000000, 49999999] 31383
[500000, 599999] 1646 [5000000, 5999999] 11900 [50000000, 59999999] 31379
[600000, 699999] 1206 [6000000, 6999999] 6671 [60000000, 69999999] 22915
[700000, 799999] 1140 [7000000, 7999999] 2166 [70000000, 79999999] 21660
[800000, 899999] 1140 [8000000, 8999999] 2165 [80000000, 89999999] 21659
[900000, 999999] 1044 [0000000, 9999999] 1985 [90000000, 99999999] 19855

From the investigation of the distribution, we can observe that
where 1 < d(n) < 8, the quantity of m — generated numbers increases.

7. “Neighboring” numbers. If we consider a variety of m —generated numbers, we can observe 2 or
more consecutive numbers belonging to the defined set G. So, if numbers a; +i € G, such that
i=01,..,k—1, we will call them ({a,a; + 1, ...,a; + k — 1}) “neighboring” with length k, where
k=2

Using a C++ program, we find “neighboring” numbers up to 10° and study them. We completed a
table showing the distribution of “neighboring” numbers up to 10°:

by the order d(n)

Table 9 - The table of “neighboring” numbers’ distribution up to 10°

d(n) Intervals The length of “neighboring” numbers
2 3 4 5 6 7 8 9
1 [1,9] 0 0 0 0 0 0 0 1
2 [10,99] 7 0 0 0 0 0 0 0
3 [100,999] 87 2 0 0 0 0 0 0
4 [1000,9999] 127 17 2 0 0 0 0 0
5 [10000,99999] 26 5 0 0 0 0 0 0
6 [100000,999999] 28 5 0 0 0 0 0 0
7 [1000000,9999999] 77 0 0 0 0 0 0 0
8 [10000000,99999999] 21918 27 0 0 0 0 0 0
9 [100000000,999999999] 138510 0 0 0 0 0 0 0
On this list (considering lengths 2-9), there exist “neighboring” numbers only with
length k = {2,3,4,9}. Among the “neighboring” numbers with length 9, there is just one:
{1,2,3,4,5,6,7,89}. Among “neighboring” numbers with length 4, there are a total of 2:

{3671,3672,3673,3674} and {4340,4341,4342,4343}. According to the table, “neighboring” numbers
of length 2 are more frequent than such numbers of length 3.

Let’s consider the following table of the greatest and the smallest “neighboring” numbers in terms of
each order d(n) of m —generated numbers.

Table 10 - The table of smallest and largest “neighboring” numbers up to 10°

d(n) The smallest “neighboring” numbers The greatest “neighboring” numbers
2 {40,41} {96,97}
3 {102,103} {963,964}
4 {1000,1001,1002} {6566,6567,6568}
5 {10002,10003} {65535,65536}
6 {358903, 358904} {655204,655205}
7 {35852237, 3585238} {6551873,6551874}
8 {35521871,35521872} {99966311, 99966312}
9 {100033705, 100033706} {429966350, 429966351}

— 72 ——
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According to all the gathered facts about “neighboring” numbers, we can propose the following
conjectures.

Conjecture 7. The “neighboring” numbers with length k > 4 don’t exist among the set of
m —generated numbers with order d(n) > 9.

Conjecture 8. There is an infinite amount of “neighboring” numbers with length k = 2 among the set
of m —generated numbers.

Conjecture 9. There is an infinite amount of “neighboring” numbers with length k = 3 among the
set of m —generated numbers.

Conclusion. Following Kaprekar, three years ago we came up with a simple procedure of generating
positive integers

n - M(n) =§(n+5(n)+ﬁ).

Although the case n < K(n) occurs for all positive integers n, in the M-Function, it is possible to
have 3 different cases: n < M(n), n = M(n) and n > M(n). Through investigation, new facts and
notions were discovered. Based on the results of investigation, 9 conjectures and 1 problem were
formulated.

C. MakpIoB
Omune Jkcetep Akanemusicel, PEA # 1650, Dkcerep, NH 03833, AKII

M-®YHKIIUA CAHIOAPBI: HUKJIJIEP ) KOHE BACKA 3EPTTEYJIEP

Annoranus. Uaausneik matematuk 1.P. Kampekap 31 amkan* Kanpexap Korncranracel” - 6174 cansiMeH aca
TaHbIMAJL.

Kamnpexapasiy Tarel Oip amkaH >KaHAJIBIFBl — ©31HIIK TYBIHIAFaH CaHAAp KIAChl OCMTiMi aMEepPHKAIBIK FBUTBIM
HacuxarTaymsicel Maptun [Napauepnin «YakpiT OoifprHma casxat» [1] arter xiTaOeiHma Gasnmanrad. Kes-kenren
HaTypaJd N CaHbIH ajaMbl3 JKOHE ON caHfa UUPIapbiHBIH KOCHIHIBICEL S(n) —mi Kocambr3. IllbikkaH can
K(n) = n+ S(n) TyblHAaraH caH, al alFallKpl Call N — OHBIH TCHEPATOPHI Jen aTanansl. Mbicaibl, erep 53 caHbIH
ayncak, oHIa TybIHAaraH caH 53 + 3 + 5 = 61 cansl Oomazpl.

TyblHaraH caHHBIH TeHEPaTOPJIapBIHBIH CaHbl Oip/ieH apThIK 00sybl MyMKiH. Exi reHepaTops! 0ap eH Kimn caH
101, an onbIH reHeparopiapsbl 91 u 100 cangapbl. O3iHIIK TyBIHIAFaH CaHIAp - TeHEPATOPIaphl )KOK caHnmap. «The
American Mathematical Monthly» [2] xypHanbIHIa *KapUsIIaHFaH MaKaiaga e3iHIIK TybIHIaFaH CaHIapIbIH MIEKCi3
KOl eKEHMIr >KoHe O3IHMIK TYybIHJaraH caHIap TyBIHIaraH caHIapra KaparaHIa eTe CHpPEK Ke3IeCeTiHIri
JOJIEIICHT eH.

Kanpekap amkaH ochl )KaHAIBIKTap KONTETeH MaTeMaTHKTEpAi KBI3BIKTBIPABL. OpTypii enpepae «Kampekap
KoHcTaHTachIHBIHY , ©31HAIK TYBIHIAFaH JKOHE TYBIHIAFaH CaHAAphl KUBIHIAPBIHBIH YKaHa KaCHETTEPiH KaH-)KAKThI
3epTTEereH KONTEereH Makajajap, MaTeMaTHKAIIBIK FhUIBIMH jK00aiap jkoHe MPOrpaMMAalIbIK OHIMAEP KaPbIK KOP/Ii.

Men Kanpexkapra cyiene OTBIPBII Harypai caHJap/bl ay Il KaHa oniiciH
TanteiM: N — M(n) = ;(n + S(n) + 1), myHna 71 - con undprapmen, 6ipak kepi GarbiTTa *aspuran caH. M (n)
CaHBI opKamran OyTiH caH Oomamsl, ce6e6i n,S(n), N caHmapbiHbIH 3- Ke GoNreHmeri KaaabIKTaphl opKallaH TeH
6onansl. Erep Kanpekap xarnaiibinna n < K(n) TeHcisairi ke3 —KejreH HaTypajl 1 caHAapbiHIa OPbIHAAICA, MEHIH
KypraH QyHKIMAMIA dpTYPIIi KaTbiHacTap 60Jiaibl, sFHM OapiibIK 3 jkaraail 1a opbiH anagsl : n < M(n), n = M(n) u
n> M(n).

Meniy TankKaH jkaHa HaTypan caH any QyHKnuscel n — M(n) opi KapamaiiblM, TaOUFH JKOHE OJI
Kamnpexap n — K(n) QyHKUMSCHIHBIH aHAIOTHI OOJIBIN TaObLIAIbL.

MaxkamansiH 1-mmi GeniMiHOE M-IWKITAPBIHBIH Tapalybl JKOHE OJIapIbelH Kacuerrepi 3eprreneni. ( Erep
M'(n) = n Tenziri opsIHIaNaTHIHAAN eH Kimi HaTypan cal [ Goica, onna n - M(n) - M?(n) —»...» M""t(n) -
M!(n) - n caHjapsl M-mUKIL Kypaiasl. An K(n) skarmaiiblHma 1MKigap TyblHmamaiasl, cedebi. n < K(n) <
K?2(n) ....). Consimen xatap, K(n) = M(n) QyHKUMANApBIHBIH TEHAIr cyparbl sxkoHe 1, K(n) u M(n) cannapbiHbIH
KaH1ait 1a 6ip peTneH apudMeTHKaIbIK TPOrpeccHst KYpauThIH CYpaKTapbl 3epTTEIreH.

Makanansiy 2-m1i Gemiminge n, K(n) u M(n) caHmapbIHBIH apachbIHIarbl €CETiK KaThIHACTAp KapacTHIPBUIFaH.
Sruun, Kaumai Hatypan t canmapeinga, t = 2, K(n) = tM(n), tK(n) = M(n),n =t M(n),n * t = M(n) termixkrepi
OpPBIHIAIATHIHABIFEL 3epTTenreH. ( AlTa Keteifik, n skoHe K (n) caHIapblHbIH apackiHa eCellik KaThlHACTap OO0Jybl
MyMmKiH emec ). COHBIMEH KaTap M —TybIHIAaraH CaHJIap >KHUBIHBIH Tapalybl JKOHE KacHeTTepl 3epTTEeNreH.
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(m - TtyblH#araH caHmap m — ©3iHJIK TyblHIAFaH caHIapra KaparaHIa eTe cHupek keszgecedi. COHIBIKTAH
M — TyBIHAAFaH CaHIApP >KUBIHBIH 3epTTEY M —O3iH/IK TybIHJaraH caHJap )KUbIHbIHA KaparaHa MaHbI3abIpak). Ocbl
Oemimze “Kepii”, SFHH KaTapiac TYpFaH m —TybIHIaFaH CaHap )KUBIHEI 3ePTTEITeH.

3eprrey OaprichiHna 1 Macene kaHe 9 runoTe3anap TYKbIpbIMIaJFaH.

Tyiiin ce3nep: M-dynxkuus, I.P.Kanpekap, e3iH1ik TybIHIaFaH caHgap.

C. MakpIiioB
Axanemust @uuunca Okcetepa, PEA # 1650, Dxcerep, NH 03833, CILIA
YUCJA M-OYHKIUU: HUKJIBI U APYTUE UCCIIEJOBAHUSA

AnHorauus. Manwmiickuit matematuk J[.P. Kampekap ocobenHo m3BecTeH cBOMM OTKpheITHEM “‘KoHCTaHTy
Kampexapa”- unciom 6174.

Jpyroe Bolpatomuesics oTkpbiTre Kanpekapa, onucanHas H3BECTHBIM aMEPUKAaHCKUM IOIYJIIPU3aTOPOM HayKH
Maprunom ['apaaepom B cBoeif kuure “IlyTtemectBue Bo BpeMeHH[1], 3TO KiIacc CaMOMOPOXKICHHBIX YHCEIL.
BriGepeM 1r060e HaTypaibHOE YKCIo N U IpUOaBhM K HeMy cymmy ero mudp S(n). [onydensoe ancno K (n) = n + S(n)
Ha3BIBACTCSI NOPONCOEHHBIM, @ WCXONHOE YHCIO N — ero ceHepamopom. Hampumep, ecnu BeIOepeM ducio 53,
HOPOXKICHHOe MM 4ucio paBHO 53 + 3 + 5 = 61. IlopokaeHHOE YMCIO MOXKET UMETh Ooliee OJHOTO IeHeparopa.
Hanmenpuiee uucno c¢ aBymsa reHeparopamu paBHo 101, u ero reneparopamu siBistorcss uumcaa 91 um 100.
CaMOIMOpOXKACHHOE YHCIO — 3TO YHCIO, Y KOTOPOro HeT reHeparopa. B crathe xypHama «The American
Mathematical Monthly»[2] nokaspiBasock, 9T0 CylecTByeT GECKOHEYHO MHOTO CaMOTIOPOKIECHHBIX YHCEN, HO
BCTPEYAIOTCSI OHH TOPA3A0 PeXke, 9eM MOPOXKICHHBIC Yicia. OTH OTKpeITHs Kampekapa 3amHTepecoBalM MHOTHX
MaTEeMaTUKOB M B Pa3HbIX CTPaHAX MHPA MOSBHINCH MHOTO HaYYHBIX CTAaThel, HAYYHBIX MPOCKTOB M0 MATEMAaTHKE,
MPOTPAaMMHBIX TPOAYKTOB, B KOTOPBIX HCCIICOBAIMCH pas3IudHble HOBBIe cBoicTBa “KoncranTthl Kampekapa” u
MHOYKECTB CaMOTIOPOIKICHHBIX YHCEJ M MOPOXKACHHBIX YUCEI.

Crienyst Kanpekapy, st Halles HOBBIHM clIoco0 TOJydYeH sl HATYpalbHbBIX uuced: n — M(n) = é(n + S(n) +n),

re i1 - 9KcIio, 3aMCaHHOe TEMH Ke I pamMu, HO B o6paTtHOM mopsiake. Yueino M (n) Gymer Beeraa mesiM, Tak Kak
gucna n, S(n), 1 maroT oJMHAKOBBIE OCTATKH TpH neieHun Ha 3. Eciu B cirydae Kanpekapa uHepasenctso n < K(n)
BBITIOJTHSIETCS TP BCEX HATYPaJbHOTO M, TO B MOEM Cilydae IOJIOKCHHE pa3HOoOOpasHee, T.e. BO3MOXHBI BCE
Jcenyuas:n < M(n),n = M(n) un > M(n).

Most (yHKIMS TOJTy4eHUs] HOBBIX HATYypaJIbHBIX 4ucesll n — M(n) mpocras, ecTeCTBEHHass U OHa SBISETCS
ananorom ¢yuxuun Kanpekapa K(n). B 1-if yacty JaHHOW CTaThbM MCCIEIOBAHbI PACIpEAEIeHHE M-IIUKIOB U HX
coiictBa. (Ecim | — HamMeHblee HaTypanbHOe Takoe, uro M'(n) =n, 1o umcnma n —» M(n) » M?(n) —>...—
M'"1(n) » M'(n) > n obpasyror m-muxi1. B ciyuae ¢ynkumm K(n) IUKIBI HEBO3MOXKHEL, T.K. n < K(n) <
K?(n) ...). Taxke u3yueHsl Bompoc paBeHcTBa umcen K(n) = M(n) u Bompoc o6pa3oBaHusi apu(METHUECKOI
MPOrPECCHU B HEKOTOPOM TIopsike unciamu n, K (n) u M(n).

Bo 2-it yacTu craThu M3ydyeHbl KpaTHBIC OTHOLICHHS Mexkay uuciamu n, K(n) u M(n). T.e. ucciieqoBaHbl
BOIIPOCHL: TIPH KaKuX t HaTypalbHOM, t = 2, BO3MOXHBI paBeHcTBa K(n) = tM(n), tK(n) = M(n),n =t M(n),n *
t = M(n). (OT™MeTHM, YTO KpaTHbIE OTHOIIECHHS MEKIy dnciaamMu N U K(n) HeBo3MOXHBI). TakKe HCCIIETOBAHBI
pacrpe/eseHre u CBOWCTBAa MHOKECTBA M — TIOPOXKICHHBIX Yrces (M —MOPOKIACHHBIEX YHCEN BCTPEYAIOTCS TOPA3Io0
PEeKEe, UeM m— CaMOHOpO)KI[eHHbIe, IMO3TOMY HM3YYCHHUE MHOXKCCTBaA m — MOPOXKACHHBIX HAMHOI'O0 BaXXHEC, YCM
H3ydeHHe Kiacca M — CaMONOPOXKICHHBIX dYHcen). B 3ToH 9acTu HCclenoBaHO MHOXECTBO ‘‘COCETHHX”’, T.€.
TIOCIIEIOBATEIIBHBIX M — TIOPOKICHHBIX THUCE.

B mporiecce nccnenoBanus chopMyupoBansl 1 mpobiaema u 9 rumores.

Kiruesnie cioBa: M-¢yuknus, J[.P.Kanpekap, caMonoposkicHHbIC Yrca.
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IMPROVING THE QUALITY AND RELIABILITY OF SIGNAL
TRANSMISSION AND RECEPTION IN MULTISERVICE NETWORKS»

Abstract. This article describes the entire complete cycle of signal transmission and reception from the terminal
device on the transmitting side to the terminal device on the receiving side, due to the fact that the reliability and
quality of information transmission and reception in public access networks depend on many different parameters.
The article describes the process of converting a signal from an analog form to a digital one. For this purpose, the so-
called encoding of the graphic signal is used. To get a rich palette of colors, different intensities were set for the base
colors. During the experiment, an IP video camera was used and digital traffic was prepared to transmit it over
multiservice or open networks. The Novus IP video camera uses a web interface. During the initial installation, in
order to access the camera interface, you must assign an IP address, subnet mask, and Ethernet adapter gateway to
the PC. To ensure greater protection of information, it is necessary to apply encryption, which will increase the
reliability of the process of transmitting and receiving information. Today, cryptography is one of the most used
ways to ensure the confidentiality and authenticity of information. There are symmetric and asymmetric
cryptosystems. In the symmetric encryption process, the same key is used for both encryption and decryption.
Asymmetric systems use public and private keys that are mathematically related to each other. The DHCP-installer
program was used and the distribution of IP addresses was obtained by agreeing to its terms. First, you need to
configure the DHCP server. The DHCP Protocol is commonly used in most cases used in TCP/IP networks. In
addition to the IP address, DHCP can also tell the client additional parameters that are necessary for normal network
operation and these are called DHCP options. Today, there is a modern and high-speed Wi-Fi router that supports the
wireless communication standard 802.11 a/b/g/n/ac. The router, in turn, transmits private information through any
built-in interfaces. After high-speed transmission of traffic, the receiving side must perform the reverse encryption
procedure-decryption, in order to get the original signal. As a result of the experiment on the equipment, we come to
the conclusion that the studied parameters such as reliability, quality and secrecy of the transmitted information
depend on the technical characteristics of the real equipment that was used in the experiment.

Key words: signal, IP-video camera, format, encryption, decryption, broadcast, receiving, quality, reliability,
traffic.

Today, the reliability and quality of data transmission and reception in public access networks depend
on many different parameters such as:

1) The operation of routers.

2) The quality of converting the source signal from one format to another (for example, digitization
in IP cameras, etc.).

3) The use of various types of hiding information itself (for example, encryption).

4) Network service quality.

It means that the relevance of this task is undeniable. This article will cover the entire complete cycle
of signal transmission and reception, starting from the terminal device on the transmitting side to the
terminal device on the receiving side.

At the beginning, the process of converting a signal from an analog form to a digital one will be
briefly considered. For this purpose, we will use the so-called encoding of the graphic signal. The screen
resolution and color depth determines image quality. The number of colors (K) displayed on the display
screen depends on the number of bits (N) allocated in video memory for each pixel:
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K=2N, 1)
Where N is the value of the bit depth.

To achieve a intense palette of colors, the base colors can be set to different intensities. For instance,
if the color depth is 24 bits, 8 bits (RGB) are allocated for each color, i.e. K = 28 = 256 intensity levels are
possible for each color. One bit of video memory is occupied by information about one pixel on a black-
and-white screen (without halftones). Figure 1 depicts an example of this transformation [1, 3].

x.
22

Figure 1 - Example of converting pixels (image points) to a bit sequence

1001
0110
0100
1001

00 11 00 01
01 00 10 00
00 10 00 01
0100 11 00

For the experiment, an IP video camera "NOVUS NVIP-TC2400D / MPX1. 3-11" was used, which

was installed on a laboratory stand designed for the study and research of analogue CCTV systems, on the
left end wall of the laboratory table Ne 1 (figure 2) [2].

Figure 2 - Appearance of the laboratory table Nel

The Novus IP video camera uses a web interface. During the initial installation, in order to access the
camera interface, IP address, subnet mask, and Ethernet adapter gateway to the PC have to be assigned. In
the address bar of the Internet browser, select the IP address:IP-angpec: 192.168.0.83.

Subnet mask: 255.255.255.0

sluice: 192.168.0.200

After all the pre-settings described above on endpoints such as IP video cameras, digital traffic was
prepared for transmission over multiservice or open networks. To better protect information, you can now
use encryption, which will increase the reliability of the process of transmitting and receiving information.

Today, cryptography is one of the most used ways to ensure the confidentiality and authenticity of
information. There are symmetric and asymmetric cryptosystems.

In the symmetric encryption process, the same key is used for both encryption and decryption.

Asymmetric systems use public and private keys that are mathematically related to each other.

Information is encrypted using a public key that is shared, and decrypted using a private key that is known
only to the recipient of the message.
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| ‘ Cryptographic Algorithms

‘ cryptography ‘ ‘ cryptographic algorithms with a key ‘

‘ Symmetrical ‘ ‘ Asymmetric ‘

Flow ‘ ‘ Blocky ‘

‘ Fake ‘ ‘ Permutation

‘ Monoalphabetic ‘ ‘ Multi-alphabet ‘

Figure 3 — General classification of cryptographic algorithms

After selecting and applying the encryption algorithm, the traffic is ready to transfer the already
encrypted information over the communication channels. To do this, let's briefly consider how packet
traffic is transmitted and received over communication networks [4].

First, it is needed to configure the Dhcp server. The Dhcp Protocol is commonly used in most cases
used in TCP/IP networks.

In addition to the IP address, Dhcp can also tell the client additional parameters that are necessary for
normal network operation and these are called Dhcp options.

There are the most frequently used options:

- The IP address of the default router;

- Subnet mask;

- DNS server address and

- DNS domain name.

Running the dhcp-installer program and agreeing to its terms, we get the distribution of IP addresses,
which is shown in figure 4.

7 \ Antamedia DHCP Server Installer I

ANTAMEDTA'

Please choose install path

Install path:
Ci\AntamediatDHEP,

Change
Click on the button below ta install Antamedia DHCP, After instalation press 'Run’ and configure the software,
[ Install as service

Install J | Run Uninstall

< Back
Compatible with Windaws $P{200xYistain 7

Figure 4 - Antamedia DHCP Server Installer window

Now the original signal is completely ready for transmission to the router, which in turn will transmit
the closed information via any interfaces built into it, such as fiber, twisted pair or Wi-Fi, to the
communication channels (figure 5) [5].
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Figure 5 -ASUS RT-AC52U B1 router

Today, there are modern and high-speed Wi-Fi router which supports wireless standards 802.11
a/b/g/n/ac, and can operate in 2 frequency bands such as 2.4 GHz and 5 GHz. Therefore, there is a
possibility of traffic with high speed is 733 Mbit/s, which will significantly affect the figure as processing
time and packet delay, in addition to Wi-Fi interface it enables connection of copper source and optical
fiber [5].

After the high-speed traffic on the receiver side, it was necessary to carry out the opposite procedure
of encryption — decryption, in order to obtain the original signal. In this case, the IP video image.

Conclusion. After conducting an experiment on the equipment, it can be seen that the studied
parameters such as reliability, quality and secrecy of the transmitted information depend on the technical
characteristics of the real equipment that was used in the experiment and the use of an encryption system
that generally improves the quality of service in multi-service public access networks.

M. Ampees, b. SIkyoos, K. Cadpun, M. SIkydoBa
Fymap0Oexk /laykees aTbiHIarbl AIMaThl SJHEPreTHKA )KOHE OailiiaHbIc yHUBepcuTeTi, AnMathl, Kazakcran

MYJIBTUCEPBUCTIK XKEJIJAE TAPATY ’KOHE KABBIJITAY KE3IHJIE
CUT'HAJIIBbIH CAITACBI MEH CEHIMAUIITTH APTTBIPY

Annortanusi. by Makanana Tapaty MeH KaObUIIayAbIH OapJiblK asKTalFaH UK KapacThIPhLUIA/Ibl, TAPATYyIIIbI
KaKTaH TEPMHHAIABI KYPBUIFBIIAH KaObUIJAy >KarblHAAFbl TEPMHUHAIABI KYPBUIFBIFA, OHTKEHI akKmapaTThiH
CEHIMILTIri MEH carachl KeIIIIKKe apHaJIFaH JKeIiiepae opTypiii mapameTpiepre OaimanbicTel Oomaabl. Makaiaga
CUTHAJIBI aHAJIOTTHIK ()OPMATTaH CaHABIK Typre TYpPJIEeHAIpY mporieci cumartanFad. O YIIiH rpadUKaIbIK CUTHAIIBI
KOATay Jel aTajaThlH OJiC KOJAaHbLIambl. TycTepiH Oail maauTpachlH aiy VIINIH HETi3Ti TycTepre op Typii
KapKbIHIABUIBIK  Oepinmi. Toxkipube OapeichiHma I[P OeliHekamepachl KOJMAHBUIABI JKOHE CaHIBIK Tpaduk
MYJIBTUCEPBHUCTIK HEMece allblK KeJijiep apKbuibl Oepinyre naitbiHpanrad. Novus I[P OeiiHexamepachl BeO-
uHTepdeiicTi KoamaHanpl. AJFallKpl OpHATylaH KeliH KamepaHbIH uHTepdeiiciHe Kipy yuriH kommsiorepre I[P
MEKCH)KalbIH, 1IIKi keIl MackachlH jkoHe Ethernet amanrtepiHiH IUTIO3iH TaFaWbIHAAy KepeK. AKHNApaTThIH YJIKEH
KOpFaJIybIH KaMTaMachl3 €Ty VIIIH aKmaparThl Oepy KOHE KaObuIIay MPOIECIHIE CCHIMIUTIKTI apTThIPAThIH
mmdpraynsl KOJNOaHy KakeT. ByriHri Tapma kpunTorpadus aKmapaTThIH KYNMASUTBUIBIFE MCH TIBIHAWBUTBIFBIH
KaMTaMachl3 eTy[OiH ¢H KeNl KOJNJAHBUIATBHIH oficTepiHiH Oipi Oonbim TaObutagpl. CHMMETPHSUTBIK SKOHE
ACHMMETPHSUIBIK KpHUNTOXYHenep Oap. CuMMeTprsuiblK mudpiay mporecinae Oipaed xint mmdpnay ymiH ge,
mmdpray YIIiH e KOJTaHBUIaAbl. ACHMMETPISUIBIK JKyhenepae O0ip-OipiMeH MaTeMaTHKANBIK OailIaHBICKAH alllbIK,
JKOHE JKeke Kintrep Koimansutagsl. DHCP-installer 6armapiaMacs! KOIIaHBUIIB! KOHE OHBIH IMIapTTapbiHa coiikec [P
aapectepniH Taparysl aneiHIEL. AngeivMer ci3s DHCP cepsepin xorpurypamusuiaysisiz kepek. DHCP ke6inece TCP
/ 1P >keninepinze Kosinansuiansl. [P Mekemxkaiibinan 6acka, DHCP kimeHTKe jkenifie KalbIThl )KYMBIC iCTEY YIIiH
Ka)KeT OO0JIaThIH KOCHIMIIIA ITApaMETPIICpIi aiiTa anasl JKoHe ojapasl Dhep omwsuiapsl aemn ataiiabl. byridri Tanga
802.11a /b / g/ n/ ac ceIMChI3 OaiiTaHbIC CTAHAAPTHIH KOJNJIANHTHIH 3aMaHayH JKOHE KOFaphl XKbUIIaMIBIKTEl Wi-Fi
MapuIpyTH3aTOpbl 0ap. MapuipyTusarop e3 Ke3eriHje *aObIK aKlapaTThl OFaH CaJbIHFaH Ke3-KelireH HHTepdeiic
apkputbl kiOepemi. TpadukTi >KOFapbl KbUITAMIBIKICH OCpreHHEH KeWiH, KaObUIOayIllbl »KarblHAa OacTamKbl
CHUTHAJIIBl ally YLIH Kepi mudpray NponenypacslH OpblHAAYy Kepek - mmdprnay. JKabmplkra KyprisiireH
JKCIICPUMECHT HOTIDKCCIHJC aJbIHFaH MONIMETTEP/IH CEHIMILIIr, camachl >KOHE KYIHSACHI CHSKTHI 3CPTTEITCH
rapaMmeTpIiiep SKCHepHUMEHTTE KOJIAHBUIFaH HAKTHI JKaOABIKTBIH TEXHHUKAJBIK CHIIaTTamMaliapbiHa OailylaHBICTHI Jemn
TYXKBIPBIMIARMBI3.
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Tyiiin ce3: curnan, IP-Oeiinekamepa, dopmar, mmdpnay, mmdpnay, Tapary, Kadbuigay, cama, CEHIMILUIIK,
Tpaduxk.

M. Ampees, b. SIkyoos, K. Cadpun, M. SIxydoBa
AJMaTUHCKHH YHHBEPCUTET SHEPIeTUKHU U cBsA3M uMeHHu [ 'ymapOeka JlaykeeBa, Anmatsl, Kasaxcran

YJIYUYIIEHUE KAYECTBA U HAJEXKHOCTHU CUTHAJIA
ITPU TEPEJAYE U TIPUEME B MYJIbTUCEPBUCHBIX CETAX

AnHoTanus. B 1aHHO# cTaThe pacCMOTPEH BECh 3aKOHYCHHBIH LIUKII 10 Niepeiaue U NpUeMy CUTHaJIa, HauuHas
OT OKOHEYHOI'0 YCTPOMCTBA C MEPEAAIOIIEH CTOPOHBI JO OKOHEYHOI'0 yCTPOMCTBA Ha NIPUEMHON CTOPOHE, B CBA3M C
TEM, 4TO HAJEKHOCTh W KAyeCcTBO NPH IepeAade U mnpueMe WHPOpMaluu B CETSIX OOLIero 0CTyHa 3aBUCST OT
MHOXKECTBAa Da3IMYHBIX mapamerpoB. OnmcaH mpouecc NpeoOpa3oBaHMs CHIHalNa C aHaJoroBodH (oOpMBI B
mudposyro. s 3TOro MCHonb30BaHO Tak Ha3blBaeMoe KOJIUpOBaHHME Tpaduueckoro curHana. Jms momydeHus
OoraToii manMTpel IBETOB 0a30BBIM I[BeTaM OBLIM 3afaHbl pPa3IM4YHble WHTEHCUBHOCTH. lIpM mpoBeneHHn
IKCIIEPUMEHTA HCTOIb30BaNach |P-Bumeokamepa W ObLI MOATOTOBIACH IUGPOBOH TpaduK I IMepeaadd ero 1o
MYJBTHCEPBUCHBIM HJIM OTKPBITBIM ceTsiM. s ucnomp3oBanus |P-Bumeokamepbr NOVUS wmcmomb3yercst BeO-
nHtepdeiic. Ilpu mnepBOHAYATLHOW YCTAHOBKE, UISI TOTO YTOOBI TOJIYYUTh JOCTYyN K HHTepdelcy KaMmepsl,
HeoOxoauMo HasHauuTh IP-anpec, macky moaceru u nuio3 Ethernet-aganrepa ma IIK. st Gosnblirero obecreueHus
3amUTEl HHGOPMAUK HEOOXOIMMO NPUMEHUTHh MH(POBAaHUE, YTO TOBBICUT HAJIEKHOCTh NPH CaMOM IIpOIecce
nepenaun-npuema uHbopmanuu. Ha ceromusmHuMi JeHb Kpunrorpadus SBISETCS OJHMM M3 HauOosee
HCIOJB3YEMBIX CIOCOOOB oOOecmedeHuss KOH(MUACHIMATBPHOCTH U MOUIMHHOCTH UHpopManuu. CylecTBYIOT
CUMMETPHYHBIE U aCUMETPUYHbIE KPUIITOCUCTEMBL. B mpornecce cummerpudHOro mndpoBaHus U Ajsl IUGpOBaHHS,
W st IS pOBaHMS UCTIONB3YETCS OJIMH U TOT )K€ KJII0Y. B acMMeTpHyYHBIX CHCTEMax MCHOJIB3YIOTCS OTKPBITHIA 1
3aKpBITHIA KIIIOYM, CBSI3aHHBIE JPYr C APyrom marematuyecku. Mcmonb3oBanack mporpamma DHCP-installer wu,
corylamasich C ee ycCJIOBUSIMM, Oblia moiydeHa pazgada IP — anpeco. Brawane Hamo nactpouts DHCP-cepsep.
IIporoxon DHCP sBiseTcs 4acTo HCHONIB3yEMBIM B GOJIBIIMHCTBE CIIydaeB MCHONb3yeMbiM B ceTsx TCP/IP. Kpome
IP-ampeca, DHCP Takke MOXXET COOOUIUTH KIMEHTY IOMOJHUTEIBHBIC MapaMeTphl, KOTOPhIE HEOOXOIMMBI ISt
HOPMaJIbHOM pabOTHI B CETH W OHU HaszbiBatoTcs onmusamMu DHCP. Ha ceromHsmiHuil 1eHh HMEETCS COBPEMEHHBIN U
ckopoctHoii  WIi-Fi  poyrep, KoTopblii mouepkuBaer craHmapT OecrpoBomnoi cBszu - 802.11a/b/g/n/ac.
MapipyTr3aTop B CBOIO OUYepe/lb NepeiacT 3aKPhITYI0 HHPOPMALIUIO Yyepe3 JIFo0ble BCTPOCHHbBIE B HEM HHTEP(ECHI.
[Tocne BRICOKOCKOPOCTHOM mepenaun Tpaduka, Ha IPUEMHOI CTOPOHE HEOOXOIMMO MIPOBECTH 0OPATHYIO MPOLEAYPY
mudpoBaHuio — nemudpoBaHue, Uil TOrO 4TO OBl IHOJYYUTh WCXOJHBIM CUrHal. B pesynbrare mpoBeneHus
JKCIIEPUMEHTa Ha OOOpYJOBAaHHM, IPHUXOAUM K 3aKIIOYEHHIO, YTO HCCIeNyeMble IapameTpbl, TaKHe Kak
HAJIe)KHOCTh, Ka4eCTBO U CKPBITOCTh IeperaBaeMoil HMH(QOPMAIMU 3aBUCAT OT TEXHUYECKHX XapaKTEePUCTHK
peasbHOro 000pyI0BaHMs, KOTOPOE OBLIO MCIIOIb30BAHO B IKCIIEPUMEHTE.

KuiroueBble caoBa: curHan, |IP-Buneokamepa, dopmar, mudposaHue, AemnppoBaHie, TPAHCIALMS, TPUEM,
Ka4ecTBO, HaJIS)KHOCTb, Tpa(uK.
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EXPERIMENTAL RESEARCHES OF JUMP-SHAPED CHANGES
OF CURRENT AND VOLTAGE IN TRANSIENT
SWITCHING CIRCUITS OF AC GENERATION

Abstract. The article considers the transient process in switching electrical circuits, which are available in
electric current generators in the form of a surge of supercurrents and voltage when removing, from isolated plates,
brushes and which are lost in unused form. These bursts in collected form account for about-30-35% of the energy
generated by the generator. The work is devoted to analysis of the available theoretical works on transients and
experimental study of current surges and voltage in switching circuits, similar in electric motors and elk-
regenerators. The results are given of the experimental study in the switching circuits of the electric generator in the
work.

Keywords: current intensity, voltage, oscilloscope, oscillogram, delay line, switching, transient processes,
current and voltage hopping, electro motoring force-EMF.

Introduction Here, it is necessary to recall the evolution of the development of an electromagnetic
field based on Faraday 's experiments "on the relationship of a changing magnetic field to the appearance
of a changing induction current,” and Ersted 's experiments "that, a changing electric field is accompanied
by a changing magnetic field." Another consequence of the field theorem should be mentioned. Let there
be a turn through which the current arising from the Volt battery flows. Suddenly, the conductor 's
connection to the current source breaks. Now, of course, there’s no current! But at the moment of this
brief break, there is a complex process that can again be predicted by field theory. There was a magnetic
field around the conductor before the current broke. It ceased to exist when the current was interrupted.
Consequently, due to the current rupture, the magnetic field disappeared. The number of force lines
passing through the surface surrounded by the chain changed very rapidly. But such a rapid change, no
matter how fast it occurs, should cause an induction current. What really matters are that it is the change in
the magnetic field that excites the induction current, the stronger the field change is. This conclusion is
another test of theory. The current break must be accompanied by a strong short-term induction current.
The experiment again confirms the prediction of the theory. Whoever ever broke the current noticed that
there was a good spark. This spark indicates a huge potential difference caused by a rapid change in the
magnetic field. The spark has quite considerable energy, so the magnetic field must have no less energy.
To consistently apply the concept of field and its language, we must view the magnetic field as a supply of
energy. Only by taking this path will we be able to describe magnetic and electrical phenomena in
accordance with the law of energy conservation. - (A. Einstein, L. Infeld-Evolution of Physics, M. ed.
ACT, 2018, c-151) All this determines the importance of considering switching analysis methods.
Switching refers to any change in circuit parameters, its configuration, connection or disconnection of
sources, which leads to transient processes. Switching will be considered instantaneous, but the transition
process, as noted above, will take some time. In theory, it takes infinitely long to complete the transition,
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but in practice it is taken to be finite, depending on the parameters of the chain. Let us assume that
switching is performed using the ideal key K (figure 1), whose resistance in the open state is infinitely
large, and in the closed state is zero. The direction of closing or opening the key will be indicated by the
arrow. We will also consider, unless otherwise stated, that switching takes place at the time of t = 0. The
first and second switching laws are distinguished. The first switching law is related to the continuity of the
change of the magnetic field of the inductor WL = Li2/2 and states that at the initial moment t = 0
immediately after switching, the current in the inductance has the same value as at the moment t = 0-
before switching and from this moment gradually changes (hereinafter f (0-) means the left-hand limit of
the function f(t) if t — 0-, and under f(0+) - right-hand limit f(t) if t = 0+)

ip =1i,(04) 1)

The second switching law is related to the continuity of the change of the electric field of the capacity

WC = Cu2/2: at the initial moment t = 0 immediately after switching, the voltage on the capacity has the
same value as at the moment t = 0- before switching and from that moment gradually changes:

Uc (0-) = Uc(04) (2)

In contrast to the current in the iL inductance and the voltage at the uC capacitance, the voltage at the
inductance uL and the current in the iC capacitance can be varied by a jump since according to (1. 9) and
(1. 12) they are derived from iL and uC and are not directly related to magnetic and electric field energy.
The values of the currents in the inductance of the iL (0) and the voltages at the capacitances of the uC (0)
form the initial conditions of the task. Depending on the initial energy state of the circuit, two types of
transient calculation tasks are distinguished: tasks with zero initial conditions, when immediately after
switching (at t = 0) iL (0) = 0; uC (0) = 0 (i.e. WL (0) +WC (0) = 0) and tasks with non-zero initial
conditions when iL (0+) 0 and/or uC (0+) 0 (i.e. WL(0) + WC(0 ) 0). The zero and non-zero values of the
initial conditions for iL and uC are called independent and the initial conditions of the remaining currents
and stresses are dependent. Independent initial of conditions is determined by switching laws (1) and (2).

The classical method of calculating transients in electrical circuits is based on the compilation of
integral-differential equations for instantaneous values of currents and voltages. These equations are
derived from Kirchhof laws, contour current methods, nodal stresses, and can contain both independent
and dependent variables. For ease of solution, it is generally accepted to draw up differential equations
with respect to an independent variable, which may be iL or uC. Solving the obtained differential
equations with respect to the selected variable and constitutes the essence of the classical method.

Considering that in some cases the solution of differential equations is simpler than integral-
differential equations, the obtained system is reduced to one differential equation of the corresponding
order relative to the selected independent variable iL or uC. The order of the differential equation is
determined by the number of independent electric and magnetic field energy accumulators. Denote an
independent of variable (iL or uC) through x = x (t).
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Analysis of the equations shows that in the case “ where the frequency of the applied voltage is
substantially higher % 0 where ¥ C # 0 han the resonant frequency of loop 0 at C 0, the circuit may be
overvoltage, and in the case of @ =& wg u ¥Cc = T2 — overcurrents.

Analysis of equation shows that in the case of a circuit connection to source u (t) at the moment when
Pu=% + /2 Supercurrents may occur in the latter. If the chain time constant  large enough, then the
surge of current in the initial period can reach imax ® 2Im. In contrast, when the circuit is switched on,
when #u= % In it immediately comes a steady-state regime. Similar picture is observed with voltage of
inductance.

As a calculation example, consider the case of non-zero initial conditions in the RL chain. Magnetic
field energy equal to WL = Li2(0-)/2, where i(0-) = U/(RO + R). After switching in the RL circuit, the
transient process described by:

Lﬂ +Ri =0, (3)
dt

where inp = 0. Solving equation (1), we find, taking into account (2) - (4):
i=i, =Ae” = Ae'".
Constant A is found from initial condition i (0-) and switching law (1):
i(,)=i(0.)=—2— - A

(R+R,)
Finally, the law of changing the current in the transition mode is described by the equation
i= Le—tﬁ:_
R+ RD (4)
The uL voltage is defined as
di U
uL=LE=—R+RDReU. ©)

Figure 1 shows graphs i and uL. Note that all energy WL stored in the inductance over time is
consumed for heat loss in R. Under non-zero initial conditions, L behaves as a source of current.
Switching on the RLC circuit to harmonic voltage

When RLC circuit is switched to harmonic voltage u = Umsin( @t + % u) forced voltage component

on capacitance Yo = Umc SN(of + @), (5) \yhere PC= $u+ P — T2 Here, the phase shift
between the current in the circuit and the applied voltage

p=arctg(ol -1oC)/R, &) And amplitude of forced voltage at the capacitance
1 U, 1

UmC:_' —_'-"mC-
oC JR2+ (oL -1jaC) @€ %

Considering that the oscillatory circuit in radio engineering devices, as a rule, has high quality, that is,

the condition is met R <2 P, that the free component of us is defined by the equation and the law of
voltage change on the capacitance will be

e =U cdn(of + oo )+ Aest dn(ef+0). ®)

Taking the derivative from the expression (8), and taking into account that for the specified contour

QL <5 0 R 0D . .
i  let's receive the current equation

. dUC
-c
T

# | e cos{ of + qr )+ copCAe-=t cos| opf + 8).

9)
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Permanent integration A and & We find from initial conditions and switching laws:

o (0_)=ug(0,)=0=U -sing; + Asing,
fO0_)=i(0,)=0=1{pccospc + wnCA cost.

(10)
Where
oo 2]
A=U_ - [dn2 @, +[—] cosZ ¢
@0 (11)
g =arctg{ optge/mi. (12)

Substituting values A and 9 from the equations (11), (12) in (8) and (9), get the final law of change of
voltage on capacitance and current in RLC- contour:

Ug = U o Sin (et + go ) + U poyfsin2 g + (oo )’ cod? gy -

-e~t sin( epf + 0 (13)

i=10cos(of +q )+ fch(ijm)Q sin? gz + cos? ¢ -
-et cos( epf + 8. (14)

Analysis of the equations (8. 1), (8. 2) shows that in the case ** where the frequency of the applied

voltage is substantially higher % 0 where ¥ C # 0 han the resonant frequency of loop 0 at C 0, the circuit
may be overvoltage, and in the case of @ <& wpu ¥C # /2 — overcurrents.

If the frequency of the reference voltage * = 0, that is, isochronism phenomena occur in the
circuit when the voltage on the capacitance and the current in the circuit change smoothly according to
equations:

UCZUmCI:1—e—01—?:|Sin|:C!)Dt+CPG:I; (15)

.i'=Imc(1_e—m?)cos(®gt+tpcj. (16)
At the same time the transient process proceeds without overvoltage and overcurrents (figure 2, a).

uc I HEJ Lr,‘,"'{:l:t:l

Figure 2

When the frequency of a given voltage ® and resonant frequency of the circuit “ 0 close to each
other, then beat phenomena occur in the circuit. Let's put that

e =U e [Sn{of+ qc)+dn(epf+ g ) =
= U o (t)sin (ot + @ ), an
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wheree UmC(t) = 2UmCcos g—lt- amplitude of beats with angular frequency (- (% — @0)2 In
figure 2, b, is a graph of the change in beat voltages (17).

Experimental study of surge voltages and currents in transient processes during generation of
electric energy

For experimental investigation of surge-like pulsation of voltages and currents in generators during
generation of electric energy, which are as a result of transient processes taking place in current-collecting
contacts (brushes), specifically for this purpose, we have assembled an electric installation based on a DC
motor. At the same time, standard stator windings, DC motors, were rewound in the number of 9 windings
simulcast along stator walls. (figure 3). Electric motor is supplied from accumulator with voltage of 24B,
which through contactors is alternately supplied to stator windings symmetrically wound by us 9 (figure 4).

”

Figure 3 Photo — Symmetrically wound 9 stator windings Figure 4 — Ostsilogramm of impulses

When voltage is transferred from one winding to another, transient processes occur in contactor where
voltage surge is generated and which is supplied to base of transistor "JR-260," which operates as
electronic switch, in collector circuit of which stator winding is connected. Such electronic keys are only
9-pieces, one for each stator winding (figure 4).

Thus, 9-pulses of voltage surges are generated in one revolution of motor in collector circuit of
winding as a result of phenomenon of transient processes due to switching of 24B supply voltage from one
winding to another. The number of stator windings, we specially increased from 3 to 9 by hand winding 9
new windings located symmetrically on the inner surface of the stator. (figure 1). Such changes allow us
to obtain in one revolution the collector of 9-pulses of voltage jump as a result of transient processes when
switching the supply voltage from one winding to another. During the study, the parameters of voltage
hopping pulses were carefully studied by their oscillograms. With (figure 3, U = 250V, t = 0, 6 ms).

According to the electronic diagram assembled by us (figure 6), used as an electronic switch, the 24B
supply voltage is switched from one winding to another. At each switching (break and connection of
inding circuit) U = surge voltage pulse appears as a result of transient processes (figure 5).

Then this pulse is supplied to the base of transistor of JR-260 type, as a result of which emmiter-
collector transition of transistor and supply voltage is opened 24B supplied to the next winding of stator.
Such transistor-based electronic switches JR-260 only 9, one for each winding.

The obtained pulse voltages and currents on transistor collectors we can smooth and accumulate on
capacitances via RC-chain diodes for further use of accumulated electric energy. For example: -to charge
the power battery or for the direct underside of the stator rim. A similar use of energy obtained from the
hopping pulses generated in the respective transients of each coil will increase the efficiency of motors
and electric current generators by about 30%.

Typically, these pulses occurring in transients accompanying the operation of motors and generators
based on the principle of electromagnetic induction are not used and wasted.

—— g4 ——
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Figure 5 — Photo of manifold with contactors
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Figure 6 — Diagram of electronic switch for obtaining transient process in stator windings

Analysis of results of experimental studies of jump pulses in transient processes

1. Each time the 24B power supply switches from one winding to another, as a result of the power
circuit break of the next winding, a surge voltage pulse appears as in standard transients.

2. Voltage pulse as a result of switching of power supply sources from one winding to another, by
oscillograms obtained on the collector of the corresponding electronic key is estimated to be about 250B at
pulse signal duration of about 0, 6 m/s. (figure 5).

At the same time duration of signal-pulse depends on rotation speed of rotor, windings of which are
powered from the same power supply source of 24B, which powers simultaneously windings of stator and
circuit of electronic switch.

3. Increase of battery supply voltage increases frequency of rotor turn and amplitude of pulse-signal
on oscilloscope.

4. Pulse currents generated on the collectors of electronic key transistors can be smoothed and
accumulated at capacitances through diodes and RC-chains (figure 6) followed by using it to charge
batteries or use it to directly feed stator and rotor windings.

5. Similar use of surge voltage pulses appearing in transient processes in all electrical systems
applying electromagnetic induction phenomenon makes it possible to use pulses and increase their
efficiency up to 30% and more.
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AVIHBIMAJIBI TOKTbI TEHEPAILIUSIJIAY KE3IHJIE,
OTIIEJII MPOHECTI TYFBIBATBIH,LKOMMYTANIUA TI3BBEI'HAET'T TOK KYIITHIH
7KOHE KEPHEYIH CEKPMEJII TYPJE TE3 OCYIH SKCIIEPUMEHT XKY3IHJIE 3EPTTEY

AHHOTauMA: Makajaaa 3JISKTp TOTBIHBIH T'€HEPATOPJIAPBIHIAFEl ACKBIH TOKTAPIBIH KAJIKYyBI )KoHE Oip-OipiMeH
OKIIayJaHFaH, IMeTKaJapJaH TYpaThlH IUTACTHHANIApAAH ally Ke3IHIETi KEepHey TYpiHAeri 3JIEeKTp TOTrBl Oap
KOMMYTAIFSUTBIK 3JIEKTP Ti30€KTepiHAeri aybICHallbl MPOIECTi JKOHE ojlap TaljalaHblIMaraH KyHiHIE KOFaTybI
KapacTelpeiiaael. JKuHaaFaH Typaeri Oy Kajkaiap TIeHepaTop OHAIPeTiH SHeprusHbelH mamamed — 30-35%
Kypaiiapl. JKyMBIC ©TIeNni Ke3eHIeTi TEOPHSUIBIK )KYMBICTApAbl TaJlayFa jKOHE 3JIEKTP KO3FAITKBIIITAPhl MEH JICKTP
reHepaTopiapblHa YKCAC KOMMYTAIMSUIBIK Ti30€KTepleri TOK TMeH KepHey KalKaHIapblH TOXIpHOETiK 3epTTeyre
apHayiFaH. Makanaza 3J1eKTPJIiK TeHepaTOpAbIH KOMMYTalMsUIBIK Ti30EKTEePIHAET] TOKIpUOEIiK 3epTTey HATHKeNIepi
KEJTiIpUIreH.

Ti30ekTiH aybICralibl KYMBIC PEKUMI OHJA MAarHUT JKOHE JJIEKTP OPICTEpiHIH DHEPrHsChl KMHAKTAIAThIH
PEaKTUBTI 3JIEMEHTTEpIiH (MHIYKTUBTUIIK, CHIMBIMABUIBIK) OOJybIMEH OaiiaHBICTBI. Op TYPJ acep €Ty KesiHje
(Ti30ekke KOCy HeMece 3JEKTp SHEprusichl Ke3IepiH aXbIpaTy, Ti30eKk mapaMeTpiepiH e3repTy) Ti30eKTiH
SHEPreTUKAIBIK >KYMBIC PEXKHMI ©3repeidi, Oyl e3repicTep JJIEKTp JKOHE MArHUT epicTepi SHEPTHSACHIHBIH
Y3Iikcizairine 6aimaHpICTHI (Y3MIKCI3MiK PUHNNII) Oip/ieH jKy3ere achIpbUia anMaiabpl, Oyl eTIeNi MporecTepIiy
TyBIHZQYBIHA ajbln kedeni. Kenreren BaiinaHeic KypbUIFBIIaphl MEH KyHesepiHIeri OTIeNli NMpoLecTep ojlapiIbly
YKYMBIC PEKUMIHIH Kypamaac "KaneInThl" Oesriri 60bIN TaOBIIATHIHBIH aTam ©TKeH xoH. COHbIMEH Katap, OipkaTap
KarJailapa eTHeNi INpolecTep aca arblHAAp MEH acKblH KepHeYJIepIiH maiifa Oolybl CHAKTBI JKarbIMCHI3
KYOBIITBICTApFa OKETyl MYMKIH.

OHbIH 0apibIFbl KOMMYTALMSHBI TAJIAAY S/ICTEPIH KapacThIPYAbIH MaHBI3bUIBIFBIH aHbIKTalabl. KoMMmyTanus
Ti30EK THapaMeTpliepiHiH, OHbIH KOH(QHIYPAlMACBIHBIH Ke3 KeJIreH e3repyiH, OTIeNi NpOLecTepliH TybIHAaybIHa
OKEJIETIH Ke3JIepAiH KOCBUIYbIH HeMece elipinyiH atayra Oonaapl. Kommyraums Oip coTTik Jen ecenteimis, 6ipax
eTIeNi mpouecc, XKoFapblaa alTeuIFaHaal, Oenrin O0ip yakplTTa eTeni. ©THeni NpouecTi asKray YIIH TEOPHSIIBIK
TYPFBIJaH MIEKCI3 YJIKEH yakbIT Taylan erineai, 6ipak ic »y3iHae OHBI Ti30eK mapamerpiepiHe OaiylaHBICTHI IEKTI
Typinge kaObuimaiiasl. Kommyrammst K wmumeannmel KinTiHIH KeMeriMeH y3ere achIpbliajgbl el ecenTeiMis.
Ty#bIKTaIFaH KYHIE Keaeprici MeKci3 YIKeH, al TYHBIKTaIMaraH Karnaiaa Henre TeH. KinTTiH TYHBIKTaTy HeMece
XBIPaThUTY OAFBITHIH KOpCETKIMEH kopceTeMi3. COHBIMEH Kartap, erep 0acka aiteuimMaca, komMmyTtanus t = 0 cotiHge
JKy3ere achlpbUIaibl Aen ecenrteliMiz. KoMMmyTanmusHbeIH OipiHINI >KoHE eKiHIi 3aHaapbl Oap. KoMMmyTarusHbIH
Gipinmi 3ager Wi = Li%/2 MHIyKTHBTINIK KaTyNIKACHIHBIH, MAaTHUT OPICiHIH ©3repyiHiH y3aikci3miriMen 6ainanbICThI
xoHe Oacramkpl corre T=0. Tikemelt KOMMyTalmusgaH KeHiH HMHIYKTUBTUTIK TOTHI Oipaedl MoHTe wue, Oy
T=0_ xomMmyTauusra JeHiH xKoHE OCHl COTTEH OacTanm OipKajabIIThl e3repeai (MyHza sxkoHe oxad opi F(0.) mem T=0
kesinzeri F(t) pyHKumsceHbIH coi xakTel weri, ain F(0+) nen-t=0.+ ke3inzeri f(t) oH »aKThl 1weri TyciHineai)

7 (0-)=17 (0,). (1)

KoMMyTalusiHbIH eKiHMIi 3aHbI CHIMBIMABLIBIFEI We = CU%/2 a51ekTp piciHiH y3aikci3 e3repyiMeH 6aiiaHbICThL:
Gacrankpl corre T=0:. KOMMyTauusiiaH KeHiH CHIABIMABUIBIKTaFbl KepHey t=0_ KoMMyTauusra AEHiH >KOHE OCHI
coTTeH OacTam OipKaIbIITHI ©3repei:

uc (0_)=wc (0, ). )
iL MHAYKTUBTLIIK TOTBIHAH JKOHE Uc ChIMBIMABUIBIFBIHIAFI KEPHEYICH ailbIpMAIIbUIBIFBI U HHIYKTHBTLTIK KEpPHEYI
YOHE ic ChIMBIMIIBLIBIFBIHIAFEI TOK CEKIPY TYPIHIE ©3repei.

Tyiiin ce3mep: Tok kymi, KepHey, ociuiorpad, OCHMUIOTpaMMa, KEUIrY CbI3BIFBI, JIMHHUS 3aJePXKKH,

KOMMYTAIIMsI, aybICy ITPOLIECTEP], TOK IIEH KEPHEYIiH CeKipMeli e3repyi, 37eKTp Ko3raymisl kym — OKK.

A.M. Tarenos, b.C. bByryoaes, B.B. lllnniunko, M.H. Akbinos, JI.C. bajlikagamoBa

Kazaxckuil HallMOHAIBHBIHN JKEHCKUN NeAarorndyeckuil yuupepcurer, Anmarsl, Kazaxcran

3KCITEPUMEHTAJIBHBIE UCCJEJTOBAHUS CKAYKOOBPA3HBIX W3MEHEHUIA
CWJIBI TOKA M HATIPSIKEHU B IEPEXO/THBIX KOMMY TAIIMOHHBIX IEMSAX
T'EHEPAIIMU NEPEMEHHOT O TOKA

AHHoTanus. B cratbe paccMaTpuBaOT MEPEXOIHBIN MPOIlECC B KOMMYTAIMOHHBIX SJIEKTPHYECKUX IIETIsX,
KOTOPBIE MMEIOTCSI B TEHEPaTOpax IEKTPHYECKOT0 TOKA B BHJIE BCIUIECKA CBEPXTOKOB M HANPSIKCHUS MIPU CHATHH, C
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M30JIMPOBAHHBIX MEX]y COOOH, MTACTHH IIETKAMU U KOTOPbIC TEPSIOTCS B HEMCIIOJIb30BAaHHBIM BUJIE. DTH BCILIECKU
B COOpaHHOM BHIE COCTaBIIOT okoio 30-35% nsHeprum, BeIpabaThiBaeMOro reHepatopoM. PabGora mocssmeHa
aHaJIM3y MMEIOLIMXCS TEOPETHYECKUX paboT IO MEepeXOAHBIM MPOoLEccaM M IKCIEPUMEHTAILHOMY HCCIIEI0BAHUIO
BCIUIECKOB TOKa H HaHpH)I(eHMi/II B KOMMYTAMOHHBLIX M[CIAX, aHAJOIMYHOTO B DJJCKTPOABUTATCIAX U
aJIeKTporeHepaTopax. B pabore nmpuBeneHbl pe3ysbTaThl IKCIIEPUMEHTAIBHOTO UCCIIEOBaHNS B KOMMYTallMOHHBIX
LEMsIX JIEKTPOreHepaTopa.

[epexonHoit pexxuM pabOTHI Lier OOYCIIOBJIEH HAJIWYMEM B HEH PEaKTHBHBIX SJIEMEHTOB (MHIYKTHBHOCTH,
€MKOCTH), B KOTOPBIX HaKalUIMBACTCSl DHEPrHs MarHUTHOTO M 3JeKkTpuyeckoro mnosed. [Ipum pasiamunoro pona
BO3/ICHCTBUSIX (MOJKIIIOYEHUH K I[EMH WM OTKIIOYEHHS HCTOYHHKOB JJIEKTPUYECKONW OJHEPTUH, W3MECHEHHUH
MapamMeTpoB IICMH) HM3MEHIETCS JHEPreTHYECKUH pexuM paboThl IENH, NPUYEM 3TH H3MCHEHHS HE MOTYT
OCYIIECTBISATHCS MTHOBEHHO B CHITy HEMPEPHIBHOCTH W3MEHEHHsS SHEPTUHU DIIEKTPUUECKOr0 U MArHUTHOTO MOJel
(MpUHITMIT HETIPEPBIBHOCTH), YTO W TPHUBOINT K BO3HUKHOBCHHUIO MEPEXOAHBIX MpoiieccoB. CiienyeT MoaIepKHyTh,
YTO MEPEXOTHBIE MPOIIECCH BO MHOTHX YCTPOMCTBAX U CUCTEMAaX CBSI3H SBJISIOTCSI COCTABHOW "HOPMaBHOK" 4acThIO
pexxuMa ux paboThl. B TO ke BpeMs B pslie CiIydyaeB MEpEeXOJHbIE MPOLECChl MOIYT HPUBOAUTH K TaKUM
HEXKCIIATC/IbHBIM SABJICHUAM, KaK BOSBHUKHOBCHHUE CBEPXTOKOB 1 HepeHaHpﬂ)KeHHﬂ.

Bce aTO ompezensier BaXKHOCTh PACCMOTPEHUS METOJOB aHann3a KomMmyTtanuu. Kommyrarmeil mpuHsTO
Ha3bIBaTh JI000E W3MEHEHHE MapaMeTPOB LIENH, €€ KOHPHUI'YpalH, HOAKIIOUYEHHE I OTKIIOYEHUE MCTOYHUKOB,
NPUBOJSIIEe K BO3HMKHOBEHHIO IEPEXOAHBIX IporieccoB. KoMmyraumio OyneMm cyuTaTh MIHOBEHHOM, OJHAKO
MepEeXOJHBIA IMpOIecC, Kak OBIJI0O OTMEUEHO BBINIE, OyIeT NMPOTEKATh OINpEAETIeHHOe BpeMs. TeopeTHdYecKd Uit
3aBepIICHHs MEPEXOTHOro mporecca TpedyeTcs OECKOHEYHO OOJIBIIOE BpeMs, HO Ha MPAKTHKE €ro MPHHUMAOT
KOHEYHBIM, 3aBUCSIIMM OT MapaMeTpoB Lenu. bynem CuuTaTh, YTO KOMMYTAIMS OCYIIECTBISIETCS C MOMOIIBIO
uaeabHoro Kiroda K (pucyHok 6. 1), COmpoTHBIIEHHE KOTOPOTO B PAa30MKHYTOM COCTOSTHUHM O€CKOHEYHO BEJIHMKO, a B
3aMKHYTOM paBHO HyJito. HarpaBiieHue 3amMbIkaHusi UM Pa3MbIKaHHs Kitoya Oy/eM MoKa3bIBaTh CTPENkKoil. bynem
TaKXKe CUUTATh, €CIIM HE OTOBOPEHO MHOE, YTO KOMMYTAIIUSI OCYLIECTBIIsIeTCs] B MOMeHT t = 0. Pa3nu4atoT nepsblii n
BTOPOi1 3aKOHBI KOMMYTalMu. [IepBbIii 3aKOH KOMMYTAIMH CBSI3aH C HEPEPHIBHOCTHIO M3MEHEHHUS] MATHUTHOTO TIOJISI
kaTymky uHAykTuBHOCTH WL = Li2/2 1 rmacur: B HauanbHbIit MOMEHT t = 0+ HEMOCPENICTBEHHO MOCe KOMMYTAIIUH
TOK B MHAYKTUBHOCTHU UMEET TO K€ 3HAYCHUEC, YTO U B MOMCHT t= 0— A0 KOMMYTallui U C 3TOro MOMCEHTA IJIaBHO
u3Mensiercs (3neck u ganee mon f(0-) moHmmaercst neBoctopoHHHE mpenen ¢ynkmmu f(t) npu t— 0-, a moxg
f(0+ ) - mpaBocroponnuii mpeaen f(t) mpu t — 0+)

fo(02) =4 (0,). (1)

Bropoii  3aKkOH  KOMMYyTaLlUH CBSI3aH  C  HENPEPHIBHOCTHIO ~ M3MEHEHUS  DIJIEKTPHUYECKOTO IO

emroctit WC = Cu2/2: B HadanmpHbIH MOMEHT t = 0+ HEMOCPEACTBEHHO MOC/Ie KOMMYTAIIU HATPSDKCHHE Ha eMKOCTH
MMEET TO K€ 3HaYCHHUE, YTO U B MOMEHT t = 0 — 10 KOMMYTAlIMHU U C TOT0 MOMEHTA TIaBHO U3MEHSIETCSI:

e (0-) = we (0, ). )
B oTnrume oT Toka B MHAYKTUBHOCTH iL v HampspkeHus Ha eMkocTH UC HalpsbKeHHe Ha WHIYKTHBHOCTH UL n
TOK B EMKOCTH |C MOTYT U3MECHATHCA CKAYKOM.

KunroueBble cjioBa: cuila TOKa, HAPSDKEHUE, OCLMILIOrpad), OCMIIOrpaMMa, JIMHUS 33AEPKKU, KOMMYTALHs,
MEPEXOJHbIE POLIECCHI, CKAYKOOOPa3HbIC N3MEHEHHS TOKA U HANIPSKEHUSI, 3IIeKTpoABKymas cuna-0/1C.
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RESEARCH OF CHARACTERISTICS OF HEAT AND MASS TRANSFER
AT THE INTRODUCTION OF TECHNOLOGY OF STEPS FUEL
BURNING ON THE BKZ-75 BOILER OF THE SHAKHTINSKAYA TPP

Abstract. This article presents computational experiments on the introduction of step-by-step fuel combustion
(OFA) technology using the example of the combustion chamber of the BKZ-75 boiler at the Shakhtinskaya TPP.
OFA technologies are based on the separation of the supplied oxidizing agent into the combustion space in such a
way as to reduce the amount of fuel NOXx in the area of the burners by reducing excess air, and the amount of thermal
NOXx by reducing the temperature of the flame in the area of the OFA injectors. Using computer simulation methods,
various modes of supplying additional air to the combustion chamber of the BKZ-75 boiler through OFA injectors
were studied: OFA=0% (basic version), OFA=10%, OFA=18%. As a result of computational experiments, the
distributions of the concentrations of carbon monoxide CO and nitrogen dioxide NO2 were obtained over the entire
volume of the combustion chamber. The most important result of the introduction of staged fuel combustion
(OFA=18%) is a decrease in the concentration of nitrogen dioxide NO2 at the outlet of the combustion chamber by
25% and carbon monoxide CO by 36%. The results allow us to conclude that the introduction of Overfire Air (OFA)
technology has a positive effect on the heat and mass transfer in the combustion chamber and minimizes emissions of
harmful substances.

Key words. heat and mass transfer, fuel combustion, numerical simulation, computational experiment, OFA
technologies (Overfire Air), carbon oxides, nitrogen dioxides, ecology.

Introduction

Modern environmental problems that have arisen as a result of anthropogenic overload and irrational
use of natural resources have undoubtedly affected the economic and environmental status of the Republic
of Kazakhstan. For heat power engineering and other related industries, the task of reducing the cost of
obtaining the required products and emissions of harmful substances is paramount.

In this regard, the issue of choice, operation, and, first of all, the creation of new, highly efficient
energy and resource-saving and “clean” technologies of energy processes becomes relevant. This requires
the implementation of a whole range of measures, the most important of which is the use of modern
technologies, as well as world achievements in the field of development to optimize the combustion of
solid pulverized coal fuel at thermal power plants (TPP) of Kazakhstan [1-9]. OFA technology (“Over Fire
Air”) is currently successfully used all over the world, and especially in Europe, since the introduction of
such technology at existing thermal power plants requires low investment and contributes to a significant
reduction in NOx emissions.. When used in combination with other measures to control and suppress the
formation of NOy, it is possible to reduce their emissions to 85%.

The OFA method, or as it is also called the “step-by-step method of burning fuel”, includes the supply
of the entire volume of combustion air (primary and secondary) in two stages: 70-90% of the air is
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supplied to the burners, and the rest is supplied to the combustion device over the burner "sharp blast". By
mixing fuel with a controlled air flow in the burner, a relatively low-temperature, oxygen-depleted and
fuel-rich combustion zone is created in the lower part of the combustion burner, which helps to reduce the
formation of NOy from the nitrogen contained in the fuel (fuel NOy) [10].

The remaining part of the air is supplied above the main combustion zone to several air channels
located on the front and rear walls of the combustion chamber above the upper level of the burners, in
order to achieve the most complete combustion of the fuel. The relatively low temperature in the oxygen-
enriched afterburning zone leads to reduced formation of NOx from the air (thermal NOy).

To model heat and mass transfer in the presence of physicochemical processes, the fundamental laws
of conservation of such guantities as mass, momentum, energy are used. Since heat and mass transfer in
the presence of physico-chemical transformations is an interaction of turbulent movements and chemical
processes, we must also take into account the law of conservation of the components of the reacting
mixture, turbulence, multiphase environment, heat generation due to radiation from a heated medium and
chemical reactions [11-16].

Object of research

The combustion chamber of the BKZ-75 boiler of the Shakhtinskaya TPP (Shakhtinsk, Kazakhstan)
was selected for numerical experiments to suppress nitrogen and carbon oxides using OFA technologies
[17-24]. Figure 1 shows a general view of the combustion chamber of the BKZ-75 boiler (Figure 1a) and
the layout of burner devices and injectors for the introduction of OFA technology (Figure 1b). The finite
difference grid for numerical modeling has steps along the X, Y, Z axes: 90x32x158, which is 455 040
control volumes. Dust of Karaganda coal is burned in the boiler, with an ash content of 35.1%, a volatile
yield of 22%, a moisture content of 10.6% and a heat of combustion of 18.55 MJ/kg. The main structural
characteristics of the combustion chamber of the boiler BKZ-75 are presented in table. 1.
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Figure 1 - General view of the combustion chamber of the boiler BKZ-75 of the Shakhtinskaya TPP (a)
and the layout of the burner devices and OFA injectors (b)

Table 1 - Structural characteristics of the boiler BKZ-75
of the Shakhtinskaya TPP during the organization of staged fuel combustion

Characteristic Value
Number of OFA injectors 4
The height of the burner, m 4
The height of the tier of OFA injectors, m 9
Diameter of OFA injectors, m 0.325
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Various modes of supplying additional air to the combustion chamber of the BKZ-75 boiler through
OFA injectors were studied: OFA=0% (basic version), OFA=10% and OFA=18%. As a result of the
computational experiments, the distributions of the concentrations of carbon monoxide CO and nitrogen
dioxide NO, were obtained over the entire volume of the combustion chamber; at the exit from it, a
comparative analysis was carried out for all the studied modes.

Results of computational experiments

Figure 2 shows the 3-D distribution of carbon monoxide concentrations CO at the outlet of the
combustion chamber of the BKZ-75 boiler for three options for supplying additional air through OFA
injectors: a) OFA=0% (basic version), b) OFA=10%, ¢ ) OFA=18%. Analysis of Figure 2 shows that an
increase in the volume of air supplied through OFA injectors reduces the concentration of carbon
monoxide CO at the outlet of the combustion chamber from 7.3*10* kg/kg to 4.6*10™ kg/kg, which
makes up about 36%.

3, 1 10 54 104 7.6 10‘4 99 lC"‘i 112 10 V- 21104 37104 5210+ 6810 8310+

3) b) ©)

Figure 2 - The distribution of the concentration of carbon monoxide CO at the outlet of the combustion chamber
of the boiler BKZ-75 at various values of air supplied through OFA nozzles:
OFA = 0% (a), OFA = 10% (b), OFA = 18% (c)
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Figure 3 - Distribution of the concentration of carbon monoxide CO over the height of the combustion chamber
of the BKZ-75 boiler at various values of air supplied through OFA nozzles:
1- OFA = 0%, 2 -OFA = 10%, 3 - OFA = 18%

Figure 3 shows the distribution of carbon monoxide concentrations over the height of the combustion
chamber of the BKZ-75 boiler for various values of air supplied through OFA nozzles: 1 - OFA= 0%,
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2 - OFA=10%, 3 - OFA=18%. It can be noted that carbon monoxide is concentrated mainly in the zone of
the main distribution of the fuel flow and oxidizer (air) from the burners, i.e. where there is a large amount
of carbon fuel. With an increase in the volume of air supplied through OFA nozzles, further oxidation of
carbon monoxide CO to carbon dioxide CO- occurs, which leads to a decrease in CO in the exhaust gases
and at the exit from the combustion space (as shown in figure 2).

Distributions of NO concentrations at the outlet of the combustion chamber of the BKZ-75 boiler for
three options for supplying additional air through OFA injectors: a) OFA=0% (basic version),
b) OFA=10%, c¢) OFA=18% are shown in figure 4. Analysis of the concentration field of nitrogen dioxide
NO2 at the exit from the combustion space indicates a significant effect of stepwise combustion technology on
the distribution of the concentration of this component. It can be seen that with an increase in the volume of air
supplied through OFA nozzles, there is a significant decrease in the concentration of NO, at the outlet of the
combustion chamber compared to the basic mode: at OFA=0% - 564.4 mg/nm® at OFA=10% -
509.44 mg/nm®, at OFA=18% - 424.88 mg/nm®. This is primarily due to the relatively low temperature in
the oxygen enriched zone of OFA injectors, which leads to a decrease in the formation of NOy from the air
(thermal NOy). The maximum permissible concentration (MPC) for nitrogen oxides NOx, adopted in
Kazakhstan, is about 850 mg/nm?.

" h
Average: 564.4 ¢ Average: 509.44 Average: 424.83
NO,, mg/nm? NO,, mg/nm? NO,, mg/nm?
| | | \ | \ | | | | | \ | | |
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Figure 4 - Distribution of the concentration of nitrogen dioxide NO2 at the outlet of the combustion chamber
of the BKZ-75 boiler at various values of air supplied through OFA nozzles:
OFA = 0% (a); OFA = 10% (b); OFA = 18% (c)
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Figure 5 - Distribution of the concentration of nitrogen dioxide NO2 along the height
of the combustion chamber of the BKZ-75 boiler at various values of air supplied through OFA nozzles:
1- OFA = 0%, 2 -OFA = 10%, 3 - OFA = 18%
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This pattern of NO; behavior is confirmed by figure 5, which shows the distribution of NO,
concentration over the height of the combustion chamber of the BKZ-75 boiler for the cases: OFA=0%,
OFA=10%, OFA=18%. An analysis of this figure shows that the main gas generation of NOx occurs in the
region of propagation of the mixtures of air from the burners. The nature of the distribution of the curves
in this region is ambiguous, which indicates a complex process of the formation of nitrogen dioxide NO;
in this region. Like figure 4, figure 5 talks about the effect of step-by-step combustion technology on the
formation and suppression of nitrogen oxides (at OFA=18%, the NO, concentration at the outlet decreases
by almost 25%).

Conclusion

The results of a study on the introduction of OFA technology for heat and mass transfer processes
occurring in areas of real geometry, which are the combustion chambers of TPPs, when burning energy
fuel in them are presented. Numerical experiments were carried out using 3-D computer simulation
methods. A comparison was made for different modes of supplying additional air through OFA injectors
into the combustion chamber of the BKZ-75 boiler: OFA=0% (basic version), OFA=10%, OFA=18%. It
has been shown that the introduction of OFA technology at the BKZ-75 boiler of the Shakhtinskaya TPP
can significantly reduce emissions of harmful substances, such as carbon monoxide CO and nitrogen
dioxide NO2, which will improve the environmental situation at coal-burning thermal power plants in the
republic.
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IMAXTHUHCK K90 BK3-75 KASAH/JIbIFbIHJIA OTBIHHBIH CATBILJIbI
KAHY TEXHOJIOT'USICBIH EHI'I3Y KE3IHJEI'T
KBLITY MACCA AJIMACY CHITATTAMAJIAPBIH 3EPTTEY

AnHoTanus. TaOury SHEpPrus pecypcTapbIHBIH CApKBUTYHI JKOHE KOpIIaFaH OPTAaHBIH JIACTAaHYBI JKardaibIHIa
JHEPTreTHKANIBIK JKOHE OSKOJOTHSIBIK KayilCi3miK NpoONeMachlH IIeNly >KaHA DSHEPreTHKAJIbIK CTpPaTeTHsSHBIH
MaHBI3IB MiHAeTTepi Oombim TaObIanel. KazakcTan e3iHIH KaKeTTUTIKTEpiH KaHaFaTTaHABIPY VIIiH FaHa eMec, 0ackKa
OHIpJiepre SKCIOPTTAay YLIIH Jie ETKUIKTI dHepreTHKaJbIK PEecypcTapAblH YJIKeH KOopblHA ue. PecnyOnvkaHbIH
SHEPIeTUKAIBIK PECYPCTaPhIHBIH TEHICPIMIH/IE TAC XKOHE a3 AOPESKEAC KOHBIP KoMip O0acsiM. ByriHae anemzae keMip
KDC-na anextp xoHe buly dHeprusichiHbH 50%-man acrambl, an Kasakcranga — 85%-ra KybIFbl O©HIIpLIE.
Kazakcrania 3ustHIB! 3aTTapbl MIBIFAPYAbIH KaTaH HOpMaJlapblH CAaKTail OTHIPBIN, SHEPrusl eHIipyre OaiIaHbICTHI
NPOLECTEPIiH THIMAUINIH apTThIpy Typajbl Maceiae ore oTkip Typ. Ocbrran OaimaHblcThl 3ustHiubl [llan-ra3
HIBIFapBIH/IBIIAPBIH  KAJIBINTACTHIPY/IBIH HETI3Ti NpolecTepin OakpliayFa MYMKIHIIK OepeTiH SHEPTHsUIBIK THIMII
TEXHOJIOTHSUIApABI KYpy JKOHE OJaplbl TOMEHIETY >XOHIHJET1 YCBHIHBICTApABI 33ipiiey KbUTYy IHEPreTHKACHIHBIH
o3eKkTi MiHAeTi Oombim TaOBUIanbl. [IlaHKOMIpIi OTHIHBIH KaFyIbIH YHEPTETUKAIBIK KOHIBIPFBUIAPBIH JKETUIIIPY
JKOHIHJET] TPOTPECCUBTI TEXHOJIOTHSUIBIK IPOLECTEp CaJaChIHAAFbl 3epPTTEyNep >OHE OTHIHHBIH 9p TYpJIepiH
JKaFyIbIH OajlamMalibl oflicTepiH malmanany Ka3ipri yakbirta Kasakcran PecryOmmkachiHBIH OapibIK SHEPTeTHKAIBIK
KeIIeHi YIIiH HeFYPIIBIM ©3€KTi OOJIBI TaObLIaIEL.

A3OT OKCHATEPiHIH MIBFapBIHABUIAPEIH a3alTyABIH OPTYPIIi oxicTepi 6ap, oJapAbIH iMIiHAE OTHIHABIK Kamepana
OTBHIH/IBI JKaFy CaTBICBIHAA a30T OKCHUATEPiH 0acy TEXHOJOTHSCHIH €HTi3y HEFYPJIBIM OPBIHABI OOJBIN TaOBLIAIHI.
Otbiagpbl cathuibl xkary - "Overfire Air" (OFA) texnonorusicbl NOy a30T OKCH1I KOHLEHTPALMSICHIH TOMEHACTYAIH
THIMAL dnicTepiHiH Oipi 60xbI TabbIanel. CaThUTEI ayaHbI OTTHIK KeHicTiK ke3inge OF A TexHomorusuiap sxacanapl
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Oepyze KaxerTi aya kejemi yuliH kemipai skary Obutaiima: 70-90% aya Oepineni orreikrapbl skoHe 10-30% —
apkputl OF A-MH)XEKTOpBI OpHalacKaH YCTIHEH >KaHApFbl KYPBUFbUIAPBL. byil arnaiiia OTBIHIBIK KYPHUIFBIHBIH
ToMeHri OeJiriHjie OTTeriMeH a3laraH TOMEH TeMIeparypaibl JKOHE OTHIHMEH OalbIThUIFAH >KaHy aiMarbl
KypbL1aJpl, Oyl OThIH a30ThiHaH NOX Ty3inyiH TemMenaeTyre MyMKiHaik oepeni (oreiHabik NOx). CoHbIMEH Karap,
OFA-uHXEeKTOpJIap/IbIH OTTETIMEH OaMBITHUIFAaH aiMaFbIHIAFbl TOMEH TeMIieparypa ayagan NOX Ty3uUIyiH a3aiTyra
akeneni (TepmusabiK NOX).

Byn makanana [llaxtuack K30 BK3-75 Ka3aHABIFBIHBIH OTTHIK Kamepachl Mbicanbiaga "Overfire Air" (OFA)
TEXHOJIOTHSCHIH €HTi3y OOMBIHIIA ecenTey JKCIepUMeHTTepl ychiHburaH. BK3-75 KasaHABIFBI MaiilaHHAH JKoHE
ThUIAH Oip KabaTKa €Ki jKaHapFbl OpHATBUIFAH TOpPT HIaH OyphIIbIMEeH jkadnpikTanrad. Kasanapikra Kaparanast
karapaarsl keMipaiH (KP-200) mags! xarsmanst, Kynairi 35,1%, YIIKBIITEH MBFRIMBL 22%, sUFangsuibrsl 10,6%
JKOHE KaHy KbUTysl 18,55 Mmk/kr. ['azmap MeH CYWBIKTHIKTApIbIH aFbIMBIH CHITATTAUTHIH MAaTEMATHUKAJIBIK MOJIEIH
Macca MEH WMIYJBCTHI CaKTay TeHAeynepine HerizmenreH. JKpury Oepy mporectepi OONaThIH aFbIHOAp YIIIH,
COHJIaif-aK KBICBUIFaH OpTajap YIIiH SHEePTUSHBI CaKkTay TEHJIEYiH KOCBIMINA MIENTy KaKeT. OPTYPIi KypaMaacTapabl
apajacTelpy MpoIecTepiMeH, JKaHy peakIusIapbiMeH KoHe T.0. aFsIMIapAa KOocma KOMIIOHEHTTEPiHiH CaKTalry
TEHJIEYiH Kocy KaxeT. TypOyJNeHTTIK aFpicTap YIIIH TeHaeyJep Xyiieci TypOyJNeHTTIK cUnaTTaMaliapFa apHajfaH
KOJIKTIK TEHJEYJEePMEH TONBIKTHIpbUIaabl. OTBIH MEH ayaHblH aiHaIMallbl aFblHAApbl YIIIH JKajmbl JKaraaiina
KYpJeJi YIIOIIMIEM Il €CEIIT] STy Talall ST

KommbloTepitik Monenbaey omicTepiMeH 3epTTelai op Typil pexumuaepi Oepy oOTTBIK kamepanbl BbK3-75
KocbiMiIa aya apkpuibl OFA-umxkexkropsl: OFA=0% (6a3anbik-nycka), OFA=10%, OFA=18%. JKyprizinren ecenrey
9KCIEPUMEHTTEPIHIH HOTHXECIHIE OTTHIK KaMepaHbIH O0apibIK KeseMi OoiibiHma CO KeMipTeri OKCHATEPiHIH JKoHe
NO; a30oT nnoKcHII KOHIEHTpaUMsUIapbIHBIH OemiHyl aneiHAsl. OFSA-TeXHOIOTHSCHIH CHTI3YAIH €H MaHBI3IIBI
HoTIKeci oHBIH KoMeriMeH OFA=18%-ra 25%-ra xone CO kemipreri okcuni 36%-ra maiimanany Ke3iHOE OTTHIK
kamepacbiHaH MmibiFyna NO; a30T IHOKCHII KOHIECHTPAIMSCHIHBIH TOMEH/EYlI OoJblll TaObUIaAbl. AJBIHFaH
votmwkenep "Overfire Air" (OFA) TeXHOIOTHACHIH €Hri3y XKBUIy Macca ajMmacy MpoIleciHe OH ocep eTeAi JKoHe
SHUSTH/IBI 3aTTap/ABIH MIBIFAPBUTYBIH a3aiTyFa MYMKIHAIK Oepei JereH KOPBITHIH/ABI KacayFa MyYMKIHIIK Oepei.

I1. Ilagapxux’, C.A.Boxerenosa 23, A.A. Tysk6aes?, B.JO. Makcumos?,
A.O. Hyreimanosa?, 7K.K. lllopranéaesa?, C.A. Boserenosa®

"Yemcknii Texanueckunii yausepeurert B [Ipare, [Ipara, Yenickas Pecrry0mnuka;
?Kazaxckuii HallMOHANLHBIN YHHBEpCUTET UMeHH anb-Dapadu, Anmatsl, Kazaxcran;
3 HayuHo-Mccle10BaTeIbCKIil MHCTUTYT SKCIEPMMEHTAIbHOM M TeopeTuyeckoil Gpusuky,
Anmarsl, Ka3zaxcran

HNCCJIEJOBAHHUE XAPAKTEPUCTHK TEIIJIOMACCOIIEPEHOCA
TP BHEJIPEHNU TEXHOJIOT MU CTYIIEHYATOI'O 'OPEHUSA TOIIVINBA
HA KOTJIE BK3-75 IIAXTUHCKOM T3I]

AnHOTanusi. B ycnoBusX HCTOIIEHMS NPUPOTHBIX JHEPrOPECYpPCOB M 3arpsi3HEHHs OKPY)KaIoIeH cpesl
pelieHne MpoOJIeMbl SHEPTETHUIECKOW M IKOJIOTHYECKOH Oe30MacHOCTH SIBISIIOTCS BaKHEHIIMMH 33ja4aMi HOBOW
SHepreTudeckoi crparermu. KaszaxcraH pacriojgaraeT OTpOMHBIMH  3allacaMd  JHEpPreTHYECKHX Pecypcos,
JIOCTaTOYHBIMHU JJISI YJIOBJIETBOPEHHSI HE TOJBKO CBOMX MOTPEOHOCTEH, HO M Ul SKCIOpTa B APYrHe pPernoHsl. B
GanaHce SHEPreTHYECKUX PECypCOB PECHyOIMKH Mpeo0alaloT KaMeHHBIE W, B MEHBIICH cTeneHH, Oypsie yriu. B
mupe Ha yroasHbIX TOC BeIpabatsiBacTcs 6oiee 50% 3MeKTpHUIECKOM U TEINIOBOH »Heprun, a B Kasaxcrane — mouru
85%. B Kazaxcrane odeHb OCTPO BCTAaeT BOIPOC O MOBHILCHUH 3(P(HEKTHBHOCTH MPOIECCOB, CBSI3aHHBIX C
MIPOM3BO/ICTBOM SHEPTHH, MPU COOMIOJEHUH CTPOTMX HOPM BBIOpOCAa BpEIHBIX BEUIECTB. B 3TO# cBsA3M co3nanne
9HEeprod(PEeKTUBHBIX TEXHOJOTHH, MMO3BOJISIONINX KOHTPOJIMPOBATH OCHOBHBIE IPOLECCHl (POPMUPOBAHHS BPEIHBIX
IIBUIETa30BbIX BBIOPOCOB, U pPa3paboTKa PEKOMEHJALMII MO MX CHI)KEHHMIO SABISIETCSl aKTyalbHOW 3amadeit
TerIosHepreTuku. McciaenoBaHus B 00JACTH MPOTPECCHBHBIX TEXHOJIOTHUYECKHX MPOLIECCOB IO COBEPILICHCTBO-
BaHHUIO DJHEPreTHYECKUX YCTAHOBOK CXKMI'AHUs IBUIEYTOJBHOTO TOIUIMBA W WCIIOJIBb30BAHHUIO albTEePHATUBHBIX
METOJIOB CKUT@HHS PAa3JIMYHBIX BHJOB TOIUTHBA SIBJISAIOTCSI B HACTOsIIEE BpeMs HanOoyee aKTyalbHBIMH JUISi BCETO
sHepreTudeckoro komuiekca Pecrry6iuxu Kazaxcran.

Wmerorcst pa3nuyHble METOIBI COKpAIlEHHs BHIOPOCOB BPETHBIX BEIIECTB, HauOojee IeecooOpasHbIM U3
KOTOPBIX SIBJISICTCS BHEAPEHNE TEXHOJIOTHH TTO/IaBJICHHS OKCHIOB a30Ta Ha CTAJUH CXKUTaHWS TOIUIMBA B TOHOYHON
kamepe. CtyneHvaroe cxuranue torumsa — texHosnorust «Overfire Air» (OFA) siBasiercst oqHUM U3 3QQEKTUBHBIX
METOJIOB CHIDKEHHSI KOHIEHTpalu okcuaoB a3ota NOy. CTyneHdaras mojada Bo3LyXa B TOIOYHOE IPOCTPAHCTBO
npu OFA-TexHONIOTHH 3aKiIOYaeTcs B Mojade HEOOXOIMMOro 00beMa BO3IyXa IUIS COKMI'AaHHMS YIS CIEAYIOINM
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obpazom: 70-90% Bo3nyxa mogaercst B ropeniku u 10-30% — yepe3 OF A-HHKXEKTOPBI, KOTOPBIE PACIIOJIIOKEHBI HAll
rOpEeJIOYHbIMU  YCTpOMCTBaMH. B 3TOM cilyyae B HM)KHEH 4YacTM TOIOYHOIO YCTPOWMCTBAa CO34aercs
HHU3KOTeMIlepaTypHast 00elHeHHasi KHCIOPOJOM M O0OTallleHHasi TOIIMBOM 30HA TOPEHUS, YTO MO3BOJISIET CHU3HUTh
obpazoBanue NOx u3 azora torumBa (toruuBHble NOX). B To e Bpems Hu3kas Temreparypa B oOoramieHHOW
kuciopoaoM 30He OFA-MHXKEKTOpOB NMPHUBOAMT K MUHHMM3aUUU obOpa3oBaHus NOX U3 Bo3Iyxa (TepMHUECKHE
NOX).

B naHHOI cTaThe MpencTaBiIeHbl PE3yNbTaThl BHIYMCIUTENBHBIX SKCIEPHMEHTOB MO BHEIPEHUIO TEXHOJIOTHU
«Overfire Air» (OFA) na npumepe TomouHoil kamepsl kotna BK3-75 Ilaxtuuckoit TOL. Korten BK3-75
000pyZOBaH YEeTHIPbMS MTBUICYTOJIBHBIMHI TOPEIKAMH, YCTAaHOBJICHHBIMH TI0 JBE TOPEJKH C (PPOHTA M C ThIJIA B OJWH
apyc. B kotne cxuraercs msutb Kaparananackoro psposoro (KP-200) yris, 3ompHOCTBIO 35,1%, BBIXOJOM JIETYYHX
22%, Buaxuocthio 10,6% wu Temnortoit cropanms 18,55 MJ/Kg. TeueHue ra3oB M KHUIAKOCTEH ONKMCHIBACTCS
MaTeMaTH4eCKON MOJENbI0, OCHOBAaHHON Ha YPaBHEHHUSIX COXPAHEHHS MAacChl U UMITyJIbca. [ MOTOKOB, B KOTOPBIX
MPOMUCXOJAT IMPOIECCH TEIUIONEPEaun, a TAKKE Ul CKUMAEMbBIX Cpell HEOOXOAMMO [OMOJHHUTENBHO pEIaTh
ypaBHEHHE COXPAHEHHMS SHEPTUH. B TedeHMsIX ¢ mpoleccaMy CMEINBAHNS Pa3InYHBIX COCTABIISIIONINX, C PEAKIIHSIMA
TOpeHHs U JIp. HEOOXOAMMO J00aBUTh ypaBHEHHE COXPAHEHHS KOMIIOHEHTOB cMecH. [t TypOyJNeHTHBIX TeueHHiH
cUCTEeMa YypaBHEHHMH JIOTOJHSETCS TPAaHCIIOPTHBIMU YPAaBHEHUSIMUA MJisi TypOyJEHTHBIX XapakTephcTuk. Jlims
BPAIIAOIINXCS TOTOKOB TOIIIMBA U BO3LyXa TpeOyeTcsl B 00IIEM ClIydae pEIICHUE CI0KHOM TPeXMEepHOH 3a1aun.

Mertonamu 3-D KOMIBIOTEpPHOTO MOJETMPOBAHMS HCCIENOBAaHBl Pa3JIMUHBIE PEXHUMBI MOJIAYM B TOIOYHYIO
kamepy komina BK3-75 nonomnurensHoro Bo3ayxa uepe3 OFA-umxextoper: OFA=0% (0a3oBbIi BapuaHT),
OFA=10%, OFA=18%. B pe3ynpraTe IpOBEJCHHBIX BBIUYUCIUTEIBHBIX OSKCIEPUMEHTOB OBUIM MOJIYyYEHBI
pacrpezneneHus KoHIeHTpanuid okenaoB yraepoaa CO u quokcuaa azora NO» 1o BceMy 00beMy TOIIOYHOM KaMephl.
Hanbonee BaXHBIM pe3yNbTaTOM BHEAPEHUS CTyleH4aToro cxuranus tormmsa (OFA=18%) sBisercs cHIDKeHHE
KOHIIEHTpauuii auokcuaa azota NO, Ha BBIXOAE M3 TOIMOYHOW Kamepsl Ha 25% u oxcuma yriepoma CO Ha 36%.
[ToydeHHbIE pe3yabTaThl MO3BOJISIOT CAENATh BBIBOJI O TOM, YTO BHEAPEHUE TEXHOJOTHH CTYIICHYATOrO CXKHTaHUS
tormuBa (OFA) monoXWTenbHO BIHMAET HA TIPOILECC TeruioMaccooOMeHa B Kamepe CrOpaHds M TO3BOJISET
MHUHHAMH3HPOBATh BBIOPOCHI BPEIHBIX BEIECTB Ha KazaxcTaHckux TOLL.
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THE MODELING OF A FLOW IN FLAT AND RADIAL
CONTACT UNITSWITH ASTILL GRANULAR LAYER.
EVALUATIONS OF A CYLINDRICAL REACTOR WITH
A RADIAL GAS INPUT AND A FREE OUTPUT (PART 1)

Abstract. Heterogeneous catalytic processes conducted in axial or radial type reactors with a still catalytic layer
are some of the most important elements of the chemical technology. The attention of scientists and manufacturers to
the investigation and application of these contact units deals with the following advantages: a highly developed
surface of a phase separation, a possibility to provide a high flow velocity and hence to decrease sizes and a material
consumption, a construction simplicity and a reliability of an exploit. Improving an operation of contact units may be
achieved by refining present technologies, catalysts, disperse system structures and by creating new ones.
Nevertheless, in some cases large scale hydrodynamic heterogeneities in a working zone of the unit cancel out efforts
to increase an efficiency of chemical, heat/mass transfer and other processes. The exploration of reasons of the
hydrodynamic heterogeneities formation requires an investigation of liquid and gas motion physics features in
granular layers. A practice of a chemical reactors exploitation reveals that technical and economical indicators of an
industrial process are as a rule lower than the calculated ones, derived on a stage of the process design. Now it can be
considered proven that one of the reasons affecting the reactor output is the heterogeneity of a reagents flow in a
granular catalyst layer. The article deals with a mathematical modeling of an incompressible liquid flow in flat and
radial contact units with the still granular layer and a creation of numerical realization methods for the model

We propose a cycle of articles dealt with a model of a real reactor that consists of three parts: a distributing
manifold, a collecting manifold and a working zone, where the still layer of a granular catalyst is loaded. An input
and an output are made with a Z-shaped scheme. We consider processes and their equations in each reactor zone in
detail.

Keywords: chemical reactor, still granular layer, catalyst, Ergun law, stream function, granular layer resistance
factor, Green's function, pressure field, velocity field, layer resistance.

The vast amounts of works are dealt with revealing the equations of an incompressible liquid motion
in the still granular layer. These equations are constructed by phenomenological and statistical methods
[1-4]. In the first case equations are written down phenomenologically and an interpretation of some parts
is conducted using the averaging of a microscopic model [1-2]. The statistical method is based on time,
ensemble and space ways of averaging correspondent micro-equations, that describe a continuous one-
phase medium motion and the motion of several one-phase media with account for boundary conditions
on inter-phase surfaces [3- 4]. For deriving the averaging equations the kinetic theory of a disperse media
and VVokker-Planck differential equation were applied. As a result of these approaches there were obtained
either different modifications of Darcy and Ergun equations or, as in a turbulence theory, non-closed
systems of equations that may be closed with account for a structure and physical properties of phases in
the mixture [5-7]. This is the main problem in modeling heterogeneous media.
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Contact units of a radial type with the still granular material are widely used in technological
processes of different industries. A chemical reactor with the still layer of a tableted catalyst that is used in
a large-capacity petrochemical industry can be mentioned as an example. One of the reasons that
decreases the efficiency of such units is a heterogeneity of a reagents flow in a reactor working zone. It is
known that the appearance of heterogeneities in a steam and raw mixture flow is caused by two factors.
The first factor is the heterogeneity of the catalyst layer structure, for example, its porosity (or density)
that appears during the process of a layer making (in filling the unit) [8-10] and during the further
operation as a result of packing by gravity, vibration, breaking catalyst granules and so on. The second one
is a bad choice of a ratio between geometrical and hydraulic parameters of a unit during its design.

It is considered that the heterogeneity of the reagents flow in the reactor working zone sufficiently
influences process indicators only if a chemical reaction takes place either near the catalyst surface or on
it. Indeed, at these conditions the velocity of reacting products directly defines the time of a contact with
the catalyst. Main characteristic parameters of the reaction depend on this time. If the reaction takes place
inside a porous space of catalyst granules then the contact time is defined by a diffusive reagents velocity
and does not depend on a flow velocity near the granule. In the case it is assumed that the flow
heterogeneity does not influence the chemical reaction kinetics.

Indeed that is not so. The majority of practically using reactions are accompanied by heat
consumption or emission, so they are endothermic or exothermic. Hence if the reaction takes place in an
interdiffusive area then some heat should be brought in or out, because the efficiency of the reaction often
depends upon a temperature. To hold the specified temperature regime of the catalyst layer a neutral heat
carrier, for example an overheated steam, is added to source reactants. It is well known that the flow
heterogeneity of such steam-raw mixture causes an inhomogeneous temperature field and therefore leads
to an appearance of overcooled or overheated parts in the catalyst layer. In addition to decreasing the
output of a target product that results in sintering the catalyst or losing its catalytic properties.

Heterogeneities in the catalyst layer structure may be removed by using special ways of loading [10-
11] or by an application a modular catalyst, where it is possible. By now these ways of loading and the
technology of the catalyst module production have been already invented and continue to be developed.
The flow nonuniformity that is caused by the reactor construction may be investigated and removed on the
base of hydroaerodynamic calculations which allow to define the velocity and pressure fields in the unit in
dependence on its geometrical and hydraulic parameters [12-13].

The reactor model and the problem setting

Let us produce a scheme of a real reactor as a model that consists of three parts (figure 1). The
distribution manifold I is a cylindrical pipe of R; radius with a blind end and a perforated side surface. The
collecting manifold Il is made by a cylindrical perforated shell of R, radius and an outer wall of the unit.
The working zone Il is the still layer of the granular catalyst placed between two perforated coaxial
cylindrical surfaces. At PJSC "Nizhnekamskneftekhim" Z-shaped reactors are used for obtaining a
styrene, so an input and an output of a gas stream in the model is realized according to Z-shaped scheme.

The pressure drop in radial reactors is not large and it is about some tenth parts of an atmosphere, as a
rule. The velocity of the steam-raw mixture is about 1 m/s and Mach number M << 1, therefore the gas
passing the reactor is considered as incompressible.

divv=0 1)

A stream energy change in | and Il domains on account the gas outflow and inflow through perforated
surfaces considerably exceeds energy dissipation due to a viscous friction [14]. Hence the flow in I and 1l
domains is supposed to be potential:

rotv=0 2

Since gas velocities are about 1 m/s we assume a correctness of Ergun’s square law and write it down
in an invariant form:

gradp =—f|v|v (3)
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Figure 1 - The unit scheme with the radial gas input

We assume that the flow in units under consideration as axisymmetric, choose the origin and
directions of coordinate axis as it is shown in the fig.1 and write down equations (1) — (3) in cylindrical

coordinates: the continuity equation

i.%_;_% =0 (4)
r or oz
the rotor of the velocity vector
Ve Ny _ g )
oz or
Ergun’s law:
P __g A
or
op
—=—-fv| 6
0z M ©

In I and 1l domains the pressure is defined according to Bernoulli's principle:

()

2
'0;/ + p = const

In these equations:
vrand v, are the radial and axis components of the velocity correspondingly; p is a gas density;

_L75p(1-¢)
de’

f
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is a factor of the granular medium resistance; d is an effective diameter of a granule; ¢ is a medium

porosity.
Let ¥ be a flow function, so we write the solution of the equation (1.4) as
1 oY
r = — 0 —
r oz
VZ — _l ° 8_‘{I (8)
r or

by virtue of the pressure mixed derivatives equality and in case of f = const we derive from eq. (6):
oY, V. oY, R A2

pe (1+V—'2)+ P (1+V—22)—28r6Z v +2v=0 9
At T'1 and T, boundaries (see fig. 1) between I — Il and Il — 1l domains correspondingly the
continuity conditions for normal components of velocities and pressure are obeyed:
V, =V, Vv, =V,
p® = ap, +pliD  ph = pUIn _ pp, (10)

where Api2 is a pressure jump on perforated walls of distributing and collecting manifolds, i.e. on I'; and
I'; boundaries, that equals

Apyp = 0-1,2177?1‘2 . (11)

According to [15-20] the resistance coefficient ¢ that corresponds to a midrange flow rate through the
side surface v1, may be expressed by a free section ¢1 2

O = §[¢1_21 (1 - ¢1,2 +

where 1 and 2 indexes are for I'1 and I", boundaries.

If the normal velocity component on I'1 and I', boundaries is set then the full determination of the
flow parameters can be conducted for all three domains separately and comes down the solution of
elliptical equations like (5) and (9) for the flow function in each domain. The determination of the velocity
normal component at I'1 and I'> boundaries are made due to the continuity condition for pressure (10) in
passing the boundaries. To accomplish this condition at specified velocity normal components a target
function is constructed that equals to the mean-square pressure jump at boundaries:

1- ¢1,2
2

)1, (12)

DV, v, ) = 1 j (PO — P _ AP)? dr e j PP _AP )iz, (13)
1N L " L 7
where L is a length of I'; and I'; (the unit height). The procedure of or and v, determination comes down to

minimization of the target function ®.
On eq. (7):

PO =p P2 4v2)
L) n 2

P —p —g(vfz +V2) (1.14)

8blX

where pin and pout are the full pressure at entering | domain and at leaving Il domain, correspondingly, at
v12 = 0. Since the pressure is recovered up to a constant po, the constant should be entered in the number
of the target function parameters and po should be determined from the minimum condition, assuming that

pUD = py + . (15)
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We select the units of the pressure and velocity measurements so that

Pex — Peoix = 1
VB _ 2( pBX B pBb[X =1 (16)
\} P
and set the value
q1 = Pin — Do 17)

and rewrite eq. (13) in account for (11), (14) and (15 - 17) as

(D(vrl,vrz):%;‘: [[7+(1+&1)vé+vzzl—ql]zdx+ -

%j [p+(1-6,)v2 +v2 —q+1] dz
I,

20,,

where &, = is a dimensionless coefficient of a perforation resistance, that in general case may be

a function of z.

Results. So, the problem solution method is a searching for v, and v, that make a minimum of the
functional (18). The solution of the direct task in | domain (the distribution manifold) is shown in [17] and
looks like:

z+h 5 z+h )2
T I A iy g o
T A +(2-7)° r 0L Sh AT+ (2-17)

(19)
2h ov,
t—e |Z:z
T 0L
This equation allows to reach an accuracy O(h?) in the determination of the velocity tangential
component and pressure on boundaries of I, 111 and 111, 11 domains.

B.H. Koseckun!, A.A. IOnycos?, A.A. FOnycosa? ILT. Illtepu’, A.B. JIykbaunosa', 1. K. Kymaayiaes®

OBrOY «Peceit XJKBEM K. JI. Y muHCKHI aTBIHAAFH! SIpOCIaBIb MEMIEKETTIK
TIeTarOTUKAJIBIK YHUBEPCUTETI», SIpocnasie, Peceil;
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AFBIH/IbI KO3FAJIMAMUTHIH TYAIPIHIKTI KABATBI BAP )KA3bIK JKOHE PATAAJIJIbI
BANJIAHBIC AIIITIAPATTAPIA MOJEJIBJEY. I'A3bI PAJIUAJIABI EHI'I3YMEH
7KOHE EPKIH HIBIFAPYMEH HWJINHAPJIK PEAKTOPAbI ECEIITEY (1-5OJIIM)

AnHoTanusi. XVMUSUIBIK TEXHOJIOTHSIHBIH MaHBI3/IbI JJIEMEHTTEPiHIH Oipi KaTalu3aTOpAbIH KO3FalIMaiThIH
KabaTbl 0ap aKCHaJIbAl HEMEce paiMaibl TYpJAEri peakTopiaplia iCKe achIpbUIATHIH T€TEpPOTreH/li KaTalnTHKAJIBIK
npouectep Oonbinm Tabbutaabl. FampiMaap MeH eHIIpyIIUIepAiH Ha3apblHa OCHIHAAH OaiylaHblc KYpBUFBUIAPBIH
3epTTey MEH KOJJaHyFa OipKaTap apTHIKIIBUTBIKTAap cebem OoiraH: Qaszamap OeniMiHIH KOFaphel JaMbIFaH O€Ti,
aFBIHIIAP/IBIH KOFaphl KBULIAMIBIKTApbIH KAMTAMAaChI3 €Ty MYMKIHIIr1, 1eMeK, rabapuTTep MEH MaTepual ChIHbIM-
JBUIBIFBIH a3aiiTy, KOHCTPYKIMSHBIH KapanaibIMABUIBIFGI Menaiinananyaarbl ceHimainmik. baiiimaneic ammaparra-
PBIHBIH KYMBICHIH JKaKcapTyFa KOJJAHBICTAFbl TEXHOJOTHSUIAPABI JKETUINIPY JKOHE jKaHa TEXHOJIOTUSUIapIEL,
KaTanu3aTopiap MeH AUCIEPCUSIIBIK KYHeIepaiH KYpPbUIBIMIAPEIH KYpy ece0iHeH KO XKeTKi3inyl MyMKiH. Auaiina,
Oipkarap skarmaiiapa ammapaTThIH JKYMBIC alMarblHAa ipi MacmTaOTHI THAPOIUHAMHUKAIBIK OIPTEKTI eMeCTik-
TepIiH 00Jybl XUMHSIIBIK, JKbLIy-Macca aaMacy *oHe 0acka Ja MPOLECTePAiH THUIMAUIINIH apTThIpy OOMBIHINA ic-
OPEKeTTI JKOKKa IIbIFapajbl. [ MapoIuHaMHUKaibIK OIpTEKTI eMec KYObUIBICTap/IbIH Maiga 00y ceOenTepiH aHbIKTay
TYHIpLIKTI KabaTTapia CYHBIKTHIK MEH Ta3JiblH KO3FaJIbIC (PU3MKACHIHBIH €PEKILIENIKTepiH 3epTTey Il Tajlall eTel.
XUMHSIIBIK peakTopiiapAbl Maijanany ToKipnoeci @HepKaCINTIK MPOLECTIH TEXHUKATBIK-OKOHOMHKAJIBIK KOPCETKIII-
100
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Tepi, oeTTe, OCHI MPOLECTi Kobajlay CaThICHIHIAA aJBIHFAH €CENTIK MOHAEPAEH TOMEH CKeHIITIH KyoJaHIBIPAbL.
Kasipri yakpITTa peakTopIsH eHIMALIIriHe 9cep eTeTiH cebenTepaiH 6ipi TYHipIIiKTI KaTann3aTopAbIH KaOaThIHIAFbI
peareHTTEp AaFbIHBIHBIH OIPTEKTI eMECTLTiri OOJBIT TAaOBUIATHIHBI JIOJEIACHTCH el caHayra Oosambl. JKymbic
KO3FaJIMaiThIH TYHIPIIIKTI Ka0aThl O0ap a3blK XKoHE pajualibl KOHTAKTLI anmnaparTap/ia KbICbUIMalThIH CYHBIKTBIK-
TBHIH aFbIHBIH MaTEMATHKAJIBIK MOJICIICYTC JKOHE OChI MOJICIIBI CAHIBIK ICKE achIpy 9MICTEPIH KYpyFa apHaiaFaH. Y1l
OeJIKTEH TypaThlH HAaKTHl PEAKTOPJBIH MOJENI OOHMBIHINA >XYMBIC LUK YCHIHBUIABL TapaTymIbl KOJUIEKTOD,
JKMHAMTBIH KOJUIEKTOP JKOHE TYHIPIIIKTI KaTaJM3aTOP/IbIH KO3FaJIMaNThIH KabaThl XKYKTENETiH KYMBbIC aiiMarbl. ['a3
arbIHBIH MOJENbIe €HTi3y JKoHe InblFapy Z - OeifHeni cxema OOMbIHINA JKy3ere achlpbuianbl. PeakropabiH apOip
alfMarbIHIAFBI IPOIIECTEP MCH OJIAPIBIH CHIIATTAHTHIH TEHACYIIEPIi eTKel-Ter keI KapacThIpalbIK.

Tyiiin ce3jep: XUMHSUIBIK pEakToOp, KO3FAJIMAaWTBIH TYHIpIIKTI KabaT, KaramusaTtop, OpraH 3aHbpl, TOK
(OYHKIHSACH, TYHIPIIIKTI OpTaHBIH Keaepri ¢akTopsl, ['puH QYHKIUACH, KBICBIM 6pici, KBUIIaMIBIK opici, KabaT
Kezeprici.
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MOJIEJIUPOBAHUE TEUEHUS B IIVIOCKUX U PAJIMAJIBHBIX KOHTAKTHBIX AITITAPATAX
C HEIOABM)KHBIM 3EPHUCTBIM CJIOEM. PACUET IWINMHAPUYECKOT'O PEAKTOPA
C PAIMAJIBHBIM BBOJIOM I'A3A U CBOBO/IHBIM BBIXO/JIOM (YACTD 1)

AnHoTranusa. OJHUMHM U3 BaXKHEMININX D3JIEMEHTOB XHMHUYECKOM TEXHOJOTMM SBIIAIOTCS TI'eTEPOreHHBIE
KaTaJIUTHYECKUE IPOLECCHI, pealu3yeMble B PEaKTOpax aKCUAJIBHOTO WIM PaJHalbHOTO TUIA C HEMOJBUKHBIM
CJIOEM KaTalnu3aTopa. BHUMaHHMIO y4Y€HBIX M TPOM3BOJCTBEHHHMKOB K HCCIICIOBAHUIO M TNPUMEHEHHMIO TaKHX
KOHTaKTHBIX YCTPOMCTB OOYCIIOBIEHO pSAOM IIPEUMYILNECTB: BBICOKOPA3BUTOW IOBEPXHOCTHIO pasiena (a3,
BO3MOXKHOCTBIO OOECTIeUeHHs BBICOKHX CKOPOCTEH IIOTOKOB H, CIJI€OBATENBHO, YMEHBIICHHS TabapuTOB U
MaTepHaTIOEMKOCTH, TIPOCTOTON KOHCTPYKINHU U HAJEKHOCTBIO B SKCIUTyaTallUH. YIIydlIeHHEe PaOOThl KOHTAKTHBIX
annapaToB MOXKET OBITh JOCTUTHYTO 3a CUET YCOBEPLIEHCTBOBAHUS CYLIECTBYIOIINX U CO3/IaHHS HOBBIX TEXHOJIOTHH,
KaTaJlM3aToOpOB M CTPYKTYp AMCHEPCHBIX cucreM. OIHAaKO B psie CIydaeB HAIWIWE KPYHMHOMACIITAOHBIX
TUAPOANMHAMHUYCCKUX HeO}IHOpO}IHOCTeﬁ B pa60qeﬁ 30HC arrmapara CBOJUT Ha HET YCWJIHA IO IMMOBBIIICHUIO
3(1)(1)GKTI/IBHOCTI/I XUMHYCCKUX, TEMI0-MaCCOOOMEHHBIX U JAPYTHUX ITPOILECCOB. Briacuenue IMPUYUH BO3HUKHOBCHU
THJPOJMHAMHYECKUX HEOJHOPOJHOCTEH TpeOyeT u3yueHHs: 0COOSHHOCTeH (PU3MKU JABMIKEHHS >KUIKOCTH M ra3a B
3epHUCTBIX cH0AX. OMBIT JKCIUTyaTalliM XHMHYECKHUX pPEaKTOPOB CBUAETEIBCTBYET O TOM, UYTO TEXHHKO-
HSKOHOMHUECKHE MTOKa3aTeIN IPOMBIIIIEHHOTO NpolLecca, KaK MPaBMIIO, HIDKE PACUETHBIX 3HAUCHUH, TOTyUYeHHBIX Ha
CTaJluy MPOEKTUPOBAHUS ATOTO Ipolecca. B HacTosImee BpeMs MOXKHO CUUTATh JOKAa3aHHBIM, YTO OJHOW U3 MPUYMH,
BIMSIIOIUX HAa MPOM3BOAUTEIBHOCTh PEAKTOpa, SABISAETCS HEOJHOPOJHOCTh MOTOKA PEAreHTOB B CIIOE 3€PHUCTOrO
KaTanu3aropa. PaboTa mocBsieHa MaTeMaTHYecKOMY MOJICITUPOBAHHUIO TEUEHHs HEC)KHMMAaeMOH JKHIKOCTH B
IUIOCKHX W paJualbHBIX KOHTAaKTHBIX amllapaTax C HEMOIBIKHBIM 3€PHHUCTBIM CIOEM M IOCTPOCHHIO METOIOB
YHCIEHHOHN peanu3anuy 3Toid Mojenu. [IpemtoxkeH muki paboT MO MOJENN PEaIbHOTO PEakTopa, COCTOSIIETO U3
TpeX dYacTeW: pa3Jarollero KOJUICKTOpa, COOMpArOmIero KOJUIEKTOp M paboueil 30HBI, B KOTOPYIO 3arpyxkaercs
HETIOJIBMDKHBIN CIION 3epHUCTOrO Karanum3aTopa. BBoJ M BBIBOJ ra3oBOrO NMOTOKA B MOJAEIHM OCYIIECTBJIEH MO Z -
o0pa3zHoii cxeme. PaccMoTpuM 1ogpoGHO MPOIIECCH U OMICHIBAEMBIE X YPABHEHNUS B KaXKJOM 30HE PeakTopa.

KiroueBble cjI0Ba: XMUMHUYECKHH DPEaKTOp, HEMOJIBMKHBIM 3€pHUCTBIM CJIOH, KaTaium3aTop, 3aKOH Oprasa,
(yHKIMST TOKa, (aKTOp CONPOTHBICHUS 3€PHUCTON cpenpbl, GyHKIMs ['puHa, TMoJie AaBJICHUM, IOJEe CKOPOCTEH,
COIPOTUBJICHHE CIIOSI.
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SOLVABILITY OF BOUNDARY VALUE PROBLEMS
WITH NON-LOCAL CONDITIONS FOR MULTIDIMENSIONAL
HYPERBOLIC EQUATIONS

Abstract. In this paper, we study the solvability of new nonlocal boundary value problems for hyperbolic
equations in a multidimensional bounded domain. For the problem under study, the existence and uniqueness
theorems of regular solutions are proved.

Keywords: hyperbolic equation, boundary value problems, regular solutions, existence, uniqueness.

1. Introduction and statement of the problem. It is well known that studies of the properties of
correcting boundary value problems for differential equations are important both for applications and for
mathematical and mechanical problems. The theory of boundary value problems for high-order elliptic
equations attracts particular attention of mathematicians.

The aim of the work is to study the solvability in classes of regular solutions of a new boundary value
problem for the equation

Uy — Au+ c(x, t)u = f(x,t), (x,t) € Q. (1)

This equation is an ordinary second-order hyperbolic equation, and the solvability of natural boundary
value and initial-boundary value problems for it is well studied [24-26].

The study of the solvability of boundary value problems for quasi-hyperbolic equations (by analogy
with quasi-elliptic equations) apparently began with the works of V.N. Vragova [1,2]. A study of the
solvability of problems for high orders of equations in Sobolev spaces was carried out in [1-3], a number
of similar results were obtained in [4-11].

Investigations of nonlocal problems with integral conditions for linear parabolic equations, for
differential equations of odd orders, and for some classes of non-stationary equations, have recently been
actively studied in the works of A.l. Kozhanova [7,9,10]. In [1-6], the main attention was paid to
situations related to degenerate equations of the form (1).

In [12], a criterion was obtained for the strong solvability of the mixed Cauchy problem for the
Laplace equation.

It is known that the Dirichlet problem for polyharmonic equations is uniquely solvable for any right-
hand side of the equation. In [13-16], a new representation of the Green function of the Dirichlet problem
for the polyharmonic equation in a multidimensional ball is constructed explicitly. In [17,18], a
representation of the Green function of the Neumann problem for the Poisson equation in a
multidimensional unit ball was obtained.
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The problems of finding solvability conditions for boundary value problems for a polyharmonic
equation in a ball were investigated in [19]. In [20], for derivatives of the 2l -th order equation with
constant (and only higher) real coefficients, normal derivatives were studied under boundary conditions.
For these problems, sufficient conditions for the Fredholm solvability of the problem are obtained and
formulas for the index of the problem are given.

In [21-23], the behavior of solutions of the Dirichlet problem for the Poisson equations and the
biharmonic equation in an unbounded domain was studied.

In this paper, we obtain a theorem on the existence and uniqueness of a regular solution of a nonlocal
in time boundary value problem for hyperbolic equations in a multidimensional bounded domain by the
method of a priori estimation and passage to the limit.

Let Q - be a bounded region of space R" with a smooth boundary I', Q - a cylinder
Qx(0,T)0<t<T <+, S=Tx(0,T) - aside boundary Q, f(x,t) - given functions defined for

xeQ,tel0,T]
For equation (1) we study the time-nonlocal boundary value problem
uls =0, )
u(x,0) = au(x,T), 3)
u:(x,0) = Bu;(x,T),a, B €R. 4)

In studies of this kind of nonlocal problems, the parameter continuation method, a priori estimation
method, and passage to the limit are usually used. For a hyperbolic equation, the parameter continuation
method is not applicable, since the smoothness of the right side of the equation will be lost.

We define a functional space in which the properties of uniqueness and existence of a solution to the

boundary value problem (1) - (4) will be studied. Namely, we define space W,*?(Q) as the set of
functions from space L, (Q) that have generalized derivatives of spatial variables up to the second order
inclusive and with respect to variable t up to the second order inclusive, belonging to the same space. We
define the norm in space W,>2(Q) .

: v2
[Phyz2(0) = [J‘Q{uz + .Zufixj + (g )Z}dxdtJ

i,j=1
obviously, space W22'2(Q) with this norm will be a Banach space.

2. The regularized nonlocal boundary value problem and the main result. We consider the following
regularized problem in order to apply the continuation method with respect to the parameter

U — Au + c(x, )u — eAuy = f(x,t) € L,(Q) (5)
uls =0 (6)

u(x,0) = Adau(x,T), @)

u:(x,0) = ABus(x, T). (8)

For the regularized problem (5) - (8), we obtain estimates in the corresponding spaces. To this end,
we multiply equation (5) by u; integrate over Q, then we obtain.

juttutdxdt —jAuutdxdt + f cuu, dxdt — szut updxdt = ffutdxdt;
Q Q Q Q Q

_ 2p2
I =% %(u?)dxdt =%f[u§(0,T) —u?(x,0)]dx = wlu?(x, T)dx;

2
Q Q

—12R2
Here we take into account the boundary condition (7) and |8| < 1, such that# >0.
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n n
1 d
I, = —fAuut :Z fux.ux.tdxdt =—Z f—(u,%.)dxdt =
; i i 2 ; ot i
Q L
n
1-21a
[u2,(x, T) — uZ,(x,0)]dx =Tz uz, (x,T)dx;
Q 1Q

1—f ddt—lfa 2)dxdt 1f Zdxdt =
3 = | cuu,dx =3 at(cu) X > cu“dxdt =
Q Q

[cCx, TDu?(x, T) — c(x,0)u?(x, 0)]dx —%f couldx dt =
Q

[cCx, T) — 22a?c(x, 0)]u?(x, T)dx —%f couldx dt;

I, fAut updx = — sz f Uy,x;t Ue dxdt = ez f Uyt 2dxdt;

llQ 11Q

R
—f[ut(x,T)dx +— ZJ—ux (x, T)dx +

2
i=1(

va—‘ va—k

1 1
2 f[c(x T) — 22a?c(x,0)] u?(x, T)dx + = fAututdx dt +£Z fux L+ dxdt = ffutdxdt
Q Q i=1¢Q

We will require that the conditions are met
c(x,T) — 22a?c(x,0) =0 ,c.(x,T) <0.
Under the condition 9|s = 0 the embedding theorem holds, i.e. Friedrichs inequality [20]:

fﬁ(x T)dx < moz:j xlz(x T)dx. (F)

=10
We apply it to the function 9 = u;.

n
1
ffutdxdt <— dxdt+ﬁff2dxdt < ;noz_fuxltdxdt+262ff2dxdt.

Q Q 1=1¢Q

62
We choose % = 2

Then we have
1-p2 1-a? 1
T'Bfﬂ ui(x, T)dx + 70{ o1 Joux (0 Tdx + e X7y fQ Uy, 2dxdt < Zfodedt; (9)

At the beginning, we must obtain a uniform estimate for A for a fixed e. Equation (5) is multiplied by
u;¢ and integrated over Q, then we obtain

—futtAutdxdt +fAu Augdxdt — f c u Aupdxdt + efAutzdxdt =— f f Au;dxdet.
Q

Q Q Q Q
Then we have

1—22p? 1— A2¢?
Tﬁz Uy,e 2(x, T)dx + ——— > ¢ f[Au (x, T)]de+£f(Aut)2dxdt =
i=1 Q Q
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- j fAu,dxdt + f culu.dxdt;
Q Q
Estimating the right-hand side and taking into account C, = mgxlcl we have

1 —/12 2 1-2%a?
p qux 2(x, T)dx + ———— > ¢ f[Au (x,T)])?dx +§f(Aut)2dxdt <
Q

i=10Q Q0

2
Co
<- 24— 2dxdt = I. 10
_8ff+€fux ¢ (10)
Q Q

Applying the Newton-Leibniz formula:
u(x,t) = fot u.(x, 7)dt + u(x,0) (N-L)

using the boundary condition (7) we obtain

T
ulx,T) = I —Aafut(x’ t)dt.

0
Using the inequality |(a + b)? < 2(a? + b?)| we obtain

2 2

t T
u?(x,t) <2 fut(x, t)dt | + 2a, jut(x, t)dt | <
0 0
t t T T
<2 ju? dt jdr + 2a, ju? dt jdt < (2T+2a1T)ju?dt;

0 0 0 0 0

Integrate over Q:
fQ u? (x,t)dxdt < 2(1 + a)T? fQ u?dxdt; (11)

A 2
Here a; = (1_20() .

This is the required inequality. Denote by ko, = 2(1 + a;)T? . Further, continuing inequality (11), we

have:
C2k
I < f ffz 0 OmOqux dxdt;

Q Q =19
Using inequality (9), we have

ffzdd

The Newton-Leibniz representation (N-L) using (7) gives:
t

u(x, t) = fur(x, T)dt +

0

1 Clkom
fdexdt ——< 02;2 O)fdexdt;
Q

T

a

T —Aafut(x' t)dt;
0
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So we have

1 C0 komo

If in (11) we assume u = Au, then we obtain:

2k 2k
f(Au)dedt < kq f(Aut) dxdt < 80(8 420 °m°>

f F2dxdt; (13)

It remains to obtain an estimate for the first term, i.e. for u;.. To do this, we use the following well-
known inequality:

|(ay + -+ ap)? < m(a? + - + a?)|

Jugtdxdt = j(Au —cu+ ehu; + f)%dxdt < < (4 ](Au)z +4CZ juz + 4¢ j(Au)Z + 4jf2)dxdt.
Q

Q Q Q Q
For all terms of the right-hand side of the last inequality, estimates are obtained for fixed &, i.e.
fQ u?.dxdt < N(¢) fQ f2dxdt. (14)

Next, let’s bonus the continuation method with respect to the parameter for a fixed e.
Now erase A, i.e. consider the boundary value problem for 2=1.

{ u(x,0) = aulx,T),
u;(x,0) = Bu,(x, T).

Obtaining the first a priori estimate uniform in ¢ :

2 2 n
1=/ juf(x,T)dx+1_2a > Uz (T x+
i=1Q
+;_|'[c(x,T)—a2c( x,0)li? (T dx——jct 2dxdt+gZJ'uxtdxdt—
Q i=1Q
= | fu,dxdt <= [udxdt + —| fdxdt. (15)
£Ut X 2£Ut X +252£ X

Hence, in particular, we have

~ 5 Jué(x T)dx<5—2.[u2dxdt+ijf2dxdt (16)
o T2y 267, '

(5)>< (A—t)ut, where A- is some positive number, A > T . For example, you can take A= 2T ,
thenA—t>A-T =T >0;

[(A—t)u,u,dxdt —[ (A—t)Auu,dxdt +
Q Q
+ [(A—t)cuu,dxdt — £ [ (A—t)Au,u,dxdt = [(A—t)fu,dxdt;
Q Q Q
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Suppose that condition %[(A —t)c(x, t)] <0, is satisfied, then we have

A-T

Tzn:ju (x,T)dx += Zju dxdt

i=1Q i=1 Q

JuZ(xT)dx+ 1jufdxdt +
O 25

‘Tjc(x,T)uZ(x,T)dx—%j((A—T ¢).u 2dxdt+ngA t) u2,dxdt =
Q Q i=1Q

_jf (A—t)u,dxdt + = jut(xo)o|x+2 ju (x,0)dx +— jc(xO)u (x,0)dx (17)

—1Q

We use the boundary conditions (7), (8) and (16) we have

2
juf(x,T)dx <9
o 1

2 1 2
= iut dxdt+mif dxdt.

i< Kl5zjufdxdt+%jf2dxdt,
! Q Q

As a result, we get

where K;, K- independent of & .

We choose, in particular, K1§2 = % 5% = i Then we get

4K,

—jufdxdu Zu dxdt+nguxtdxdt<4K K jfzdxdt
_1Q
Hence, in partlcular we have

qudxdt<16K K jfzdxdt Zju dxdt < 8K, K jf dxdt, nguxtdxdt<4K K jfzdxdt
I=1Q =1Q

Adding all the terms, we get

jufdxdt + Zju dxdt + nguxtdxdt <K j f 2dxdt ,
i=1Q i=1Q
where K - is independent of & . As required.

Thus, the following theorem is proved.
Theorem. Let the conditions be satisfied: c(x,T) — 2%a?c(x,0) =0 , c.(x,T) <0,
f, f, € L,(Q). Then the boundary value problem (1) - (4) cannot have more than one solution in space

W, %(Q).

Funding. This work was supported by grant AP05135319 of the Ministry of Education and Science of
the Republic of Kazakhstan.
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KoelloJIIEMAI HIEKTEJIT'EH OBJIBICTA THITEPBOJIAJIBIK TEHJAEYJIEP YIHITH
JIOKAJIbJAbI EMEC HIETTIK ECENTEPAIH INEINIMALIITT

Aunotaumsi Byn kymbicTa IIeKTelreH Kememmemai wumuHapai o6meicta Q = QX (O,T), QcR",
S=TIx (O,T ), I'=0Q 0<t<T <400 keneci runepGonanbik Terzey yuin
Uy —Au+c(x,tu=f(xt), (xt)eQ )
KeJeci Typ/Ieri JIOKaJlibl eMeC IIETTIK ecell
u(x,t)s =0, )
u(x,0)=au(x,T), ®)
u,(x,0)= pu, (x,T) (4)

KapacThIPbLIAIbl, MYHIAFbI f(X,t) -xeQ, te [O,T] Oepinren Gpynkuusnap ¢, ff € R - cannap.

ABFpIHIIANIFaH KBa3UTUNEpOONaNbIK TEHJAEYJIep YLIIH WIETTIK ecenTtepAiH memiMmaunrin 3eprrey B.H. Bpa-
TOBTBIH )KYMbICTapbIHAH 0acTay aynajbl.

CBhI3BIKTHI MapadoIaiblK TCHACYJICD YIIIH HHTErPAIbIK MapThl 0ap, TaK peTTi AuddepeHInaNIbIK TCHICYIep
YILiH, CTaluOHapibl eMec KeWOip TeHAeyJepAiH KiachlHAa JOKAJIbAbl eMeC MIETTIK ecenTepAiH IIeIiMALTIrHIH
Macereci, COHFBI XKbu1Iapbl, A.W. KoskaHOBTBIH >KYMBICTapbIH/a 3€PTTEITEH.

Ue — Au+ c(x, t)u — eAu, = f(x,t) € L,(Q) ®)
u(x,t), =0, (6)

u(x,0)= Aau(x,T), (7)

u;(x,0)= A8u,(x,T) ®)

(1)-(4) ecebiniy perymspibl IICMIIMiH 3epTTey YUIiH Kocanksl (5)-(8) perymspianrad eceGiH KapacThIpaMbI3.
Ocp! anbiHFad Kocaikpl (5)-(8) ecen yuuiH: A napaMmeTpi OOMBIHIIA JKaIFacThIPy 9MICiH, calikec (DyHKIMOHAIIBIK
KEHICTIKTEp/Ie anpuopJIbl Garanaysap SiCTEPiH KOJIaHaMbI3. & -HaH GipKaiblThl Toyenai Garamaynapua & — 0
YMTBUIABIPELY apKBUIBI, 3€PTTEIIIN OTBIPFAH €CEeNTiH Peryyspiibl MIeHTiMiHIH 6ap OOJyBI KOHE JKAIFBI3IBIFE TYPAaJbl
TeopeMa JQJCICHE .

Tyiiin ce3mep: runepOoIaibIK TEHICY, HICTTIK ECeNTep, PEryISAPIIbI HIeIimMaep, 6ap 0Oybl, KaaFbI3AbIFbL.

B.J1. Komanos?, I'.JI. Komanosa?, I'.E. Asumxan®, P.Y. Cernsoaesa*

MHCTHTYT MaTeMaTHKU 1 MATEMATHIECKOTO MOIEIUPOBaHus, AnmaTel, Kazaxcram;
13Kazaxckuil HaMOHABHBIH Mefarorndeckuil yuusepcuter um. A6as, Anmartsl, Kasaxcran;
2Me;xz[yHapoz[HI)H”d Kazaxcko-Typenxwnii yauepcuteT nmeHn X.A. Scasu, Typkucran, Kazaxcras;
4AxaneMus rpaxxiaHckoil aBuauun, Anmatel, Kazaxcran

PA3SBPEHINMOCTDB KPAEBBIX 3A/IAY C HEJIOKAJIBHBIMU YCJIOBUAMU
JJIA MHOT'OMEPHBIX T'NIIEPBOJIMYECKUX YPABHEHUU

AnHoTanusi. B nmaHHON paboTe wucciemyercs pa3pelIMMOCTh HOBBIX HEJNOKAJIBHBIX KpPaeBBIX 3amad Juis
TUNEPOONTNYECKUX YPaBHEHUI B MHOTOMEPHOH OTpaHNYeHHON 00JIacTH.

B orpannuenHod umnuHApuueckod obnactu Q =Qx (O,T ) QcR", S=Ix (O,T ) =00 0<t<T<+mw

paccMOTpUM TUNepOOTHUECcKOe ypaBHEHHE
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Uy —Au+c(x,tu=f(xt), (xt)eQ 1)

CO CJIEAYIOIINMHU HEJIOKAJIIbHBIMHU 10 BPpEMEHHU KPA€BbIMU YCIIOBUSIMHU
u(x,t) =0, @
u(x,0)=au(x,T), 3)

ut(x,O):,But(x,T) (4)

riue C(X,t), f (X,t) — 3aj1anHble QDYHKIMM, OnpeaeeHnble npu X € Q te [O,T ] ., f € R -HexoTopsie uncra.

HccnenoBanue pa3pellMMOCTH KpaeBhIX 3aad sl BBIPOXKAECHHBIX KBa3MIHIIEpPOOJIIMUECKHX ypaBHEHHH (110
AHAJIOI'MH C KBa3UJUIMIITHYECKUMH ypaBHEHUSIMH ) Hadasiock ¢ padot B.H. Bparosaa.

HccnenoBanus HENOKANbHBIX 337ad C HMHTCTPAIBGHBIMHM  YCIOBUSIMHM Ul JIMHEHHBIX TapaOOoIM4ecKux
ypaBHEHUH, 11 AnddepeHINaTbHBIX YPAaBHEHNI HEUETHBIX MOPSIKOB M IS HEKOTOPBIX KJIACCOB HECTAMOHAPHBIX
YpaBHEHUH B ITOCIIETHAE BPEMs aKTHBHO HccienytoTes B paborax A.M. Koxanosa.

Jli1st vicciiefoBaHms HENOKaIbHOU KpaeBoii 3anaun (1)-(4) paccMOTPHM CIEAYOIIYIO PETYIIPU30BaHHYIO 3a1a4

Uy — Au+ c(x, t)u — eAu, = f(x,t) € L,(Q) (5)
ulg=0 (6)

u(x,0) = Aau(x,T), (M

ue(x,0) = APuc(x, T). ©))

st aTo# perymnsipu3oBaHHON 3a1aun (5)-(8) MBI MPUMEHNM METO IPOJOIDKEHUS 1o nmapametpy. s 3amaun
(5)-(8) mosTyurM anpHOPHBIE OIIEHKH B COOTBETCTBYIONINX (BYHKIHOHAIBHBIX TPOCTPaHCcTBax. M B KOHIIE Mepexoanm
k npepeny & — 0.

Takum oOpa3zoM, aus HM3y4aeMOH 3a/a4d JOKa3blBAeTCs TEOpEMa CYyNIECTBOBAHMS W EAMHCTBEHHOCTH
PETYISIPHOTO PEIICHHS.

Ki1roueBble ci10Ba: rHnepOOIMUEcKOe YpaBHEHNE, KPAaeBble 3a7adM, PETYISPHBIC PELICHUs, CyIIECTBOBAHHE,
€INHCTBEHHOCTb.
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GAUGE EQUIVALENCE BETWEEN THE I'-SPIN SYSTEM
AND (2+1)-DIMENSIONAL TWO-COMPONENT
NONLINEAR SCHRODINGER EQUATION

Abstract. At present, the question of studying multidimensional nonlinear evolution equations in the framework
of the theory of solitons is very relevant. Their usefulness is confirmed by numerous scientific publications, articles
and many international conferences. One of the results of these works is the conclusion that, each (1+1)-dimensional
soliton equation corresponds to several (2+1)-dimensional integrable and nonintegrable extensions. This led to the
intensive development of an important subclass of nonlinear evolution equations of the theory of integrable spin
systems. The simplest example of an integrable spin system is the equation Myrzakulov-I (M-1). The M-I equation is
a (2+1)-dimensional integrable generalization of the well-known Landau-Lifshitz equation and for y = x it is reduced
to it. In this paper, we consider the I'-spin system. This spin system corresponds to the 2-layer M-l equation.
A matrix Lax representation for the aforementioned spin system in symmetric space is proposed. The main result of
this work is the establishment of gauge equivalence between the I'-spin system and the (2+1)-dimensional two-
component non-linear Schrédinger equation.

Key words. T-spin system, 2-layer M-I equation, (2+1)-dimensional two-component nonlinear Schrodinger
equation, gauge equivalence.

Introduction

Modern mathematics and physics are fluttering intensively. Domestic fundamental science is not lag
behind. We can distinguish such directions as differential equations of various orders (see, for example,
[1]), computational methods and Riemannian metrics [3]. No less interesting topic is mathematical
modeling of problems [4]. In particular, one can note such works as [4] where the (2 + 1) -dimensional
integrable Fokas-Lenels equation was considered. Also in [5] the work of A.A. Zhadyranova investigated
the solutions of the Witten-Dijkgraf-E. Verlinda-G. Werlinde equations (WDVV).

The basis of research in the field of mathematical and theoretical physics is the knowledge of
integrable nonlinear evolution equations (NEE). The solitons theory of integrable NEE of (1+1)-
dimension is well developed. This is evidenced by the large number of works devoted to this field by well-
known modern mathematicians and physicists, such as Ablovets M., Zakharov V.E., Laks P.D., Lipovsky
V.D., Manakov S.V., Ishimori U., Sigur H., Shabbat A.B. and others (for example Refs.[6,7]). In recent
decades, multidimensional, in particular (2+1) and (3+1)-dimensional NEE have been intensively studied.
The interest in them is justified by the fact that with their help many physical processes are described in
optics, radiophysics, in the dynamics of continuous media, particle physics and other fields. The more
famous among (2+1)-dimensional integrable equations are the nonlinear Schrodinger equation (NLSE),
the Ishimori equation, the sine-Gorden equation, the Kadomtsev-Petviashvili equation, the Zakharov-
Manakov equation, the Davy-Stewartson equation, M-I etc [8-13]. Theories of solving problems for two-
dimensional integrable equations are more complicated, since (2+1)-dimensional connected with systems
of linear partial differential equations with variable coefficients. Spin systems are a significant section of
the NEE.
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(2+1)-dimensional two-component nonlinear Schrodinger equation has forms

iy + 0y — V10 — @G, =0, 1)
i0y +0ppx — Vo0, —@,0; =0, 2
ir, — Iy +Vih + 0,1, =0, 3
if =Ty Vol + oty =0, 4
Vi — (210, +1,9,), =0, (%)
Vox — (10, +2r,0,), =0, (6)
oy, — (041, )y =0, )

@ _(rqu)y =0, 8)

where q; =q;(x,y,t), r,=r(x,y,t) are the complex functions and v; =v;(x,y,t), w, =w,(X,Y,t),
(i = 1,2) are the real functions. It is integrated by the method of the inverse scattering method, thus, for its
there is a Lax representation. Its Lax representation is given in the form

D, =UD, )
D, =210, +V, @, (10)

A -spectral parameter and @ = (¢,,4,,4;) . Here the matrix operators U, and V,, accordingly, have
the forms

U, =-i1Z+Q, (11)
0 g 0 100
Q= rn 0O O0f,z2=|0 -1 O
r, 0 0 0 0 -1
and
-0, (ra, + erz)y Qay 2y
Vl = | - rly a;]-(rlch)y a;:L(rqu)y .
—hyy o, (aur, )y 0,1 (a,r, )y

Lax representation for the I"-spin system corresponding to the two-layer M-I equation
I -spin system which accord to the two-layer M-I equation is given by

ir, + %[r,ry ] +2i(r), =0, (12)

z, = étr(l“[l“x,l"y]) (13)

here [FX,ijz I,I', —I,I; and called commutator. We introduce the following notation for I

r=g?'sg, r’=1 (14)
and
1—‘11 1—‘12 1—‘13
[=|T, T, @|esu@d).
I_‘31 I_‘32 I_‘33
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Elements of the T" matrix respond some restrictions
—(1+F11 + Fzz)a L = fji (i. j= 1,2.3)

Theorem 1 The Lax representation for the I"-spin system (12)-(13) is given in the form

v, =U,¥, (15)
W, =20, +V,, (16)
where
U, =-iar, V, =2izzr +2[r.r, | (17)
2

Proof 1. From the compatibility condition the system (15) and (16), the matrices U, (x,y,t,4) and
V,(x,y,t,A) satisfy the condition of zero curvature

Uy =V, +[U,V,]-24U,, =0. (18)
Then substituting expressions (15), (16) and (17) in the condition of zero curvature (18) obtain
—iar, —2i(er), -2 [r r,] —ialr\v,]+2i2r, =0,

[V, ]= [r,zizzn%[r,ry ]} = E[F’ [cr,]=24r,,

ir’ +%[r,ry | +2i(ar), =o0.
Finally, we derive

il“t+%[l“x,1“y]+ [ T Xy]+2|z I'+2izl, =0

%(r[rx,ry]Jr Ir,.1, )+ 4iz,1 =0

- —tr(l“[l“x, y])

So we have obtained sought-for T"-spin system corresponding to the two-layer M-I equation

ir, +%[r,ry ] +2i(r), =0, (19)

z, = étr(l"[l"x,l“y]). (20)

Thus we proved theorem 1.

Gauge equivalence between the I'-spin system and (2+1)-dimensional two-component NLSE

In this section, will estabilish the gauge equivalence between the (2+1)-dimensional two component
NLSE (1)-(8) and the I"-spin system (12)-(13).

Theorem 2. The (2+1)-dimensional two component NLSE (1)-(8) and the I'-spin system (12)-(13)
are gauge equivalent to each other.

To prove this theorem, we introduce some concepts from the classical theory of gauge equivalence.

Definition 1. Equations admitting the Lax representation

Y, =U¥, ¥ =V;¥, j=12
or satisfying the condition of zero curvature
U, -V +U,.V,]=0, j=12
are called integrable equations.
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Definition 2. Integrable equations are called gauge equivalents if they are related by a transformation
®, =g'®,, U, =gU,0'+9,97", V, =gV,0 " +g,0" with the matrix function g not conditional on
pseudo-differential symbols by other independent variables of operators included in U and V .

Proof 2. Let pass to the immediate proof of the theorem. First, consider the following gauge
transformation

Y=g'®, g=d,,,
where @ is the solution to the system of the corresponding NLSE (1)-(8), and ¥ is the solution to the
system corresponding to the I'-spin system (14)-(15), and also g(x,y,t) is an arbitrary 3x 3 matrix

function that is a solution to system (9)-(10) at A =0. The derivative of the function ¥ with respect
to X is

¥, =(g70), =g, ~glg,g 0 (21)
then using then substituting the expressions (9), (10) and (11) in (20) we get
Y, =g (-ilZd+Qd)-g'Qgg D = —ilg =D = —ilg '¥g¥ = ALY =U,¥
Next we take the derivative of ¥ by t
W, = -gV,gg 0 + g (220, +V,0)= 249D, = 24971 (g¥), =249 1g, W + 24%,.
in total
Y, =U,¥, ¥, =22V, +249'g, Y.

The last formula depends on ¥, we need to express ¥ in terms of I'. From the expression (14)
follows

r,=(o"s9), =[r.o%,]
on the other hand
r,=(o7sg), =g7[20,07f.
Next we introduce notational convention

TEiCy Cy Cyl, (22)

then from the equation (22) follows

0 ¢, Cp
r,=2g*-c, 0 0|g. (23)
We also have that
0 ¢y Cy 0 ¢y, Cp
IT, =2ig*2gg™*|-¢c, 0O 0 |g=2ig|cy O 0 |g (24)
-c;; 0 O ci; 0 O
0 ¢, ¢ 0 ¢, ¢y
rr=2ig*-c, 0 0 |gg7Zg=-2ig~|cy, O 0 |g. (25)
Considering (24) and (25) we get
0 ¢, ¢
[rr,]=4ig%c,, 0 0 lg.
c; 0 O
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Now we need to express g‘lgy in terms of the matrix I". For this, we represent the matrix g, in the
following form
bll blZ blS
g, =il by by by |g=Wg
b3l b32 b33

and by, =z, b,, =by; =—z. Here z=2z(x,y,t) is unknown function. Consequently g g, = g~ 'Wg.

0 b, by
r,=[r g%, ]=[o"z0,0"Wg|= g EW]lg=2¢{ b, 0 O g,
by, 0 O
0 b12 b13
[cr,]=4ig% b, 0 o0]g,
by 0 O
O b12 b13
-1 1
g7by 0 0 gzﬁ[r,ry],
by O O
O blZ b13 1
979, =ig"Wg =izg'S+igby, 0 0O g=izl"+z[l“,l"y] .
by 0 0

Substituting the resulting expression in (14) we obtain
@, = 24F, + 24979, ¥ = 24, + Zﬂ,(izr +%[r,ry D = 24, +V, ¥

Finally, the Lax representation for the I"-spin system has the form

¥, =U,¥, (26)
W, = 20, +V,®, (27)
where
U, = -idl’, (28)
v, = 2i/121"+%[1“,1"y]. (29)

So, we derived the Lax representation for the spin system (14) - (15). The system compatibility
condition (26) - (29) (¥,, = P, ) gives

Uy —Vy +[U,V,]-24U,, =0
or

ir, +%[r,ry ] +2i(r), =0,

2, = étr(r[rx,ry]).

Theorem 2 is proved.
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Conclusions
In this paper, we considered the T -spin system corresponding to the 2-layer equation Myrzakulov-I.
Farther a matrix form of the Lax representation was proposed for the equation under consideration in the

symmetric space SU(n+1)/s(u(l) @ u(n)) for the case N =3. This kind of Lax representation

expands the possibilities of studying the T"-spin system. In particular, using the matrix form of the Lax
representation for the T"-spin system, we established the gauge equivalence of this equation to a (2+1)-
dimensional two-component NLSE. The obtained result is used for further research of spin systems when
finding different soliton solutions.
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II.P. Meip3akyJ, K. P. MbIp3aKyJjoBa

JL.H. T'ymunes ateiaaarsl Eypasus ynTTeIK yHEBepcuTeTi, Hyp-Cynran, Kazakcran

I'-CIIUH )KYHAECI MEH (2+1)-OJIIIEM/II EKI KOMIIOHEHTTI CBI3BIKTHI EMEC
IIPEAVHI'EP TEHJAEYIHIH APACBIHJIAFbBI
KAJIMBPOBTI DKBUBAJIEHTTIJIIK

AnHotanus. Kazipri yakpITTa KemeimemIi eMeC CBHI3BIKTHI ABOJIONHS TEHACYJIEPIH CONUTOHAAP TEOPHSCHI
mIeHOepiHAeri 3epTTey oTe e3eKTi O0onbn Tabbutaapl. OJapAblH MaiAadbUIBIFEl KONTETeH FRUIBIMHU JKapUsIIaHBIM-
JApMEH, MaKajlaJlapMEH J>KOHE KONTEereH XalbIKapalblK KOH(epeHIusIapMeH pacramansl. OCbl >KYMBICTapIbIH
HOTIDKeTepiHi 6ipi-opOip (1+1)-MemmeMai COMUTOHABIK TeHIey OipHerre (2+1)-MeemM i HHTErpaIIaHaThH KIHE
MHTEeTpaniaHOalTeIH KeHeHTiMaepre colikec Kemei. byl ChI3BIKTHIK €MeC BOJIONMSIIBIK TCHACYJIEP TEOPUSICHIHBIH
MaHBI3ABl TOOBIH WHTETPAJIAaHATHIH CIHHIIK JXYHEIep TEOPUSACHIHBIH KAapKBIHAB MaMmyblHA okennmi. CHuHmIK
Kyienep Hemece Jlanmay-Jludmmmn TeHmeyinepi MaTemaThka MeEH (QH3HKAaNarbl MaHBI3AB YFBIMAAPIBIH Oipi.
Meicaibl, TeOMETpHAIa OJIap OPTOTOHaNb TypiHae [aycc-BaitHapaua TeHneyiMeH aHbIKTanagsl. Ou3nkaga CIIHHIIK
JKYHenep MarHUTHUKTEPHAETi CHI3BIKTBHIK €MeC IPOIECTepAl 3epTTeyae KEHIHEH KOJAaHBbUIAAbl. VHTerpanmaHaThlH
JKOHE MHTETpaIaHOANThIH CITUHIIK KYHEeIep iy jkaHa KIIaCCTAapBIHBIH KYPBUIyJIapbl MEH 3epTTeyiepi (acipece Kem
OIMIIEMIITIK JKaFIaibIHAa) KApaThUIBICTAaHy FHUIBIMIAPBIHBIH KAKETTUIIrT MOCENeCiHIH ©3eKTUIriHeH TYBIHIAIbL.
WuTerpannsl CHHMHIIK JKYHenep TEOPHSCHH AaMbITyaa MaHeRAbl penai M.JlakmmvananaeiH, B.E. 3axaposa,
P.Mrip3akynos, JI. A. TaxTamksH xoHe Oackamapsl atkapabl. VHTerpanmaHAaTHIH CHHH KYHECiHIH KapamaibiM
MbIcaibl - Mpip3akyios-1 (M-I) teraeyi. M-I tenneyi - 6y tanbivan Jlannay-JIudumn renaeyiniy (2+1)-memmemii
WHTETpalIaHaThIH JKaIIBUIAYBI, a1 Y = X YIIiH 31 IIbFaasl. by TeHaeyaiH HHTerpanAbUIbFEl Kepi mamsipay eceli
omicine monmenneneni. Kepi mammbipay ecebi omiciH 9JeTTe CHI3BIKTHIK SCETTep Il STy YIIiH KOJIIaHbUIaTeIH Dyphe
TYPJICHIIPY OAICIH XaJmbliay Jen KapacTelpyra Oomanel. byn makamana I'-cimuuik sxydeHi KapacTeipambi3. by
CIMH XyHeci eki kabartel M-I TeHmeyiHe colikec kenmeni. JKorapbima aranfaH CHOUHIIK XYHEre CHMMETPHUSIIBI
keHicTikTeri Jlakc yChIHBICHIHBIH (JIY) MaTpUmaiblK Typi alnbHIBL. Byl )KYMBICTBIH HETi3Ti HOTIKeCi - [-crimHmik
xKyhe MeH (2+1) -emmemai exki KOMHOHEHTTI ChI3BIKTEI emec Illpemmnrep Tennmeyi (CELLT) apaceiHnarst
KaIMOPOBTHIK SKBUBAJICHTUTIKTI Kypy. CONMTOHIAp TEOPHACHIHIA KalTMOPOBTHIK SKBHUBAJICHTTUIIK MaHbI3IBI PO
aTkapanel. MaTerpanganatei (1+1) -enmmemMai CHI3BIKTHIK eMeC TEHACYJEp YIIIH KaTHOPOBTHIK SKBUBAJICHTTLIIIK
yreiMeIH 3axapoB B.E., Muxaiinos A.B., Taxramxaana JI.A. enrizmi. KaauOpoBTHIK SKBHBaJICHTTUIK YFBIMBI
CBI3BIKTHIK emec 3BotonmsaHbIH Teraeynepain (CEDT) JI¥Y-ubiH 6ap OGosrybIMeH THIFBI3 OaiaHbICTHL. JI¥ Ooiysl
CEDOT-niH wuHTEerpanjaHybl YVIOIH KaXeTTi mapT ekeHi Oenrimi. Jlemek, KaauOpOBTBHIK SKBUBAJICHTTUIIK
nHTerpanaanbaiiteH, 6ipax JIY 6ap CEDT apaceinna opsin anansl. 3axapoB B.E., Taxramksana JI.A. sKyMbICBIHIA.
Jlanpay-JInpmmn terneyi Men CEILUT (1+1)-emmeMai TapTBIMABUIBIFEI Oap JKarnail YIIiH KaluOPOBTHIK
SKBUBAJICHTTUIK aHbIKTanabl. Jlnnosckuit B.JI., llupokoa A.B., MuxaneBa B.I'. enbekrepinne. (2+1)-emmuemui
COJIMTOHABIK TeHjeyJepaiy Oenrimi eximuepi - Wmmmopu Tenneyi sxkone /»Bu-CTIOApTCOH TeHJEYi apachlHIa
nonenaenni. Connaii-ak, P.MpIp3akysioB mieH OHBIH TOOBIHBIH JXYMBICTApbIHIa Keibip cnuH xyienepi men CELLT
apachelHIa 3KBUBAJICHTTIK OpHAThUTFaHBIH atam etemi3. Meicansl, CELIT wusorponTeik Temmeyre M-III, 3axapor
teaeyi M-IX, exi kommnonentti Kamac-Xomm Ttenneyi ['eiizenOepr (eppoMarHuTTIK TeHJEyiHE HSKBUBAJICHT
eKeHJIriH KepceTkeH. OChI JKYMBIC JKOFaphl/ia aTallFaH XXYMBICTApFa YKCAC OPBIH/IAJIFaH.

Tyiiin ce3zmep. Crmn xyiteci, M-l 2-kabatter M-I Tenuey, (2+1)-emmuemai €Ki KOMIOHEHTTI CHI3BIKTHI €MeC
HlpenuHrep Tenaeyi, KamuOpOBTI IKBUBAIEHTTLIIK.
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II.P. Mbip3akyJ, K.P. Mbip3akyJioBa
EBpasuiickuii HarmoHansHbIN yHUBepcuTeT uMmenu JI.H. I'ymunesa, Hyp-Cynran, Kazaxcran

KAJIMEPOBOYHASI SKBUBAJIEHTHOCTH MEXKY I'-CITMH CUCTEMOM
M (2 + 1)-MEPHBIM JIBYXKOMIIOHEHTHBIM HEJIMHEWHBIM YPABHEHUEM HIPEJIUHTEPA

AnHoTanus. B HacTosee BpeMst BOIPOC U3y4YEeHUs] MHOTOMEPHBIX HEJIMHEHHBIX SBOJIFOLIMOHHBIX ypaBHEHHH B
paMKax TEOpWUH COJHMTOHOB SIBISETCS BECbMa aKTyaJbHBIM. VX MOJNE3HOCTH MOATBEPKAACTCS MHOTOYHCICHHBIMU
HaYYHBIMH ITyOJIMKAIUSIMH, CTaThIMI 1 MHOTMIMU MEXTyHapOJHBIMU KOH(pepeHIusiMUA. OHUM U3 Pe3yIbTaTOB 3THX
paboT sIBIIsieTCs BEIBOJ O TOM, 4TO Kaxkaoe (1+1)-MepHOE CONMTOHHOE YPaBHEHHE COOTBETCTBYET HECKOIBKUM (2+1)-
MEPHBIM HHTETPUPYEMBIM M HEHHTETPUPYEMbIM PACIIMPEHUSIM. DTO MPHUBEIO K HHTEHCUBHOMY Pa3BUTHIO Ba)KHOTO
MOJIKJIacCca HEMMHEWHBIX BOMIOLMOHHBIX YPaBHEHUH TEOPUH HHTETPUPYEMbIX CITHHOBBIX CHCTEM. BaXkHbIe 3HaUCHMS
B MaTeMaTHKe U (PU3UKE NMEIOT CIIMHOBBIE CHCTEMBI. K mprMepy, B TEOMETPHH OHU OTOXKECTBISIFOTCS C ypaBHEHHEM
laycca - BeiinrapgeHa B ero oproroHaibHOi (opme. B (usnke CiMHOBBIE CUCTEMBI YCIEIIHO MPUMEHSIOTCS B
HN3Yy4YCHUUN HEJIMHEWHBIX IMPpOUECCOB B MAarHETHUKax. HOCTpOGHI/IH M UCCJIICIOBAHUA HOBBIX KJIACCOB MHTCIPUPYEMBIX U
HEUHTETPUPYEMBIX CIIMHOBBIX CHUCTEM (OCOOCHHO B MHOTOMEPHH) OBLIM BBI3BaHBl aKTyaJbHOCTBIO MPOOIEMBI
MOTPEOHOCTH E€CTECTBEHHBIX HayK. BaKHyr0 poib B CTaHOBJIEHHHM TEOPUH HMHTETPHUPYEMBIX CIHHOBBIX CHCTEM
ceirpanu pabotsl M. Jlakimmanana, B.E. 3axapoa, P. Meip3akynoBa, JI. A. TaxrtamxsHa u ap. IIpocreitmum
OPUMEPOM HHTETPUPYEMOH CIMHOBOH CHCTEMBbI sBJIseTCs ypaBHeHue Meip3akynos-1 (M-1). YpaBHenue M-I
npezacTaBisieT coboit (2+1) -MepHOe MHTErpHpyeMoe 00001IeHe H3BecTHOro ypaBHeHus Jlannay-Jludmuna, n s
Y = X OHO CBOAMTCS K HeMy. MIHTerpiupyeMOCTb 3TOro YpaBHEHHE CBOAUTCS K METOLy 0OpaTHOM 3a/1auu paccesHHs.
Merton oOpaTHOH 3agadMl paccesHUs MOXXHO paccMaTpuBaTh Kak 00oOmeHne merona mnpeobOpasoBanus Dypse,
KOTOPBIA OOBIYHO MPUMEHSIETCS Ul PeIIeHUs JTMHEHHBIX 3a1ad. B 3To# cTaTthe MBI paccMoTpuM ['-cnivH cucTeMy.
OTa CrIMHOBAsI CUCTEMa COOTBETCTBYET IBYXCIOWHOMY ypaBHeHHio M-I. IlpennoskeHo MaTpHdHOE NpEACTaBICHNE
Jlakca (INT) @, =U (x, y,t,/l)CD, (ON :V(x, y,t,/I)CD JUISl BBILLIEYTIOMSIHYTOM CIIMHOBOW CUCTEMBI B CHMMETPUYHOM

npoctpaHcTBe. OCHOBHBIM PE3yJIbTaTOM 3TOH pabOTHI SBISIETCSl YCTAHOBJIEHUE KaJMOPOBOYHOW SKBHUBAJICHTHOCTH
Mexay [-cnuHOBOW cuctemMod u (2+1)-MepHBIM JBYXKOMIIOHEHTHBIM HEJIMHEHHBIM ypaBHeHHeM lllpeamnrepa
(HYLI). KanuOpoBo4Has 3KBHUBAJCHTHOCTh WIPACT BAXHYK pOJNb B TEOPUH COJNMTOHOB. 3axapoBeiM B.E.,
MuxaiinoBeiM A. B., Taxtamksaa JILA. ObUIO BBEICHO MOHATHE KAaTHMOPOBOYHOW SKBHUBAICHTHOCTH JUIS BIIOJTHE
uHTerpupyeMbix (1+1)-MepHBIX HenMHEHHBIX ypaBHeHWH. [loHMMaHWe KannMOpPOBOYHOW SKBHBAJICHTHOCTH TECHO
cs3aHa co cymectBoBaHueM [1JI i HenWHEHHBIX 3BOMONMOHHBIX ypaBHeHnn (HOVY). Xopomo m3BecTHO, 49TO
CyLIECTBOBaHME TMpeicTaBicHus Jlakca sBaseTcs HEOOXOAMMBIM  YCIOBHEM uHTerpupyemoctu HOV.
CrnenoBaTenbHO, KaIHOPOBOYHAS OSKBUBAJIEHTHOCTh TAaK)K€ CYIIECTBYET MEXIY HEHHTETPHUPYEMBIMH, HO
obmamaromumu I1IJI HOVY. B pabore 3axapoBa B.E., Taxtamksna JILA. OpUI0 ycTaHOBIEHa KaaHOpPOBOYHAs
SKBUBAJICHTHOCTh ypaBHeHus Jlannmay-JIludumua u HYII ¢ npursxenuem ans (1+1)-mepHoro ciyuast. B padorax
Jlunosckoro B.JI., IllupoxoBa A.B., MuxaneBa B.I. Obuin mgoka3zaHbl 3KBHUBaJEHTHOCTh MEXIy Haumbojee
W3BECTHBIMHU TPEJCTaBUTEISIMH (2+1)-MEpHBIX COJIMTOHHBIX YpaBHEHUs - ypaBHeHue Ummmopu u ypasHenue J[pu-
Crproaprcona. OTmeTuM Takke, 4ro B paborax Meip3akysioBa P. W ero rpynmbel OBUIM YCTaHOBJICHBI
9KBHBAJICHTHOCTH MEXIy HEKOTOpbIMEH chuHOBBIMU cuctemMamu ¥ HYII. K mpumepy, HYI kanubpoBoyHO
9KBUBAJICHTHOE K M30TpornHOMY ypaBHeHuto M-lIl, ypaBaenune 3axapoBa k M-IX, n1ByXKoMIIOHEHTHOE ypaBHEHHMS
Kamacce-Xonma k 0000meHHoMy ypaBHeHHIO (eppomarHeTnka IeisenOepra, u Tak pganee. lanuas pabora
BBITIOJTHEHA AHAJIOTMYHO BBIIICYTIOMSHYTHIM paboTaM.

Karouessbie cioBa: Crinn cuctema, 2-ciioiiHoe ypasaerue M-I, (2+1)-MepHoe AByXKOMIIOHEHTHOE HEJTMHEHHOE
ypasuenue llpennarepa, kannOpoBOoYHAs SKBUBAJIEHTHOCTD.
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INTRODUCING METHOD OF GENERALIZED DERIVATIVE
CONCEPT IN MATHEMATICS

Abstract. In this paper, we consider a technique for introducing the concept of a generalized derivative function
of one variable. Some assertions of combinatorics are given and proved; the concept of the derivative of the natural
order is introduced using the limit of the sequence. Using the above statements, the concept of a fractional derivative
is introduced. The basic properties of the fractional derivative are formulated and proved. Examples are given

Key words: mathematical analysis, derivative, combination, limit transition, fractional derivative.

Introduction

Mathematical analysis is a field of mathematics related to the concepts of function, derivative and
integral.

The great English physicist, astronomer and mathematician Isaac Newton and the German
mathematician and philosopher Gottfried Leibniz completed the construction of differential and integral
calculi by the end of the 17th century. The discovery of differential and integral calculus was the
beginning of a period of rapid development of mathematics.

Mathematics continues to develop rapidly. Various generalizations of the concepts of function,
derivatives, and integral have a particular interest. For example, mathematicians, including Leibniz, Euler,
Liouville, and Riemann, dealt with generalization of the concept of a derivative. Generalized functions
and their derivatives find various applications in real processes of the economy and production [1-4].

Our goal is to develop a methodology for introducing various definitions of a generalized derivative
function of one variable.

To achieve this goal, we first give some statements of combinatorics, introduce the concept of a
derivative of the natural order using the limit of the sequence. Using these statements, we introduce the
concept of a fractional derivative

1. Auxiliary definitions and formulas
As it is known [5], the number of combinations of /7 elements by & is equal

Kk n!

C, = m n>k. 1)
Here it is convenient to assume that 0! = 1. The following well-known equalities are justly:
Cp +Cn™ =Cit; @
cl.ck+cl.ckty  +ckt.cl +ck.cl=ck., mnxk. ©)
In particular, in n =m formula (3) takes the form:
Zk:cr']ckr:'zczkn, n>k 4)

i=0
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Obviously, that the formula (1) one can be wtitten in the form of

k _n(n-2..(n-k+1)

¢ n k! ®)

Now, we will consider a generalization of formulas (2), (3), (5). We notice that the right-hand side of
formula (5) is defined for any real values /7. Thus, by definition, we assume that

k _(@-0)(z-1)..(r-k+1)

C 6
T k! ©)
where 7 is a real number. For example:
c k- (2-0(2 —1)(—2k “2 220D (yreany, ot = ()
Lemma 1. For any real values of 7, the equality
K k k+1
C +C _=C ()
T 7+1 r+1
Proof: Using (4), we have
k k+1 - —(k - - —(k —
cfic +1_ 7(r -1)..(r = (k -1)) N (r-1)..(r —(k-2)(r +1) _
T T k! (k +1)!
_ (r -1)..(r = (k -1)) '(14_ T— kj (-1 (r—(k-D)(z+1)
k! k+1 (k +1)!
(t+1-0)(z +1-)(r +1-2)..(r +1-k) —Ck +1
(k +1)! r+1
Lemma 1 is proved.
Lemma 2. For any real values of 7, the equality
0 _k 1 k-1 k-1_1 k 0 k
CcC C +C C +..+C C +C C =C 8
T T T T T T T T 2t

Proof. We use the following statement [6].
If the polynomials P(x) and Q(x), whose degrees do not exceed /7, have equal values for more than
n different of values unknowns, then P(x) =Q(x).

Ko k=i k

We write the equalities P(z) = ZC C , Q(r)=C 2p where P(z) and P(z) are polynomials
A T

of degree K.

By virtue of formula (4), the polynomials P(z) and Q(z) have equal values at z=n>k. Then, by
based on the above statement, it is easy to verify the validity of formula (8) for any real values 7. Lemma
2 is proved.

2. About a definition of a natural order derivative

For a function of one variable, we define a derivative of the natural order in a slightly different way.
Let the function f(x) be defined and continuous on the interval [a, b],a<0, b>0, atthat f(x)=0 for
x <0, where x is a fixed point of this interval.

We divide the segment [0, x] into equal n parts by points Oiﬁ% We define the increment
n n

n

of the function y = f(x) at the point X in the form Ay = f (x) — f(x —i) . As it is known, if the ratio
n
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F(x) = F(x=2)
n

Ay
X X
n n

has a limit is at n — oo, then this limit is called the derivative of the function f(x) at the point X and is

denoted by:
f(x)—f(x—XJ
£(x) = lim - n.

nN—oo

n
Now we define the increment AZ y:

A%y =f(x)- f(x—ﬁ){f(x—f)— f(x—z—x)}
n n n
Cr-2fx-5 s Fx-2y2cf ot rx- Xyl -2 2
n n 2 2 n 2 n
2
=Z(—1)k-c;f(x—k—xj,
etc. continuing this process, we obtain:

0 m K kx

A"y =>(-DC_f(x——). (9)
k=0 m n

Let m be a fixed positive integer. We choose a positive integer n so that n>m. Then the formula
(9) will take the form:

4 k
A"y =>"(-)¥C .f(x—k—xj, (10)
= m n
k . .
as Cm =0; k>m. Using (10), we obtain
m -m n
£ (x) = lim 2 =nm[ij Z(—nkc;.f(x_"_xj. (1)
n—w (y M nowo\ N k=0 n
5
As an example, we consider the function f (x) = x2:
2
X
x) 2 X 2x 27 k —
(x?)" = Iim(—j [xz—z(x——)%(x——)z}: lim =2, r5e C_=0,k=3n.
n—oo\ N n n n—o yx 2
n2

3. Definition of a fractional order derivative. Properties

k
Based on the fact that the expression C  according to (6) is defined for any real values of 7, then
T

the right-hand side of formula (10) is determined for any real values of 7.
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Now, using [7], for any real number 7 we define the derivative of the 7 th order:

f ) (x)= lim ! i(—l)kc';f(x_ﬁ). (12)

n—o y\? k=0
n

Since any real number is an infinite decimal fraction, we call the derivative (14) fractional.

For example, given that C‘_(l = (— 1)k , from (12) the formula we find:
n n
£ (D(x)= lim > f(x—k—XJz lim 3 f(x—ﬁ}-(ﬁj (13)
n n—o k=0 n n

1
n—oo X -1 k=0
2

Example: We define the (-1)st order derivative for function f(x)=x. From (13) we get:

100=tim X35 i 2 00« [ (xR [ -

k=0
2 2 2 2
= lim 5[(x—1)x—i-w}: jim [ 20D _ XD o X7 xE
n—ow N n 2 nn—oo n 2n2 2 2
x2
In this way, (x)™* = R
Now we give the main properties of the 7 th derivative for any real of values of 7.
Theorem 1. Right
(e 10+ B-9(x))) = £ (x)+ g9 (x), (14)

[ f (Tl)(x)](TZ): f (T1+T2)(X).

To establish relations (14), it suffices to use representation (12) of the derivative of an arbitrary
function.

From formula (15), we note that the sum Z f(x—ﬁj-i represents the integral sum of the
n)n
=0

function f(x) for a given partition {k_x} k=1,n of the segment [0;x], x [0, x].
n
Since the function f(x), being continuous on the segment [0, x], is integrable on [0, x|, therefore,

n X
the limit (13) gives us a definite integral lim »° f[x—ﬁjlz J f (t)dt and thus, we obtain
n)n
k=0 0

n—oo ™

F00)= [ £ (Rt (15)
0

Theorem 2. For the natural value m, the derivative of the (—-m)th order function is determined by the
formula:

£ = [ £ ()x— 1)t (16)
0

(m 1)
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Proof: By hypothesis, the function f(x) is continuous at any point x € [a,b]. Therefore, the function
X
f((x)= g(x):J- f(t)dt is also continuous in the same x € [a,b]. Therefore, for the point x [0, x] we

£ C200= [ £ )t

FE0(= T e Lot a7

Theorem 2 is proved.

Conclusions

Thus, in this paper, we propose a technique for introducing the concept of a fractional derivative.
Using the limit of the sequence, the notion of a derivative of the natural order is introduced, the definition
of a fractional derivative is given for any real values of x. The basic properties of a fractional derivative
are proved. Examples are given.

Practice has shown that this approach of introducing the concept of a generalized derivative
contributes to the effective assimilation by students of various definitions of generalized functions.

I.H. Hypraobuit?, T.M. Ceutona®

! Maremaruka jxoHe MaTEMATHKANIBIK MOJIEbIEY HHCTHTYTHI, Anmarsl, Kasakcras;
21. Xancyripos arteinaarsl XKeticy MemiiekeTTik yHuBepcureTi, Tanasikopran, Kazakcran

MATEMATHKA KYPCBIHJA KAJIIIBIVIAHFAH TYBIH/BI YFBIMBIH BEPY 9/IICTEMECI

Kasipri maremaTukana QyHKIU, TYBIHABI )KOHE HHTETPAN YFBIMIAPBIHBIH SPTYPIIi XKaIblIaMa TY>KbIPIMIaphl
€peKIlIe KBI3BIFYIIBUIBIK TYAbIpYJa. MBbICaibl, TYBIHABl YFBIMHBIH JKaIbIIAybIMEH MaTeMaTHUKTEp, OHBIH IIIiHze
Jle6uum, Oinep, JlnyBwis sxone Puman aiinanbickad. JKanmbeiianraH QYHKOWSUIAp MEH OJIAPIBIH TYBIHABUIAPHI
HKOHOMUKA MEH OHIIPIiCTIH HAKTHI IPOLECTEPIHIC OPTYPIi KONTAHBICTAphIH Ta0yaa. Byir >KYMBICTBIH MaKcaThl Oip
aifHBIMAITB (DYHKIMSTHBIH KATBIIAHFaH TYBIHABICEIHBIH 9P TYPJIi aHBIKTaMaIapblH SHTi3y 9MIICTEMECiH jkacay OOJIbITT
TaOBUTAaIBl. ATalFaH MaKCaTKa JKeTy YIIH Oyl Makanaga anfbIMeH KOMOWHATOPWKAHBIH TY)KBIPBIMAAPBIH, Ti30€K
mieTi YFBIMBIH TaiiianaHa OTBIPBIN, HATypal PeTTi TYBIHAB YFBIMBI eHTi3inreH. OCBl TYKBIpBIMIApABl KOJIaHa
OTBIPBIIL, OOJIIIEK TYBIH/IbI IETeH YFbIM €HTi31Ie].

KomGunaropukana N snementren K GOMbIHIIA aNbIHFAH TEPYIEP CAHBI

ckonm-1..(n—k+1) &)
n k!

(hopMyJIachIMEH aHBIKTAJIAThIHBI Oenrii. (1) dhopMynaHbIH OH JKarbl Ke3KeldreH I =7 HaKThl CaHbl CaHbI YIIIH 1€
aHBIKTAJIATBIHBIH OaiikaiiMbr3. OHa aHBIKTaMa OOMBIHIIIA

C|<:(r—0)(r—1)...(r—k+1) ) )
T k!

(opMynaceiH KaObUIIAybIMBI3Fa Oomanpl. Ochl QopMynaHBl MaligajnaHa OTBIPHII Oip alHBIMABl (PYHKITUSHBIH
HATypaJl PETTi TybIHABICHIH coy Oackama enrizenik. f(X) ¢ynxmuace [@, b], a<0, b> 0 apansireina
aHBIKTAJICBIH OHE OChl MHTCPBAJIIBIH KE3KEIreH HAKThl X HYKTECI YIIiH f(X) =0, myama x<0. 0’5127x‘mln7x
n'n n

HYKTeJIepIMEeH [0, X] kecinmicia N OGipaeit 6emikTepre G6emnernik. Conna

f(x) - F(x=2)
_ n

3\><‘.’<>

X
n
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KaThICBIHBIH N —> 00 -y1a 1weri 6ap Goinca, onua 6y mwekti f(X) QyHKuMACBIHBIN X HYKTeCiHIEri TyBIHIBICHI e
aTtaiiMbI13. COHBIMEH:

f(x)—f(x—x)
f/(x) = lim n

; . Amy . AR K ~k kx ). 3)
C M) = lim == lim | = - Cp - fl x——
N—>c0 5 ( ) n—>o0 "y M noool N g( ) m n
" (ﬁj
N k . :
Conpa (2) popmynara coiikec C  epHeri Ke3KelreH 7 HAKThl CaHbl YIIiH aHBIKTANATBIH OONFaHIBIKTaH (3)
T

(hopMyITaHBIH OH JKaKTapbl Ke3KeAreH 7 HAKThI CaHbl YIIIH J¢ aHbIKTamateiH Gomaael. Omail Gonca, Ke3kenreH 7
HakThl canbl yuiin f (X) QyHKOMACHIHBIH X HYKTECiHAEri 7 —Ii PeTTi TybIHIABICHI

O (x)= lim S (-1)kck f(x—ﬁj- @

n—wo (y\? k=0 n
n

dopmysaceiMeH aHBIKTaJaJbl. AJl KE3KEJIreH HaKThl CaH LIeKCI3 OHJBIK Oeiuek OoiFaHIbIKTaH, (4) —mi
TYBIHJIBIHBI OOJIIIEK PETTI TYBIH/BI A€M aTaiMBbI3 .
Teopema . M Hatypan canbl yurie T (X) QyHKUMACHIHBIH (— M )-11i PETTi TYBIHABICHI:

S — j F(O)x - )™t -

(hopMyIachIMEH aHBIKTAIAIbI.
Tyiiin ce3aep: MaTeMaTHUKAJIBIK aHAIN3, TYBIHBI, TEPY, IIEKKE KOIIY, OOIIIEK PETTI TYBIH/IbI

J.H. Hypraosui'?, T.M.Ceuropa?

MHcTUTyT MaTEMAaTHKN M MATEMATHYECKOTO MOJleTMpoBanus, Anmarsl, Kasaxcran;
2 etbicyckuii rocyapcreeHHblii ynusepcurer uM. M. XKancyryposa, Tansixopran, Kazaxcran

METO/IMKA BBEJEHMS NOHATUS OBOBIIEHHOI ITPON3BOIHOM
B KYPCE MATEMATHUKH

AHHoOTanusi. B coBpeMeHHOH MareMaTHKe OCOObI MHTEpEC MPECTaBIISIOT pa3sinuHble 0000IIEHHS MOHITHI
(yHKIMH, TPOU3BOJHBIX M UHTErpaia. Hanpumep, Bompocamu 06 0600IIEHHN TOHATHS IPOU3BOAHON 3aHUMAIIHCh
MaTeMaTukd, B ToM uucie Jlewonun, Ditnep, Jluysmwin u Puman. O0oOmeHHble (QYHKIMH ¥ WX TPOW3BOTHBIC
HaXOJAT pa3INyHble IPUMEHEHHS B peabHBIX IIPolieccaXx IKOHOMUKH U MIPOU3BO/CTBA.

Henp Hacrosmeit pa®oTel — pa3paboTKa METOAMKH BBEICHMS pa3IMYHBIX OMNpEAETIeHHH 0000meHHON
TIPOU3BOTHON (DYHKIIMU OTHOM IEpEeMEHHOI.

Jnist nocTrKeHUs! 3TOH LielIi BHAaYaJIle IPUBEACHBI HEKOTOPBIC YTBEPKACHHUST KOMOWHATOPHKH, BBEJICHBI IOHSITHE
MPOU3BOJHON HATYpAJIBHOIO MOPsAKA C MOMOINBIO Ipefena MOCIeN0BATENbHOCTH. VCnonb3ys 3TH YTBEPKACHUS,
BBE/ICHBI IOHATHE PON3BOIHOM IPOOHOTO MOPSAIKA.

B xoMmbunaTopuke 4ucio couetanuit u3 N snementoB no K ompenensiercs o Gpopmyie

k n(n-1)..(n—k+1)
n k! '

3amerum, 4To mpaBas 4acTh Gopmyisl (1) ompeneneHa mpu TFOOBIX BEIIECTBEHHBIX 3HadeHUsAX N =7 . Torma
TI0 OIPEAEICHHIO MOXKEM IOJIOKHTH, YTO

C

@)

k (z-0)(r-1)..(r —k+1) )
. k! '

Hcnons3ys 3Ty hopmyiy onpenenuM i GYHKIIUK OTHON EPEMEHHOM MPOU3BOIHYI0 HATYPAILHOTO MOPsIKA
HECKOJIbKO MHBIM 00pa3oM.

Hycrs ¢pynxmms f (X) ompenenena n menpepriBHa Ha npomexytke [a, b], a<0, b>0, npuuem f(x)=0

C

npu X <0, rae X -puKcupoBaHHHAsA TOYKA STOrO MHTEPBATIA.
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X 2X nx
OTpe3ox [0, X] pasoObeM Ha N paBHbIX yactei Toukamu 0, —,—,...,— . Tormaa, eciiu OTHOLIEHHE
n n
X
f(x)- f(x—=
Ay () - flx=)
X X
n n
UMeET Ipeen npu N — 00, To STOT Ipees HasbiBaeTcs npousBoanol Gynkmuu f (X) B Touke X u oGo3Hauaercs:
X
f(x)—f[x—j m “m n
. . A . (X kx
o) = lim ——— "2 g My = im 2Y _ gim [ 2 > kel o x-= ®)
n—o X n—o (y\M  n-ew\ N = n
n (nj _

Ha ocHoBanuu Toro, uto Beipakeane C  cormacHo (2) OmpeaeneHo MpH JTOObIX BEMIECTBEHHBIX 3HAYCHHAX
T

T , TO TIpaBas 9acTh GOpMyIIEI (3) ompeenseTcs Py JTIOOBIX BeNIeCTBEHHBIX 3HAYCHUAX T .
CrieIoBaTENBHO, IS JIOOOTO BEIECTBEHHOTO YMCIa T Mpou3BojHas T —To nopsaka Gynkuun T (X) B Touke
X ompenensercs B BUIE:

@ (x)= lim —* %(—1)"c';f[x_k_xj. 4

n—o v\ k=0 n
n

Tak kak m000€ BEIIECTBEHHOE YHUCIO 3TO OCCKOHEYHAs AECATHUYHAs APoOb, TO MPOHM3BOAHYIO (4) Ha3zoBeM
JIPOOHBIM .

Teopema . Jlns HaTypanbHOro 3HaueHns M mpoussoaHas pynkiuu f (X) (—=m)-ro nopska onpeaensercs no
hopmye:

£ M) ()= (mfl)' j F(O)(x =)™t -
0

KaioueBble ciioBa: maremMarHueckuid aHalii3, NPOW3BOJHAS, COYETAHHE, NPEAENbHBIN Hepexol, IpoOHas
MPOM3BO/IHASL.
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DIURNAL DEPENDENCE OF THE FREQUENCY OF OCCURRENCE
OF TRAVELING IONOSPHERIC DISTURBANCES OVER ALMATY

Abstract. We studied the diurnal dependence of the frequency of occurrence of large-scale traveling
ionospheric disturbances (LSTID’s) at mid-latitudes, which are a manifestation of atmospheric gravitaty waves
(AGWs) generated in polar regions during geomagnetic disturbances. A significant amount of vertical sounding data
of the ionosphere obtained at the Institute of the lonosphere (Almaty 76 ° 55'E, 43 ° 15'N) in 2000-2007 was
analyzed on a digital PARUS ionosonde connected to a computer designed to collect, store and process ionograms in
digital form.

Further processing included the calculation of the altitude distributions of electron density

(N (h) profiles) by the Titeridge method and deriving from them variations of a number of F-region parameters
(electron density at fixed heights Ny(t); density at the maximum of the layer NmF (t) ; the heights of the maximum of
the layer NmF(t), etc.). The ionozonde provided a readout accuracy of

h '(t) ~ 2.5 km and a readout accuracy of f,F ~ 0.05 MHz. It was shown that from session to session the number
of waves observed during the night changed. In constructing the duirnal dependence of the frequency of occurrence
of traveling ionospheric disturbances, all waves were taken into account.

A diurnal dependence of the frequency of occurrence of traveling ionospheric disturbances over Almaty was
constructed from the measurement data. For this, a visual control of the behavior of a number of parameters of the
F-region was carried out, identification of the LSTID’s, determination of the time of their onset and duration.

It is shown that the predominant beginning of the development of the LSTID’s is close to the moment of local
midnight. 87% of traveling ionospheric disturbances were observed in the interval 20:00-04:00 LT. The distribution
of the frequency of occurrence of the LSTID’s in the time of day coincides with the dependence of the substorm
frequency on world time, explained on the basis of diurnal variations in the angle of inclination of the Earth's
magnetic axis to the Sun-Earth line. lon drag and the dependence of the level of auroral activity, and, consequently,
the intensity of the generation of LSTID’s, on world time determines that the most favorable conditions for the
distribution of LSTID’s are created over Almaty at night.

Key words: ionosphere, vertical sounding, diurnal dependence of the frequency of occurrence of large-scale
traveling ionospheric disturbances.

Introduction

Large-scale traveling ionospheric disturbances (LSTIDs) are caused by atmospheric gravity waves
(AGWs), generated in the polar regions during geomagnetic storms [1], when the fast enhancement of
auroral electrojects leads to the heating of the atmosphere. The process of rapid expansion and further
compression of the atmosphere generates AGWs that propagates towards the equator and originates an
LSTIDs on the way of their propagation. For many years, the propagation of AGWs in the neutral
atmosphere and their ionospheric manifestation have been studied both experimentally and theoretically.
The results of these studies are presented in the review works [1, 2]. The typical parameters of LSTIDs in
the F region of the ionosphere are represented by the following values: the periods lie within the range
from 40 min to 3 h; the horizontal wave lengths are 1000-3000 km; and the phase velocities are 400-1000 m/s.
It is believed that generation and propagation of AGWs play an important role in the transfer of energy
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from the magnetosphere to the low latitude ionosphere. Although the LSTIDs have been studied for
several decades, some fundamental problems remain little studied. Such problems include the question of
the diurnal dependence of the frequency of their appearance at mid-latitudes.

Description of the equipment, and observation results

Nighttime observations of LSTIDs in the F region of the ionosphere are carried out at the Institute of
Ionosphere (Almaty 76°55" E, 43°15' N) with a PARUS digital ionosonde connected to a computer for the
collection, storage, and processing of ionograms in digital form. The information required for calculating
various parameters of LSTIDs is read from ionograms using the semiautomatic method. lonospheric
sounding is conducted every 5 min. Nighttime measurement sessions last ~8-12 h, depending on the
season. lonograms provide the values of virtual heights of radio signal reflection h'(t) at several fixed
operating frequencies of sounding and the values of critical frequencies foF. The further processing
involves the estimation of the height distributions of electron densities (N(h) profiles) by the Titheridge
method [3] and obtaining the variations in several parameters of the F region based on them (the electron
density at fixed heights Ny(t); the density at layer maximum NnF(t); the heights of layer maximum hyF(t),
etc.).

The ionosonde ensures the reading accuracies h'(t) ~2.5 km and f,F ~ 0.05 MHz. Nighttime was
chosen for observations because LSTIDs with big amplitudes of variations in ionospheric parameters at
midlatitudes are usually observed at night [4]. For the period 2000-2007 we carried out 1166 night
observations, while 581 nights were characterized by wave activity [5]. The variations in Np(t) at a series
of heights made it possible to determine the form of a height profile of amplitudes A(h) with the
An maximum absolute amplitude. For analysis, we selected observation sessions that recorded LSTIDs
with a relative amplitude (sh) exceeding 25% at a height corresponding to An. Here, sh = A(h)/N(h), where
A(h) is the absolute amplitude of a wave at height h and N(h) is the value of the undisturbed electron
density at a given height.

Figure 1 shows a typical time behavior of a number of parameters after the onset of large magnetic
disturbances. From the figure it follows that the beginning of the LSTIDs falls on the time interval 20:00-
22:00, and the end on the interval 02: 00-04: 00. The lower curve corresponds to the height of the base of
the layer (h = 150 km). The upper (bold) curve corresponds to the variations of NnF (t) at the maximum of
the hnF layer. Variations in the electron density shown in the figures demonstrate a feature characteristic
of most of the sessions in which LSTIDs were observed. The peculiarity lies in the fact that the LSTIDs in
the NpF (t) variations are manifested much weaker than in the Ny (t) variations at fixed heights located
below the height of the layer maximum. The reasons for this altitudinal dependence of the ionosphere
response to AGW passage were considered in [6].

It should be noted that the number of waves observed during the night changed from session to
session. In the example shown in figure 1, four waves are present. In constructing the diurnal dependence
of the frequency of occurrence of traveling ionospheric disturbances, we took into account all the waves.

Earlier [7], a good correlation of LS TIDs with auroral substorms was proved; therefore, good
similarity of their diurnal dependences should be expected. The long-term component in auroral
disturbances, representing the dependence of the intensity and number of substorms on world time, was
noted in [8, 9]. It became obvious that the beginning of the auroral substorms, as follows from the
behavior of the auroral electrode jet index (AL-index), was the most frequent between 13:00 and
19:00 UT. More than 30% of the reported peaks in the AL-index accounted for a relatively narrow time
domain of 13: 00-16: 00 UT [9]. The dependence of the substorm frequency on world time was explained
on the basis of diurnal variations in the angle of inclination of the Earth's magnetic axis to the Sun-Earth
line.

We analyzed the diurnal dependence of the frequency of occurrence of traveling ionospheric
disturbances over Almaty according to measurements for 2000-2007. For this, a visual control of the
behavior of a number of parameters of the F-region was carried out, identification of the LS TIDs,
determination of their start time and duration. It is nessesary to notice that high probabilities of the
formation of nighttime enhancements in NmF2 and the passage of LS TIDs mean a high probability of
their simultaneous presence over the observation point, leading to a necessity to distinguish these two
events. We performed selection LS TIDs as made it in our work [10].
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Figure 1 - Variations of the F-region parameters during the night with high magnetic activity
(August 31 — September 1, 2005): top panel — electron density N(t) at a series of heights with
a distance between adjacent heights of 10 km; the second panel - the heights of the maximum of the F-region hmF
and its base hnotF; the third and fourth from the top of the panel are hmF and hwotF with an exclusive trend
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Figure 2 - diurnal dependence of the frequency of occurrence
of large-scale traveling ionospheric disturbances over Almaty
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According to measurements for 2000-2007. we have constructed a diurnal dependence of the
frequency of occurrence of traveling ionospheric disturbances (figure 2). From the figure it follows that
the predominant beginning of the development of the LS TIDs is close to the moment of local midnight.
87% of the traveling ionospheric disturbances were observed in the interval 20:00-04:00 LT. Taking into
account the difference between world time and local Almaty time is 5 hours, we find that the
overwhelming majority of the LS TIDs was observed in the interval 15:00-23:00 UT.

Let us consider why the LS TIDs are local in time near the midnight. In [11], the response of the
ionosphere to a large magnetic storm was studied using data from the global network of vertical sounding
stations and the Cosmos-900 satellite. It has been shown that the ionospheric response, which is the LS
TIDs with a quasiperiod of ~ 3-4 hours, is observed throughout the globe, while the amplitudes of the LS
TIDs in the night observation sector are several times higher than the amplitudes observed in the
illuminated half of the Earth.

The planetary nature of the propagation of large-scale LS TIDs was also studied in [7] for a period of
high solar activity, where it was shown that the probability of observing LS TIDs in the Australian-Asian
longitude sector is significantly higher than the probability for the European and American sectors. This
longitudinal effect is explained on the basis of the mechanism of ion drag of AGW, which takes maximum
values at the illuminated time of day, and the diurnal dependence of auroral activity with a maximum of
13-19 UT. While neutral particles move freely across the line of the geomagnetic field, ions rotate around
the field line and have difficulty crossing the field lines. This difference between the mobility of neutral
particles and the mobility of ions limits the movement of neutral particles in the AGW in the collision of
neutral particles and ions, leading to the attenuation of the AGW. This mechanism is called the ion drag
effect. The magnitude of ion drag depends on the frequency of collisions of neutrals with ions, which is
linearly related to the densities of neutrals and ions. Since the density of ions in the daytime is much
higher than the nighttime density, the AGW attenuation on the daytime side of the Earth noticeably
exceeds the attenuation on the nighttime side.

lon drag and the dependence of the level of auroral activity, and, consequently, on the intensity of the
generation of LS TIDs, on world time determines that the most favorable conditions for the distribution of
LS TIDs are created over Almaty at night.

Conclusion

On the basis of a graphical representation of the reaction of the parameters of the F2 layer in the 23rd
cycle of solar activity to the passage of large-scale traveling ionospheric disturbances (LS TIDs), the
diurnal dependence of the frequency of the appearance of LS TIDs over Almaty was studied. It is shown
that the frequency has pronounced maxima in the interval 20: 00-04: 00 local time. The distribution of the
frequency of occurrence of the LS TIDs in time of day coincides with the dependence of the substorm
frequency on world time, which is explained on the basis of diurnal variations in the angle of inclination
of the Earth's magnetic axis to the Sun-Earth line.

The work was carried out in accordance with RBP-008 "Development of space technologies for
monitoring and forecasting natural resources, technogenic environmental changes, creation of space
technology and ground-based space infrastructure, research of long-distance and near-space objects"
under the theme "Creation of a system of diagnostics and forecast of space weather for analysis and
forecasting of conditions of functioning of space vehicles, navigation and communication systems (2018-
2020), registration number (RN) 0118 PK00800.

A.®. SIxosen?, A. Kaxanump?, I.U. Topauenxol, B.T. Kymabaes?, 10.I'. JlutBunos’

IEXIIC «HMonocdepa uacturyTtey « ¥F3TO» AK, Anmarer, Kazakcram;
2Byun 3axpa TeXHUKAIBIK YHUBEpcUTeTi, Mpan

AJIMATBI KAJTACBIHBIH YCTIHEH KO3FAJIATBIH HOHOC®EPAJIBIK AYBITKYJIAPJIbIH
MMAUJA BOJY XKULJITTHIH TOYJIKTIK TOYEJALIITT

AnHotanus. OpTaia eHIIKTeri ipi MacmTabThl KO3FalaThlH MOHOC(epanblK yitTkynapasiH (IMKUY) maiina
0oty JKHMINITiHIH, TEOMarHUTTIK aybITKyJNap Ke3iHjAe MOJSIPJbIK ayJaHnapAa TeHepauusulaHaThiH aTMOc(epasbIK
rpaBUTalMsIIBIK  TONKbIHAApAbIH (AI'T) kepiHicrepi OOJBIT TAaOBUIATBIH TOYJIKTIK TOYENALTIrT 3€pTTeNi.
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Honocoepansl Tik 30HaTay aAepekrepinin 2000-2007 >xpuigapbl alblHFaH eneylsi kenemi Tanfanabl. Monocdepa
uHCTUTYTHIHAa (Anmmater 76°55' E , 43°15' N ) canpeik nono3oHn "IIAPYC" koMmbIOTEpMEH YINTAacKaH,
HOHOTpaMMaJiap/ibl CaHIBIK TYpJC JKUHAYFa, CaKkTayra jkoHe enzeyre apHanrad. IMKUY op Typmi mapamerpiepid
€CernTey YIIiH KaXETTl aknapar HOHOIpaMMMEH JKapThUlail aBTOMATThI djiicrieH ecenreni. MoHocdepansl 30HaTaY
apOip 5 MuH. xyprizunai. TyHri emiey ceaHCTapbIHBIH Y3bIH/IBIFBI MayChIMFa OaiIaHbICTBI ©3repii kaHe ~ 8-12 car
Kypajpl. MoHorpammanapiaH MaHbI3bl 0ap KalaHbIH KOJJAHBICTaFbl Ouikrepre kepcery h'(t) paamocurHanmsr
Oipkatap OenriJieHreH JKYMbIC KUK 30HATAY JKoHE MaHbI3bI Oap chinu xuilik foF ecenteninai. Onan api eHaey
Tutepumx oxiciMeH anekTpon bl ThIFbIBABIKTEIH N(h) -npoduibaepain) OHIKTIK TapadyblH eCEnTey i )KoHe OIapIblH
Herisinge F-afimakTein Gipkarap mapamerpiepinin Bapuanusuiapbin  amyabl  (Nn(t) Tipkenren GuikTikTepmeri
SIEKTPOHIBIK THIFBI3IABIKTEL, NmF(f) KaOaThIHBIH MaKCHMyMBIHAAFB THIFBI3IBIKTEL, NmF(t) KaGaTBIHBIH MaKCHMyM
OuikTiriH xoHe T.6.) KamTuael. Mownosonx h'(t) ~ 2.5 kM oky momairin sxome foF ~ 0.05 MI oky mommirin
KaMTaMachbI3 €TTI.

CeaHCTaH ceaHCKa TYHT1 yaKbITTa OaifKaIaThIH TOJIKBIHAAPABIH CaHBI ©3TepreHi KOpCeTireH.

KosranaTeiH moHOC(hEpanbK aybITKylapAblH Maiga 0oy >KHUTITIHIH TOYJIKTIK TOYENIUIriH Kypy Ke3iHzae
OapibIK TOJKBIHAAP eCKepiimi. Ommey mepekTepi OoifbiHIIA AJIMaThl YCTIHEH KO3FalaThIH HOHOC(EPAIBIK
yUTKynapaplH Taiaa Oony JKWUNNIHIH TOYNIKTIK Toyenaumri cameiaabl. On  ymiH F-o0mbicThiH  Oipkarap
napaMmeTpIIepiHiH MiHe3-KyJKbiHa Bu3yannsl Oakpuiay, IMKUY coiikecTeHaipy, onapablH OacTaly yakbiThl MEH
Y3aKTHIFBIH aHBIKTay jXy3ere acblppuigsl. IMKUY namybIHBIH OackiM OacTaybl JKEpruUIKTI TYH >Kapyra >KaKblH
ekeHIiri kepcerinred. 87% kosranateiH nHoHOChepanbik 20:00-04:00 LT apanbsireiaga KansinTan Oavikamael. IMKITY
maiina OoJy SKUUITIHIH TOYJNIK YyaKBITBIHIA Taparybl jkep MaraHutTTik ociHiH KysH-)Kep cre3pirpiHa KenbOey
OYpBIMIBIHBIH TOYJIKTIK BapHalMACHl HETi3iHIE TYCIHAIPUICTIH KOCAJKBl aFbIH SKUUITIHIH ONEMIIK YaKbITTaH
TOyeNAlIirine coiikec kenemi. VIOHIBIK TeXeNMy JXOHE aBpOpalbAi OCNCEeHAUTIK ICHIeHiHIH TOYeILTIiri, JAeMekK,
IMKWUY reHepanisICHIHBIH KapKBIHABUIBIFEI oNeMOiK yakbITTaH Oactan IMKUY Tapary ymiH aca Koiaiibl
JKaFainap AJIMaTBHIHBIH YCTIHEH TYHT1 yaKbITTa KYPhITATHIHBIH AHBIKTANIbL.

A.D. Axosen?, A. XKaxanmmup?, I'.W. Fopauenko!, B.T. )Kyma6aes', }O.I'. JIuTBunos'

IATOO «UnctutyT norochepsr» AO «HLIKUT», Anmvarsl, Kazaxcran;
’byun 3axpa Texuudeckuit Yuusepcurer, Upan

CYTOYHAS 3ABUCHUMOCTDb YACTOTBI TIOABJEHUS
MEPEMEIIAIOIIAXCS HOHOC®EPHBIX BO3MYIIIEHUI HAJI AJIMATBI

AHHOTanus. 3ydeHa CyTo4Hasl 3aBUCHMOCTb YacTOTHI TOSIBICHHS KPYNHOMACIITAOHBIX MEPEMEIIAIOIINXCS
nonocdepusrx Bosmymernidn (KM IIMB) Ha cpemHux mmpoTax, SBISIONIUXCS MPOSIBICHHEM aTMOC(HEPHBIX
TpaBUTAIMOHHBIX BOJNH (AI'B), reHepmpyembIX B MOJSIPHBIX pailOHaX BO BPEMs TI'€OMAarHUTHBIX BO3MYIICHHUH.
[Tpoananu3upoBaH 3HAYUTENBHBIH 00bEM JaHHBIX BEPTHKAIBHOTO 30HIMPOBAHUS HOHOC(EPHI, Moiy4eHHbIX B 2000-
2007 rr. B Uncturyte nonocheps (Anmatsl 76°55'E, 43°15'N) Ha undporom nonozone «ITAPYCy, conpskeHHbIM
C KOMIBIOTEPOM, IpeIHa3HAYEHHbIM Il cOOopa, XpaHeHUs: M 0OpaboTKM HOHOrpaMM B LU(PPOBOM BHJE.
Wudopmanns, HeoOXoaumasi Jjisi pacyeToB pasHooOpasHbix napamerpoB KM IIMB, cuuThiBamack ¢ MOHOTpaMm
MOJIyaBTOMaTHYECKUM METOJIOM. 30HIMPOBaHNE MOHOC(EPH! NPOBOAMIACH KaXKAble 5 MUH. J[JIMHA HOYHBIX CEaHCOB
M3MEpEeHNI M3MEHsIach B 3aBUCUMOCTH OT C€30HA M cocTaBisiia ~ 8—12 4. C MOHOTrpaMM CUMTHIBAJINCH 3HAUCHHUS
JEUCTBYIOIIUX BhICOT oTpaxkeHus h'(t) paguocurHana Ha psae GUKCHPOBAHHBIX PaOOYHMX YaCTOT 30HIAMPOBAHHS U
3Ha4YeHus Kputudeckux yactoT foF. JlanpHelmas obpadoTka BKIroYaiga B ce0s pacdeT BBICOTHBIX PaclpeiesIeHUit
anekrporHoit mwiotHoctH (N(h)-tpoduieii) meromom TuTepHIka W MOJIYYCHHE HA MX OCHOBE BapHaluii psiaa
napamerpoB F-o6mactu (3IEKTPOHHOM TUIOTHOCTH Ha (HKCHpoBaHHBIX BbIcOTax Np(t); MIOTHOCTH B MakcHMyMme
ciost NmF(t); BeicoTsr Makcumyma ciost NmF(t) u mp.). Moro30H1 06eceunBat TOUHOCTH cunThiBanus h'(t) ~ 2.5 km
u touHOCTh cuuthiBanus foF ~ 0.05 MI'u. IlokasaHo, 4TO OT ceaHCa K CEaHCY MEHSIOCh KOJIMYECTBO BOJIH,
HabOII0AaeMbIX B TedeHHe HOouH. [Ipu mocTpoeHUH CyTOYHOM 3aBHCHMOCTH YacTOTHI MOSIBICHUS MEPEMEIIAIONTIXCS
MOHOC(EPHBIX BOBMYIIEHHH YYUTHIBAIUCH BCE BOJIHBI.

Bruta moctpoeHa cyTo4Hasi 3aBUCMMOCTh YacTOTHI TIOSIBJICHUS TTEPEMENAIONINXCS HOHOC(EPHBIX BO3MYIIEHUH
HaJl AJIMatbl 1O JaHHBIM H3MepeHHH. J[ns 3TOro OCYIIECTBISUICS BH3YalbHBIH KOHTPOJIb TOBEACHHS psisia
napametpoB F-obnactu, unenrudukanus KMIIVB, onpenenenne BpeMeHH MX Havaia ¥ MPOJIOKUTEIEHOCTH.

ITokazano, uro mpeobnagatomee Havano passutust KMIIMB 6mu3ko K MOMEHTY MecTHOH momyHouH. 87%
MepeMeIIaromxcsl HOHOC(EpHBIX BO3MyIIeHHH HaOmomanoch B umHTepBane 20:00-04:00 LT. Pacmpenenenue
yactoTsl noseiaeHust KMIIVIB Bo BpeMeHM CyTOK COBHagaeT C 3aBHCHMOCTBIO YacTOTHI CyOOyph OT MHPOBOTO
BpPEMEHH, OOBSCHIEMON Ha OCHOBE CYTOYHBIX BapHall{il yrila HAKJIIOHa 3€MHOW MarHMTHOHM och K juHuUM CoJHIe-
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3emnsa. VoHHOE TOPMOKEHHME U 3aBUCHMOCTh YPOBHSI aBPOpPAJbHON aKTHBHOCTH, a, CJIEIOBAaTeNbHO, U
nHTeHCcHBHOCTH reHeparmun KM IIMB, oT mMHpoBOro BpeMeHH OmpeAesseT TO, YTO Hanbojee OiaronpusTHHIC
ycnoBus i pacupoctpanenuss KM TTMB co3marotcst Hajg AMaThl B HOUHBIE Yachl.

Information about authors:

Yakovets Arthur Fedorovich, Ph.D. mat. Sciences, VNS, Institute of the lonosphere, JSC "NTSKIT", Almaty,
artyak40@mail.ru. https://orcid.org/0000-0002-3374-9507;

Arezu Jahanshir, PhD in Teoretical Physics and Mathematical, Assistant Professor & Faculty Member, Department of
Physics & Engineering Sciences, Buein Zahra Technical University, Iran. jahanshir@bzte.ac.ir, https://orcid.org/0000-0001-7923-
2186;

Gordienko Galina Ivanovna, Ph.D. mat. Sciences, ANS, Institute of the lonosphere, JSC "NCSCIT", Almaty,
ggordienko@mail.ru. ggordienko@mail, ruhttps://orcid.org/0000-0002-9337-206X;

Zhumabayev Beibit Tenelovich, Ph.D. mat. Sciences, ANS, Institute of the lonosphere, JSC "NCCIT", Almaty,
beibit.zhu@mail.ru. beibit.zhu@mail.ru, https://orcid.org/0000-0001-7882-0277;

Litvinov Yuri Georgievich, Ph.D. mat. Sci., SSS, Institute of the lonosphere, NCSCIT JSC, Almaty, yurii-litvinov@mail.ru.
yurii-litvinov@mail.ru, https://orcid.org/0000-0002-0600-0517

REFERENCES

[1] Hunsucker R. D. Atmospheric gravity waves generated in the high-latitude ionosphere: A review // Rev. Geophys.
V. 20. P. 293-315. 1982.

[2] Hocke K., Schlegel K. A review of atmospheric gravity waves and traveling ionospheric disturbances: 1982-1995 //
Ann. Geophysicae. V. 14. P. 917-940. 1996.

[3] Titheridge J.E. lonogram analysis with the generalized program Polan. Boulder. CO USA: National Geophys. Data
Center. 189 p. 1985.

[4] Hajkowicz L.A. Global study of large scale travelling ionospheric disturbances (T1Ds) following a step like onset of
auroral substorm in both hemispheres // Planet. Space Sci. V. 38. P. 913-923. 1990.

[5] Yakovets A.F., Vodyannikov V.V., Andreev A.B., Gordienko G.l., and Litvinov Yu.G. Features of Statistical
Distributions of Large-Scale Traveling lonospheric Disturbances over Almaty. Geomagnetism and Aeronomy, 2011, Vol. 51,
No. 5, pp. 640-645. (Translated).

[6] Yakovets A.F., Vodyannikov V.V., Gordienko G.I., Ashkaliev Ya.F., Litvinov Yu.G. and Akasov S.B. Response of the
Nighttime Midlatitude lonosphere to the Passage of an Atmospheric Gravity Wave. Geomagnetism and Aeronomy, 2008, Vol. 48,
No. 4, pp. 511-517. (Translated).

[7] Hajkowicz, L. A. lonospheric response to auroral substorms during sunspot maximum (1980-82)// Ann. Geophysicae,
13, 95-104, 1995.

[8] Hajkowicz, L. A. Universal time effect in the occurrence of large-scale ionospheric disturbances// Planet. Space Sci., 40,
1093-1099, 1992.

[9] Hajkowicz, L. A. Equatorial ionospheric response to isolated auroral substorms over a solar cycle (1980-85): evidence of
longitudinal anomaly// Ann. Geophysicae, 14, 906-916, 1996.

[10] Yakovets A.F., Gordienko G.I., Zhumabayev B.T., Litvinov Yu.G. Comparison of altitude profiles of amplitude of two
types of F2-layer ionospheric disturbances// News of the National Academy of Sciences of the Republic of Kazakhstan, Physico-
Mathematical Series. Volume 4, Number 320 (2018), 79 — 84.

[11] Karpachev A.T., Deminova G.F. Planetary picture of the effects of large-scale AGWs in the ionosphere during a storm
on March 22, 1979// Geomagnetism and Aeronomy, 2008, \Vol. 44, No. 6, pp. 799-812. 2004. (Translated).

— 132 ——


https://orcid.org/0000-0002-3374-9507
mailto:jahanshir@bzte.ac.ir
https://orcid.org/0000-0001-7923-2186
https://orcid.org/0000-0001-7923-2186
mailto:ggordienko@mail.ru
https://orcid.org/0000-0002-9337-206X
mailto:beibit.zhu@mail.ru
https://orcid.org/0000-0001-7882-0277
mailto:yurii-litvinov@mail.ru
https://orcid.org/0000-0002-0600-0517

ISSN 1991-346X 2. 2020

NEWS

OF THENATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2020.2518-1726.25
Volume 2, Number 330 (2020), 133 — 141

UDK 517.951
MRNTI 27.31.15
A.T.Assanoval, A.D.Abildayeva' , A.P.Sabalakhova®

L Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan;
2 South-Kazakhstan State University after M.O.Auezov, Shymkent, Kazakhstan.
E-mail: assanova@math.kz; azizakz@mail.ru; sabalahova@mail.ru;

AN INITIAL-BOUNDARY VALUE PROBLEM
FOR A HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATION

Abstract. The initial-boundary value problem for higher-order partial differential equations is considered. We
study the existence of its classical solutions, and also propose a method for finding approximate solutions. Paper
establishes sufficient conditions for the existence and uniqueness of the classical solution of the problem under
consideration. Introducing a new unknown function, we reduce the considered problem to an equivalent problem
consisting of a nonlocal problem for second-order hyperbolic equations with functional parameters and integral
relations. An algorithm for finding an approximate solution to the problem under study is proposed and its
convergence is proved. Sufficient conditions for the existence of a unique solution to an equivalent problem with
parameters are established. The conditions for the unique solvability of the initial-boundary value problem for
higher-order partial differential equations are obtained in terms of the initial data. Solvability of the initial-boundary
value problem for higher-order partial differential equations is connected with solvability of the nonlocal problem for
second-order hyperbolic equations.

Keywords: the higher order partial differential equations, initial-boundary value problem, nonlocal problem,
hyperbolic equations of second order, solvability, algorithm.

Introduction. It is well known that initial-boundary value problems for higher-order partial differential
equations belong to one of the most important classes of problems in mathematical physics. To study
various boundary value problems for higher-order partial differential equations, along with classical
methods of mathematical physics, such as the Fourier method, the Green's function method, the Poincare
metric concept, the method of differential inequalities, and other methods of the qualitative theory of
ordinary differential equations are also often applied. Based on these methods, the solvability conditions
of the considered boundary value problems were obtained and ways to solve them were proposed in [1-
14]. However, the search for effective signs of the unique solvability of initial-boundary value problems,
an analogue of multipoint boundary value problems for higher-order partial differential equations, still
remains relevant. The article by T. I. Kiguradze and T. Kusano is one of the first works to fill this gap [4].
This paper establishes an equivalence between the well-posedness of the initial-boundary value problem
for a higher-order hyperbolic equation and the existence of only trivial solutions of the corresponding
family of homogeneous boundary value problems for ordinary differential equations. Based on it, a
criterion is established for the well-posedness of initial-boundary value problems for one class of partial
differential equations of higher-order hyperbolic type. It is known that by means of substitution, an
ordinary differential equation of higher order can be reduced to a system of ordinary differential equations
of the first order. Using the methods of the qualitative theory of differential equations, the solvability
conditions for the resulting system can be formulated in terms of the fundamental matrix of the differential
part or the right side of the system. A similar approach can be applied to higher-order hyperbolic equations
with two independent variables, and by replacement, the equations can be reduced to a system of second
order hyperbolic equations with mixed derivatives. Then, using well-known methods for solving boundary
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value problems for systems of hyperbolic equations with mixed derivatives, the solvability conditions can
be established in different terms.

Mathematical modeling of many problems of physics, mechanics, chemistry, biology, and other
sciences has resulted into the necessity of studying multipoint and nonlocal boundary value problems for
higher-order partial differential equations of hyperbolic type. Applying the methods of the qualitative
theory of differential equations directly to these problems, we can establish the conditions for their
solvability [4, 8, 14]. Multipoint and nonlocal boundary value problems for high-order partial differential
equations of hyperbolic type by replacement are reduced to nonlocal boundary value problems for systems
of second-order hyperbolic equations. The theory of nonlocal boundary value problems for systems of
second-order hyperbolic equations has been developed in many papers. To date, various solvability
conditions for nonlocal boundary value problems for hyperbolic equations have been obtained.

The criteria for the unique solvability of some classes of linear boundary value problems for
hyperbolic equations with variable coefficients were obtained relatively recently [15-21]. In [15], a
nonlocal boundary value problem with an integral condition for systems of hyperbolic equations by
introducing new unknown functions is reduced to a problem consisting of a family of boundary value
problems with an integral condition for systems of ordinary differential equations and functional relations.
It is established that the well-posedness of a nonlocal boundary value problem with an integral condition
for systems of hyperbolic equations is equivalent to the well-posedness of a family of two-point boundary
value problems for a system of ordinary differential equations. In terms of the initial data, a criterion is
obtained for the well-posedness of a nonlocal boundary value problem with an integral condition for
systems of hyperbolic equations.

In present paper, we consider a higher-order partial differential equation defined in a rectangular
domain. The boundary conditions for the time variable are specified as a combination of values from the
partial derivatives of the desired solution in rows t =t;, j=11. We also study the existence and uniqueness

of the classical solution to the initial-boundary value problem for a higher-order partial differential
equation and its applications.

1. Methods. To solve the problem under consideration, we use the method of introducing additional
functional parameters [15-33] and reduce the original problem to an equivalent problem consisting of a
nonlocal problem for a second-order hyperbolic equation with functional parameters and integral relations.
We establish sufficient conditions for the unique solvability of the problem under study in terms of the
initial data. Algorithms for finding a solution to an equivalent problem are constructed. The conditions for
the unique solvability of the initial-boundary-value problem for a system of fourth-order partial
differential equations are established in terms of the coefficients of the system and the boundary matrices.
Separately, the result is given for an initial periodic-time boundary value problem. Note that in [34-36] a
similar approach was applied to the initial-boundary value problem and the nonlocal problem for a system
of partial differential equations of the third and fourth orders.

2. Statement of problem. At the domain Q =[0,T]x[0,®], we consider the initial-boundary value

problem for the higher-order partial differential equation of the following form:

am+1u m aiu aiu
= —_— X —_— , t, EQ, (1)
otox™ ;{A,(t,x) 5 T B 6tax'l}+c(t’x)u+ f(t,x), (%)
Ay d'u(t, x) Ju(t, X)
P. : S. (x)—=22 - xe[0, o], @
D3 s T =ot0. o
— out,x), ™ u(t, x)
u(t,O)—l/lO(t), ax ‘x:o _l//l(t)y . W‘X:O =l//m—1(t)! te[0,T], (3)

where u(t,x) is an unknown function, the functions A;(¢t,x), B;(t,x), i = 1,m, C(t,x), and f(¢t, x)
are continuous on £2, the functions P;;(x), S;;(x), i = 1,m, j = 1,1, and ¢(x) are continuous on [0, w],

0<t; <ty <...<tj_q <t; <T, the functions ,(t), s = 0,m — 1, are continuously differentiable on
[0, T]. The initial data satisfy the matching condition.
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. . . — p+r — .
A function u(t, x) € C(22, R) having partial derivatives W ECLR),p=1m,r=01,1s

called a classical solution to problem (1) - (3) if it satisfies equation (1) for all (t, X) € Q, and the initial-
boundary conditions (2), (3).

We will investigate the questions of the existence and uniqueness of classical solutions to the initial-
boundary value problem for a higher-order partial differential equation (1) - (3) and the construction of its
approximate solutions. For these purposes, we apply the method of introducing additional functional
parameters proposed in [15-33] for solving various nonlocal problems for systems of hyperbolic equations
with mixed derivatives. The considered problem is reduced to a nonlocal problem for second-order
hyperbolic equations, including additional functions, and integral relations. An algorithm for finding an
approximate solution to the problem under study is proposed and its convergence is proved. Sufficient
conditions for the existence of a unique classical solution to problem (1) - (3) are obtained in terms of the
initial data.

3. Scheme of the method and reduction to equivalent problem. We introduce new unknown functions

m-1 m-2
v(t, X) :88:(]—”&1’)(), v, (t, x) =u(t, x), v,(t, x) :%, aa Vo (tX) = 8axu—(tx) 4
and re-write problem (1)--(3) in the following form:
82 ov
—=A,(t, x) + Bm(t,x)—+ A LX) v+ f(tx)+
v (t X) 5
+ZA(t XV, ., (t, x)+ZB (t, X) ——"=2+ C(t, X)V, (t,x) & x) e, (®)
' ov(t, ov(t,
Z{ 028 s 002 e oov, x)} oy =000 -
j=1
| m-2
+Z{Z (vt x)+ZSSJ(x)aV (& X)}t_tj » X€[0, ], (6)
j=1 r=1
v(t,0) =y, (1), te[0,T], (7
(x ‘f)mls 1,m-1, (t Q. 8
v, (t,x) = Zwka) j V(66 s=TmL (e ®)
Here the conditions (3) are taken into account in (9).
Differentiating (8) by t, we obtain
v, (LX) _ N7, [(x=9)™ ov(t, &)
= t d 1, ) eQ. )
ot ;Wk()p! (m-1-s)! ot §rs=hm-d (toea
A system of functions (v(t x),v1(t, %), v,(t,x),..., vm_1(t,x)), where the function v(t,x) €
C(2,R) has partial derivatives (tx) € C(2,R), av(tx) €C(,R), and & ”(tx) € C(2,R™), functions
vs(tx)

ve(t,x) € C(£2,R) have partial derlvatlves € C(!) R), s=1,m-1 1, is called a solution to
problem (5)--(8) if it satisfies the second-order hyperbollc equation of (5) for all (¢t,x) € 2, boundary
conditions (6) and (7) and integral relations (8).

For fixed vy(¢t,x), s = 1,m — 1, problem (5)--(7) is a nonlocal problem for the hyperbolic equation
with respect to v(t, x) on £2. Integral relations (8) allow us to determine unknown functions v (t, x), s =
1,m—1forall (t,x) € .
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4. Algorithm. We determine the unknown function v(t, x) from the nonlocal problem for hyperbolic
equations (5)--(7). Unknown functions vg(t, x), s = 1,m — 1, will be found from integral relations (8).

If we know the functions v(t, x), s = 1,m — 1, then from the nonlocal problem (5)--(7) we find the
function v(t, x). And, conversely, if we know the function v(t, x), then from the integral conditions (8)
we find the functions vg(t,x), s = 1,m — 1. Since both functions v(t,x), vs(t,x), s=1,m—1, are
unknown, then to find a solution to problem (5)--(8) we use an iterative method. The solution to problem
(5)--(8) is the system of functions (v*(t,x), v;(t,x),v5(t,x),..., vm_1(t,x)), which we defined as the
limit of the sequence of systems (v (¢, x), v\ (¢, x), VI (£, %), ..., v, (£, %)), k = 0,1,2,..., according
to the following algorithm:

Step 0. 1) Suppose in the right-hand side of equation (5) we have vy J(t,x) = Zl//k (t)_ and
p!

p=0
oV (t,X) ~ —
sl z k('[)_, s=1,m—1. From nonlocal problem (5)--(7) we find the initial
ot p=0
0 ©)
approximation v(®) (t, x) and its partial derivatives 6\/6(tx) and L(tx) for all (t,x) € 0;
X ot
O]
2) From integral relations (8) and (9) under wv(t,x)=v®(t,x) and v(t,x) _ v (t’X),
ot ot

v (t, )
ot
Step 1. 1) Suppose in the right-hand side of equation (5) we have v.(t,x) :vs(o)(t,x) and

oV (t,x) v (t, )
ot ot

respectively, we find the functions vs(o)(t, x) and ,s=1,m—1,forall (t,x) € Q.

s =1,m — 1. From nonlocal problem (5)--(7) we find the first approximation

v (tx) o V)
ot

v (t, x) and its partial derivatives
OX

forall (t,x) € Q.

ov(t,x) ov?(t,x)
ot ot

2) From integral relations (8) and (9) under v(t,x)=v®(t,x) and

,s=1,m—1,forall (t,x) € 0.

®
respectively, we find the functions vs(l)(t, x) and M
ot

And so on.
Step k. 1) Suppose in the right-hand side of equation (5) we have vg(t,x) = vs(k_l)(t, x) and
ov,(t,x) v (t,x)

s = 1,m — 1. From nonlocal problem (6)--(7) we find the K -th approximation

ot
*)
v (¢, x) and its partial derivatives VWX ang VWX for ay (t,x) € N:
OX ot
2y,(k) (k) (k)
aat\:a = A (t, x)a" B 0D AL (VY + (1) +
m—2 (k-1)
£ ALV x>+zs e R S NGO RCY
r=1
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Z{ 0200 g (2D, Pm_l,,-<x)v<k>(t,x>}t:t — (9~
=
*2{2 P OOV X)+ZSS (G X)}t_tj  xelo,al, (12)
v (t,0)=y, (1), te[0,T]. (12)
2) From integral relations (8) and (9) under w(t,x) = v®(t,x) and W(att,x)zav(k)ait,X)'

(k) -
respectively, we find the functions vs(k)(t, x) and M s=1m—1,forall (t,x) € 12:
ot

vi(t, x) = Zl//k(t)— j( "g) (k)(t £de, s=1m-1, t,xeQ. (13)

VOt X) L X X — &) av(t, —
#:Zwk(t)—ﬁ- (x=)" ( éz)dg,8=1,m—1, txeq. (14
ot pt o (m-1-s)! ot
Here k =1,2,3,....
5. The main results. The following theorem provides conditions for the feasibility and convergence of
the constructed algorithm, as well as conditions for the existence of a unique solution to problem (5)--(8).

The functions A;(t, x), B;(t,x), i = 1,m, C(t,x), and f(t,x) are continuous on £2, the functions P;;(x) ,
Sij(x), i=1m, j= 1,1, and @(x) are continuous on [0, w], the functions y,(t), s =0,m — 1, are
continuously differentiable on [0, T].

p=0

Theorem 1. Let

i) the functions 4;(t, x), B;(t,x), i = 1,m, C(t,x), and (¢, x) be continuous on (2;
i) the functions P;;(x), S;;(x), i = 1,m, j = 1,1, and ¢(x) be continuous on [0, w];
iii) the functions 1 (t), s = 0,m — 1, be contlnuously differentiable on [0, TT;

iv) the function Q(X):me’j(x)exp IAm(r,X)dr 40 forallx € [0, w].
= 0

Then the nonlocal problem for the hyperbolic equation with parameters and integral conditions (5)--
(8) has a unique solution (v*(t,x),v{(t,x),v5(t,x),...,vm_1(t,x)) as a limit of sequences
w®t,x), v (£, %), vI(t, %), ..., v (t,x)) determined by the algorithm proposed above for
k=012,...

The proof of Theorem 1 is similar to the proof of Theorem 1 in [36].

The equivalence of problems (5)—(8) and (1)—(3) implies

Theorem 2. Let conditions i) - iv) of Theorem 1 be fulfilled.

Then the initial-periodic boundary value problem for the higher-order partial differential equation
(1)--(3) has a unique classical solution u*(t, x) .

Funding. These results are partially supported by the grant of the Ministry of Education and Science
of the Republic Kazakhstan No. AP 05131220 for 2018-2020.
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KOFAPIBI PETTI JEPBEC TYBIH/IbLJIbI JU®O®EPEHITUAJIIBIK
TEHAEY YIITH BACTAIIKbI- HIETTIK ECEII TYPAJIbI

AnHoTanmsi. JKoraprbl peTTi nepOec TYBIHABUIBI AU(PGEPCHIHAIIBIK TCHACYJIep YIIH OacTamKbI-IIETTIK
ecenTep MaTeMaTHKaJIble (U3MKa MocelelepiHiH OapbIHIIa MaHBI3Ibl KJACTapblHA JKATaTBIHBI YKAKCHI OCITilIi.
JKoraprel peTTi aepOec TYBIHABUIBI AWQPQGEPEHINANABIK TEHIACYJICp VIIIH opallyaH ecenTepiai 3eppTey VIIiH,
MaTEMAaTHKAJIBIK M3UKAHBIH KJITACCHKAIIBIK dicTepiMeH, Mbicanra Pypbe omici, ['puH GyHKIUAIAPBI 9IICI CHUSKTHI,
Karap, ke »armaiaa [lyaHkapeHiH METPHKAIBIK KOHLIEIIHMICHI, TuhdepeHIMaIIbIK TCHCI3MIKTEP d/IiCi xKoHe OacKa
Ia kol nuddepeHIHanabK TeHACYICPIiH camaiblK TEOPHSCHIHBIH dmicTepi KoAmaHblIasl. OChl omicTep HEriziHme
KapacThIPbUIBIN OTHIPFaH MIETTIK €CENTepIiH INeIUIIMALTIK apTTapbl aJbIHABI JKOHE OJapibl LIEUly Tociiaepi
yebibuibl.  OchlFaH KapamacTaH, JKOFapFbl peTTi JepOec TYBIHABUIBL Au(pGdepeHIraNIblK TeHIeYJep YIIiH
OacTankpI-IIETTIK ecenTepAiH OIpMoH/I IEMUIIMALTITIHIH THIMAL OeNriIepiH i371ey Maceseci alli Jie albIK opi ©3eKTi
00JbII OTEIP. BYpHIHBIpAK JKOFApFBI PETTI TUIEPOONTANBIK TEHACY YIIIH OACTANKBI-IIETTIK SCENTiH KHCHIHIBUIBIFEI
MEH JKOFaprbl PerTi XoH andQepeHInanIblK TeHIEY YIIIH coikec OIpTEeKTI HIETTIK ecenTep oyJETiHIH TeK
TPUBHAIIBI IIENTiMAepiHiH 0ap OOJMYBIHBIH apachIHJAFbl Iapa-MapiiblK OpHAThUIFaH OoyaThiH. COFaH Heri3fernne
OTHIPHIIL, JKOFAPFBI PETTi THIEepOONaNbIK TeKTeC aepOec TYBHIBUIB MG GepeHIHaIAbK TeHACYIepaiH O0ip Kiackl
YVIIiH ~ 0acTanmKpl-IIETTIK  €CEeNTEePAiH KUCBIHIABUIBIK KPUTEpUHi  TaradblHAauael. JKOFaprbel  peTTi KoM
nubdepeHIMaIablK TCHACYAl aaMacThIpyaap KeMeriMeH OipiHmn perTi xoil auddepeHIHanapK TeHISYyIep
KyleciHe kentipyre OosateiHbl Oapriara Oenrim. JuddepeHnnanaslk TEHACYJICPAiH CamajiblK TEOPHICHIHBIH
omiCTepiH mMaiijagaHa OTHIPBIN, ajbIHFAH JKYHCHIH MMICIIUTIMIUTIK IIapTTapbl OCHI JKYHEHIH audQepeHIInaIIbIK
OeuiriHiH (yHZaMEHTAJIBIK MaTpULAChl TEPMUHIHIE TYXKBIPBIMIATybl MYMKiH. OCBIFaH yKcac TocUImi eKi
alHBIMAITBLIBI KOFAPFBI PETTI TUIEPOOJIANBIK TEHICYJIEPre KOJAaHyFa 00JIaIbl )KOHE 0J1ap apayiac TYBIHABUIbI CKIHIII
perTi runepOoNaibIK TeHASYIep Kylecine kenTipinyi MymkiH. CoHJia, apanac TybIHIbUIBI THIIEPOOIANIBIK TEHIIEYIED
JKyHenepl YIIIH HIETTIK ecenTepil MemymiH Oenrim omicTepiH maiiiasaHa OTBHIPHII, MISMIUTIMIUIK MIapTTapbl
OPTYpIIi TEPMHUHACPAE TaFaHbIHIATYBI MYMKIH.

JKaparbuiblcTaHyIBIH KOINTETEH €CENTEPiH MAaTeMaTHKAJIBIK MOJEINICY KOFapFbl PETTI TMIIEpOOIIANBIK TEKTEC
nepbec TYBIHABUIBI TCHJIESYJIEP YIIH KOIHYKTENI XoHe OSHIOKall IIeTTIK eCenTeplli 3epTTey KaXKETTUTIIriHE ajIbIIl
kennai. JuddepeHnmanaplk TeHICYISpIiH CcamaiblK TEOPUSCHIHBIH OIMICTEpiH OCHI ecemnTepre TiKeJel KONHaHy
apKBUTBI OJIApJBIH MENIUTIMIUIITIH opHaTyFa Oomnaabl. JKoraprel peTTi rumepOoIaIblK TEKTeC IepOec TYBIHIBLIBI
TEHJEYJIEp VINIH KOMHYKTE/I )KoHEe OCHIOKa  MIETTIK eCenTep aIMAacThIPy *KOJBIMEH EKIiHII PEeTTi THImepOoIaibiK
TEHJACYJIep JKyhenepi yimiH Oeilokan IIeTTIK ecemrepre Kenripimemi. EKiHIN peTTi rumepOosianblK TeHIACYJIEP
JKyHenepi yiriH OeHIoKai MIETTIK eCenTep TEOPHSICH KOITEreH KYMBICTapAa IaMBIThIIFAH. BYTiHI1 Ke3eHae eKiHIi
perti rumnepOoONaNbIK TEHJAEYyJep JKydenepi yIIiH Oeiiyiokan HIeTTIK ecenTepiiH IMIeMUTIMAUITIHIE opanyaH
mapTTapbl ajblHFaH. AWHbIMaibl KoadduinmeHtrepi Oap rumnepOoOiaiblK TEHJEYIEp YUIH CHI3BIKTH IMIETTIK
ecenTepaAiH OIpMoHAI IEMUTIMIUIITIHIH KPUTEpUiiIepl calbICTRIPMaibl TYpPAE >KaKbIHIA aJIBIHABL. ABTOpPJIapAbIH
OipeyiHiH >KYMBICBIH/IA THIIEPOOJIANIBIK TEHACYJIEp JKYHenepi YIiH UHTerpalblK apThl 0ap OeioKal mMeTTiK ecer
»kaHa Oenriciz (YHKOMSATIAp €Hri3y apKbUIbl kol A depeHnnanaplK TeHIAEYJIep >KyHenepi YLIH HHTETpPalbIK
mapTel Oap IIETTIK ecenTep oyjieTi MeH (YHKIMOHANABIK KaThIHACTApAAaH TYPATBIH eCelKe KeNTipiiemi.
lumepOonabIK TeHASYJep JKykHeci YIIH OCWIOKaJ €CEeNTiH KUCBIHABI MISIUTIMAUIT kol AudQepeHInaIIbK
TEeHICYJIep JKYHWecl YINIH IIeTTIK eCenTep OyJETiHIH KUCBIHILI MICIIIIIMAUITIHE IMapa-map eKeHi OpHATBUIIBIL.
I'umepOonanblK TEHACYJICP JKyienepl VIIH HHTETPaIblK IIapThl Oap OCHIOKaa MISTTIK ©CEeNTiH KHCBHIHIBI
HISIIUTIMIUTICT KpUTEPHiil OacTanKel OepimiMaep TEPMHUHIHIC aTBIHIBL.

JKoraprer perti gepOec TYbIHABUIBI AuddepeHIHANIBIK TEHACYJIEP VINH OacTamKbI-IIETTIK — ecelmn
KapacThIpbuIazbl. OHBIH KJIACCHKAIBIK IISHIIMIEPiHiH 0ap 00JIybl Macenenepi MeH XKybIK LieniMepid Taby aaicrepi
3eprreinreH. XKaHa Oenrici3 GyHKUMsUIAp €HTi3y JKOJIBIMEH 3ePTTEJNII OThIPFaH €Cell TUNepOoIaiblK TeHACYIep YIIiH
napamerpiiepi 6ap Oeilyiokan ecenTeH XKoOHE MHTETPANbIK KaTblHACTapJaH TYPAThIH Mapa-map ecernke KeJTIpiuIreH.
3epTTenin OTHIPFaH €CENTiH JKYBIK IIEeHIiMiH Ta0y alrOpUTMIEPi YCHIHBUIFAH JXOHE ONAPABIH JKUHAKTHUIBIFBI
nmonenpaeHred. Ilapamerpiiepi 6ap mapa-map ecenTiH JKajfbl3 IIEIIIMiHIH Oap OOJIYBIHBIH JKETKUIKTI HIapTTapbl
TaraiibiHanFad. JKoraprbl peTTi aepoec TybIHABLIB quddepeHnnanabpK TeHaeyep xKykeci yiiH 6acTanKpl-IIeTTiK
ecenTiH OipMoHI MENIIIMILTITHIH IIapTTaphl 0aCTanKbl OepiTiMIep TEPMHUHIH/IE aJTBIHFAH.

Tyiiin ce3mep: Xoraprel peTTi aepOec TyBIHIBUIBI TUBdEpSHIMAIIABIK TeHISYep, OacTaNnKbI-IIETTIK €Cell,
Oeiiokan ecerm, eKiHII PeTTi THIepOOTaIBIK TeHALYIIep, MEeMILTIMILTIK, allTOPHTM.
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O HAYAJIBHO-KPAEBOW 3AJIAYE JUISI JU®OEPEHIIAAJILHOTO YPABHEHMS
B YACTHBIX MNPOU3BOJHBIX BBICOKOI'O IIOPAJIKA

AHHOTanmsi. XOpOIIO H3BECTHO, YTO HAYaIbHO-KpaeBble 3amaud il auddepeHnnabHbpIX ypaBHEHUH B
YAaCTHBIX HPOU3BOJHBIX BBICOKOTO TOpSAKA OTHOCATCS K HamOoJjiee BaXKHBIM KJlaccaM 3a/lad MaTeMaTHYecKOH
¢usukn. Jng wccnemoBaHMs pasMUHBIX 3a1ad A1 AM((GEepeHINaTbHBIX YPAaBHEHHH B YacTHBIX IPOW3BOJHBIX
BBICOKOTO TOPSI/IKa, HAPSALY C KJIACCHYECKUMH METOJlaMH MaTeMaTHuecKoil Gpu3nku, Takux kak mMeron dypwe, MmeTon
¢yakumii ['puHa, Takke yacTo NPUMEHSUIMCh MeTpudeckas koHuenuwms Ilyankape, merox aud¢depeHnnambHbIX
HEpaBEeHCTB U JPyTHe METOJbl Ka4YeCTBEHHON TEOpHH OOBIKHOBEHHBIX IU(QepeHHanbHbIX ypaBHeHnid. Ha ocHoBe
3THX METOJIOB OBUIH MOJIyYEHBI YCIOBHS Pa3pelIMMOCTH PACCMaTPUBAEMBIX KPaeBbIX 3a/a4 M MPEAI0KEHbI CIIOCOOBI
nx pemenusi. HecMoTpst Ha 310, HOMCK 3QEKTUBHBIX MMPU3HAKOB OJAHO3HAYHOW Pa3pelIMMOCTH HadyallbHO-KPaeBhIX
3agad s audepeHnnanbHbIX YpaBHEHHH B YaCTHBIX MPOM3BOAHBIX BBICOKOTO IOpS/IKA BCE €IIE OCTAeTCs
OTKpHITHIM. Panee ObUla yCTaHOBJIEHA AKBHBAJIEHTHOCTh MEXIy KOPPEKTHOCTHIO HA4YaJIbHO-KPAEBOW 3ajadd JUIst
TUIEpOOIMYECKOTO ypPaBHEHMS BBICOKOTO TIOpSAKA W CYLIECTBOBAaHMEM TOJBKO TPUBHAIBHBIX —pEIICHUN
COOTBETCTBYIOIIEr0 CEMEHCTBA OJHOPOAHBIX KPAaeBbIX 3a/1ad AJIsl OOBIKHOBEHHBIX AU (depeHnnanbHbIX ypaBHEHUH
BBICOKOr0 nopsaka. OCHOBBIBAasCb Ha 3TOM, YCTaHOBJIEH KPUTEPUN KOPPEKTHOCTM HAa4yallbHO-KPAEBBIX 3ahad st
onHoro kiacca an(¢epeHINaIbHBIX YPaBHEHUI B YacCTHBIX MPOM3BOJIHBIX T'MIIEPOOJIMYECKOrO THIA BBICOKOTO
nopsiaka. M3BecTHO, YTO C MOMOIIBbIO 3aMEHBI OOBIKHOBEHHOE IHddepeHnnanbHoe ypaBHEHHE BBICOKOTO MOPSIKA
MOXeET OBITh CBEJICHO K CHCTeMe OOBIKHOBEHHBIX MuddepeHInaIbHbIX YpaBHEHUI nepBoro mnopsiaka. Mcmonb3ys
METOJIbl Ka4eCTBEHHOH Teopun andepeHnaIbHbIX YPaBHEHUH, YCIOBHS Pa3pelIMMOCTH IOJYYEHHOH CHCTEMBI
MOTYT OBITH cOpMyIHMpOBaHBl B TEpPMHHAX (YHIAMEHTAJIbHOW MaTpuibl JuddepeHnnanbHoil 4acTH CHCTEMBI.
AHaJOTMYHBIA TTOIXO0JX MOXET OBITh NMPHUMEHEH K TUIepOOIMYECKUM ypaBHEHHSM BBICOKOTO IOPSIKA C JIBYMS
HE3aBHCUMBIMU TI€PEMEHHBIMH M OHU MOTYT OBITh CBEIEHBI K CHCTEME T'MIIEpOOJIMUECKHX ypaBHEHHH BTOPOTO
Hopsiika CO CMEIIaHHBIMU NMPOU3BOAHBIMH. Torna, UCHOIb3ys U3BECTHBIE METOJbl PELICHMS KPaeBbIX 3ajad AJs
CHCTEM THIIEpOOIIMYECKUX YPaBHEHHH CO CMEIIaHHBIMH IPOM3BOAHBIMH, YCIOBHS Pa3peIlMMOCTH MOTYT OBITh
YCTaHOBJICHBI B PA3JIMYHBIX TEPMHUHAX.

Maremarnueckoe MOJEIMPOBAHNE MHOTHX 33]ad €CTECTBO3HAHMUS NPHUBEIIO K HEOOXOIMMOCTH U3yUEHUS! MHO-
TOTOYEYHBIX W HEJIOKAJIBHBIX KPAeBbIX 33/1a4 JUIsl YPaBHEHUH B YAaCTHBIX MTPOM3BOIHBIX BEICOKOT'O ITOPs/IKA THIIepOo-
nryeckoro tumna. [IpuMeHsst METObl KauyecTBEHHON TeopuH aAn(depeHINaIbHbIX YPaBHEHUH HENOCPEICTBEHHO K
9TUM 3ajjadyaM, MOXKHO YCTaHOBUTH YCJIOBHS UX Pa3peIlIMMOCTH. MHOroTO4YeuHbIE U HEJOKAIbHBIE KPaeBble 3a0aul
JUIsl YpaBHEHUH ¢ YaCTHBIMH ITPOM3BOAHBIMH BBICOKOT'O ITOPSI/IKA TUIIEPOOIMYECKOr0 THIIA ITyTEM 3aMEHbI CBOJSTCS K
HEJIOKAJIbHBIM KPaeBbIM 3a/1a4aM Ul CHUCTEM TUIepOOJIMYEeCKMX ypaBHEHHH BTOpOTO mopsiika. Teopus Helo-
KaJIbHBIX KPaeBbIX 3a7ay ISl CUCTEM THIIEpOOINYECKUX YPaBHEHHH BTOPOTO MOpPSIKa Pa3BUTa BO MHOTHX padoTax.
K HacTosmeMmy BpeMeHH IOIyYeHBbl pa3IMYHbIE YCIOBHUS Pa3pelIMMOCTH HEIOKAJIbHBIX KpaeBBIX 3a4ad st
TUNEpOONINYEcKUX ypaBHeHUH. KpuTepun omHO3HA4YHOW pa3peliMMOCTH HEKOTOPBIX KJIACCOB JIMHEHHBIX KpPaeBBIX
3a7a4 Uil THIEpOOJIMYECKUX YpaBHEHHH C IepeMeHHBIMH KoddduimeHTamy OBUTM NOIYyYEHB CPaBHHUTEIHHO
HelaBHO. B paboTe onHOTrO M3 aBTOPOB HEJNOKaJbHAs KpaeBas 3ajada C MHTETPAIBHBIM YCIOBHEM JUIS CHUCTEM
TUNEpOOINYECKUX YPaBHEHHH IyTeM BBE/ICHMS HOBBIX HEM3BECTHBIX (pyHKUMII cBOIMTCS K 3ajade, COCTOSIIECH n3
ceMeHCTBa KPaeBbIX 33/1a4 C MHTETPAIbHBIM YCIIOBHEM JUISl CHCTEM OOBIKHOBEHHBIX ] depeHInanbHbIX ypaBHEHHH
1 (QYHKIMOHAIBHBIX OTHOLIEHHH. Y CTaHOBJIEHO, YTO KOPPEKTHASI Pa3pelIMMOCTb HEJIOKAJIBHON 33124 ISl CUCTEMBI
TUNEpOOINYECKUX YPaBHEHNI SKBUBAJICHTHA KOPPEKTHOM pa3pemrMocTH ceMelCTBa KpaeBbIX 3a1ad ISl CUCTEMBI
0OBIKHOBEHHBIX An(PepeHINaNbHBIX ypaBHeHNH. [lomydeH KpuTepHii KOPPEKTHON pa3pelnMOCTH HeJOKaIbHOU
KpaeBoW 3aJaydl ¢ WHTErPaJIbHBIM YCJIOBHEM JUIS CHCTEM THIEPOOIMYECKUX ypaBHEHMH B TEPMHHAX HCXOJHBIX
JTAaHHBIX.

PaccmatpuBaeTcs HawanbpHO-KpaeBas 3aj1ada Juisl ITUQQepeHHanbHbIX YPaBHEHNH B YaCTHBIX MPOW3BOIHBIX
BBICOKOTrO nopsiaka. Mccnenyrorcss BOIpOChl CYLIECTBOBAHUSA €€ KIACCUYECKUX PEIIeHHH U MPeJIaratoTcsi METOMAbI
HaXOX/ICHHsI NPUOIMKEHHBIX PELICHUH. YCTaHOBIICHBI TOCTATOYHBIE YCIIOBUS CYIIECTBOBAHUS M €JMHCTBEHHOCTH
KJIaCCMYECKOTO pPELIEHHs] paccMaTpuBaeMoOl 3alaud. BBens HOBble HeM3BecTHbIE (YHKIMHM MBI CBOJIUM HCCIE-
JyeMylo 33/1auy K SKBHBAJICHTHOHM 3a/1aue, COCTOSIIEH M3 HEJIOKaJbHOW 3a7a4M ISl TUIEepOOIMIECKNX ypaBHEHHH
BTOPOTO TOpsAKa C (QYHKIMOHAIGHBIMH IapaMeTpaMy M MHTETPAIBbHBIX COOTHOIIEHUH. [Ipe/uioskeHbl anropuTMsl
HaXOX/ICHHSI MPHOJIMIKEHHOTO PEIIeHMs] MCCIeyeMOr 3aJadll M JJOKa3aHa MX CXOAWMOCTb. YCTaHOBJIEHBI JIOCTa-
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TOYHBIE YCJIOBUS CYIIECTBOBAHNS €AMHCTBEHHOTO PEIICHNS SKBHBAJICHTHOM 3a/1a4 C TIapaMeTpaMu. Y CJIOBUS OJTHO-
3HAYHOH pa3peuIMMOCTH HadalbHO-KpaeBoi 3amaun Uit auddepeHnnanbHbIX YpaBHEHHH B YaCTHBIX MPOU3BOIHBIX
BBICOKOTO MOPS/IKA MOYyYESHBI B TEPMUHAX UCXOTHBIX JaHHBIX.

Karouessle ciioBa: nuddepeHnnanbHble ypaBHEHHS B YACTHBIX [TPOM3BOAHBIX BBICOKOTO MOPS/IKA, HAYAIbHO-
KpaeBas 3a[1a4a, HeJIOKaJIbHas 3a7a4a, THIIEepOOIIMUECKUe YPpaBHEHHUS BTOPOTO NOPSIIKA, Pa3pEeIIMMOCTh, aITOPHTM.
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SPATIAL TECHNICAL CURVES AS SMOOTH LINES
OF THE ARCS NORMCURVES

Abstract. In solving applied problems one often encounters with the construction of spatial curves for a number
of pre-set conditions. As a rule, the constructed curve is set by a set of pre-calculated or experimentally obtained
conditions (points, tangents, values of curvature and torsion at these points). The horizontal and frontal projections
(plan and profile) are calculated independently. As a result, the outline will consist of arcs of spatial curves no lower
than the fourth order with unpredictable differential properties. The arcs of circular norm-curved spaces are devoid of
this drawback.

The article discusses some theoretical questions of curve theory for a rational choice of smooth contour
components. It is proposed to use arcs of cubic circles as components of a spatial smooth one-dimensional contour. A
cubic circle, being a special case of a cubic ellipse, intersects an improper plane at a real point and at two cyclic
points. Such curves have better differential properties from the standpoint of the monotonicity of changes in the
values of the angles of inclination of the tangents, curvature, and torsion, which significantly affects the dynamic
qualities of the contour being constructed.

Key words: normcurves, descriptive geometry, conical surface, method of rotating the plane, one-dimensional
spatial outline, smoothness, component, intersection line, butt point.

The variety of technical problems of designing the various communications as a geometric component
includes into itself the design of a spatial curve. As a rule, it is set by many pre-calculated or
experimentally obtained geometric conditions (points, tangents, values of curvature and torsion at these
points, etc.) [4,11,13]. At that, the horizontal and frontal projections are independently constructed, or its
plan and profile are designed as one-dimensional contours. As a result, the desired curve is obtained as a
line of intersection of two composite projecting cylindrical surfaces. The main advantage of this method is
its simplicity, which is achieved by bringing a three-dimensional problem to the solution of two flat
problems and using the normcurves of the plane as components. Normcurves are algebraic curves whose
order is equal to the dimension of the space. A second-order curve as a normcurve of the plane is given by
two points A and B, tangents ta, ts at these points, and an engineering discriminant d=BC:NC, where
T=t,ntg, TC- is the median of the triangle ATB.

In modern graphic packages and computer-aided design systems, spatial curves are set parametrically,
which makes calculations easy. They are represented as composite lines (Hermite curves, Beziers, splines
of various types). The equations of their components have the form

x=fi(p) y="(p) z="fs(p)

where cubic polynomials [2,5,7,9,10,12,14] are taken as functions f , f,, f, . Graphs of these functions

do not allow you to visually evaluate the geometric and differential properties of the curve they describe.
As an example, on figure 1 shows the construction of projections y = gol(x), 7=, (x)in three-
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dimensional space Oxyz of a parametrically given curve x = f,(p), y = f,(p), z= f5(p) of a four-
dimensional space, where fl(p), fz(p), f3(p)— are the second-degree polynomials. Analysis of
projection y = gol(x), Z=q, (x) of second-order parabolas shows that the original parametric given

curve is a fourth-order spatial curve.

Thus, the simplicity of graphical construction of the components of the conture during manual
construction and the simplicity of computational procedures in computer-aided design systems ultimately
lead to the complication of the simulation result. In our case, this is expressed in an unjustified increase of
the order of the components of the contour and their number from the geometric positions. This
conclusion follows from the fact that the simplest spatial curves of the third order (normcurves of space)
are not used as the components of the one-dimensional spatial contours.

S A /
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4o \ ')/
4 4 4 1t
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y=p 1%/ 3.0(2
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4 /
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Figure 1 - The construction of projections Y = ¢, (X) Z=q, (X) in three-dimensional space
Oxyz of a parametrically defined curve of four-dimensional space OX'y'z'p’

In this regard, the purpose of this publication is to present the theoretical foundations of the method
proposed by the authors for modeling spatial technical curves in the form of smooth one-dimensional
contours from arcs of normcurves.

v

flapadona

Figure 2 — The position of the second-order curves relative to the improper straight line
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Since there is no information in the General technical literature about normcurves, we will first cover
the questions necessary for further presentation. As the normcurves of plane (second-order curves) are

classified by their position relative to the non-own straight line U™ (figure 2), so and normcurves k2of
three-dimensional space are classified by their position relative to the non-own plane A” (figure 3) [1,6].

Figure 3 — The position of the norm curves of three-dimensional space relative to improper plane

1. k? - cubic hyperbola intersects A7 at three real different points.

2. k3— a hyperbolic parabola that intersects A” at a real point A and touches A” at two coinciding
real points B=C.

3. k- the cubic parabola intersects A” at three coinciding points A=B=C (A” is the touching plane
of the curve k®).

4. k®- cubic ellipse, intersects A™ at a real point A and at two imaginary-conjugate points B and C.
A special case of a cubic ellipse is a cubic circle, for which the points B and C will be cyclic.

The algorithm for constructing normcurves of three-dimensional space in theoretical plan is obvious.
Two second-order linear surfaces (quadrics) with one common generatrix | intersect along a fourth — order

spatial curve that splits into their common generatrix | and the remainder - the desired norm curve k3.
The constructions will be simple if we take as these quadrics the conical surfaces [3, O with guide circles

b and d belonging to the same plane » (figure 4). In this case, the normcurve k® will be a circular curve
(a cubic circle) that has the best dynamic properties among normcurves [3, 8, 9, 10].
In figure 4, conical surfaces B(S,,b), 5(S,,d) with a common generatrix 1(S,S, ), whose

guiding circles b and d belong to the plane J, intersect in a cubic circle k* where K, =k*® 1y . The curve
k® is constructed by the method of a rotating plane, that is, a beam of planes |(0[i) with an axis I
anNpf=SB, and=5,D,, SB NSD, =K, is used as intermediaries where
K k3.1t passes through the vertices S, S, of the conical surfaces /3 and O , since the tangent plane
74(S,, ty) of the surface & intersects the surface /3 along its generator S; 1, where 1 =t; M b, and
the tangent plane 7,,(S;, t, ) intersects the surface & along the generator S, 2, where 2 =t, N d .
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Figure 4 — Construction of a norm-curved three-dimensional space as a curve
of intersection of two conical surfaces with a common generatrix

Thus, the incidence of the constructed curve K to the vertices S,, S, of the conical surfaces /3 and
O allows to use them as butt joints in the preparation of a spatial one-dimensional contour.

Figure 5 — Building a tangent at a butt point

To construct a smooth one-dimensional contour, it is required to specify the tangents 1.'Sl and '[S2 in

the butt points Sl and SZ, respectively. The tangent line t, at any point, for example 82, of the line k*
of intersection of surfaces ,B and O is constructed as the line of intersection of two tangent planes
74(S,, t4), 7,(S,, t, ) drawn ata point S, to the surfaces 3 and & (Fig. 4, 5). Here the point 2 - is
different from the point L of intersection of the tangent t,, with the guide d of the conical surface 0.

From the foregoing, the sequence of constructing the component of a smooth one-dimensional spatial

contour specified by an ordered array of points Si with fixed tangents tg;, from arcs of cubic circles k3 :
follows:
1) two adjacent butt points S1 and 82 with the tangents tSl € Sl, '[82 S 32 specified in them are

taken as the vertices of the auxiliary conical surfaces £ and J ;
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2) in a certain plane ¥, which is chosen from the condition of simplicity of computational
procedures (as a rule, a coordinate plane Oxy), the points L=8182 Ny, 1=tslmj/,

2= tSZ M y and straight lines t; (LZ), ty (Ll) of intersections ¥ with planes, are built;

3) points L, 1 and tangent t, e 1 define a circle b - a guide of the first conical surface ﬂ ; points

L, 2 and tangent t, e 2 define a circle d - a guide of the second conical surface O ; the

arcS;S, of the normeurvek® of intersection of conical surfaces f and S will be the desired
component of the constructed one-dimensional contour; in points S;and S, it touches these lines
ts, €51, t, €95,

Thus, a method is proposed for constructing a spatial one-dimensional smooth contour, the
components of which are the arcs of a circular normal curve - a cubic circle. As known from the theory of
curves, such curves have better differential properties from the standpoint of the monotonicity of changes
in the values of the angles of inclination of the tangents, curvature, and torsion, which significantly affects
the dynamic qualities of the contour being constructed. This is achieved through the use as constituent arcs
of curves of the smallest possible order, while in all known methods, the contour components are the arcs
of non-circular curves of the forth or above order.

I'.C. UBanos!, ’K.JK. Kanabaer?, H.C. Ymoeron?, U.®. Boposukos!

'H. bayman aTerHmarsr Mockey MEMIIEKETTIK TEXHUKANIBIK yHHBEPCHTETI, Mackey, Pecel;
2M. Oyesos atbingarsl OHTyCTiK Kazakcran MemiexeTTik yausepeuteTi, IlbivkenT, Kazakcran

HOPMKHUCBIKTAP JOFACBIHAH KYPAJIFAH " KAHAMAJIAP PETIHJIEI'T
KEHICTIKTIK TEXHUKAJIBIK KUCBIKTAP

AHHOTAIMsA. [ cOMETPUSIIBIK KOMIIOHEHT PETiHAC KOMMYHHUKALUSIAPABIH OapIbIK TYPJICPIH jK00aTayablH op
TYPJIi TEXHUKAIBIK Maceliesiepi KeHICTIKTIK KUCBIKTapAblH KYPBUIBICHIH KaMTHIBL. ONEeTTe, ojap OYpbIH eCenTelreH
HeMece TOXKIpHOe JKY31HIE alblHFaH T'€OMETPHUSUIBIK JKaFJaillapAblH JKUBIHTBIFBIMEH aHbIKTaNanbl (HYKTENep,
TaHTeHCTEP, KUCBHIKTHIK JkoHe Oypaiy MoHzepi >koHe T.0.). By xarnaiina kenjeHeH »oHe (POHTAIb MPOEKIUSIIAP
(xocmap >xoHe mnpodmib) nepbec ecenteneni. HoTwkeciHIe KalaFaH KHCBIK €Ki Kypama HpPOCKIHsIAYIIbI
MIIAHAPIIK OSTTEepIiH KUBUIBICY CBHI3BIFBI PETIHAC ANBIHAIBL. BYIT 9MiCTiH 0acThl apTHIKIIBUTBIFGI - OHBIH YIIOIIIeMI1
€CeNTi eKi KAa3bIKTHIK €CEITI IIEIIYTre XKIHE KAJIBIIThI KUCHIK ChI3BIKTHI KOMIIOHEHTTEP PETIH/IE KOJIAHy apKbUIbI KOJI
skerimaiiri. COHbIMEH, KOHTYP KYPACTHIPYIIBLIAPHIH KOJIMEH KO0alay/blH IpaQUKaibIK >KOJIMEH TYPFbI3Y/IbIH
KapanaibIMIBUIBIFBI  JKOHE  €CeNTey  TEXHUKACHIHBIH  aBTOMATTAH/BIPHUIFAH  JKYHENepiHaeri  ecenrey
MpOLIEAYPAAPbIHBIH KapanalbIMABUIBIFBI CAWBI KENreHAe, KOHTYP KYPaCTHIPYIIbUIAPBIHBIH JKOHE OJap/bIH
TTOpeXeTNepiHiH TEOMETPHUSUIBIK TYPFBIIAH HETi3Ci3 KypAeJeHyiHe oKenemi. Byl TyXBIpeIM VIIiHIN Topexkeri eH
KapamaibiM KEHICTIKTIK KHUCBIKTAp (KEHICTIKTIH HOPM. KHUCBIKTaphbl) Oip eJIeMai KEHICTIKTIK KOHTYpJapbIH
KYpacThIPYIIbUIAPHI PETiH/IE MaialaHbUIMANTBIHBIHAH IIbIFabl. HoTHkeciHe KOHTYp aijbiH-ana 0omKaHOalThIH
nudbepeHIMaIablK KacueTTepl 0ap KeM AereH/ e TOPTIHIII PEeTTi KeHICTIKTIK KUCBIKTApIbIH JOFalapblHAH TYPAabl.
COHJIBIKTaH TETIC KCHICTIKTIK KOHTYpJApAbl KYpy OICTEepiH a3ipyiey - Ke3ek KyTTipMelTiH mocene. OchiFaH
OaiinaHbICThI, MakKaJlaHbIH MaKcaThl KapamaiblM KHCBIK JOFaJlapblHaH Teric Oip ememai KOHTypiap TypiHjae
KEHICTIKTIK TEXHHMKAaJIbIK KUCBIKTapIbl MOJEIbJCY YIIIH aBTOpJap YChIHFAaH 9JIICTIH TEOPHUSUIBIK HEri3[epiH YChIHY
OO0JIBII TaObUTAIBL.

Teric KOHTYp KOMIIOHEHTTEPiH YTHIMABI TaHIAy YIIiH MakKajiaga KUCHIKTap TCOPHSCHIHBIH KEHOIp TCOPUSITBIK
CypakTapbl KapacThIpbUIafbl. YII ©JIIeMIl KEHICTIKTIH HOPM. KHCBHIK CBHI3BIKTapbl IIEKCi3 aibic (IyphIC emec)
JKA3bIKTHIKKA KATBICTBI OpHANacybl OOWBIHINA KiKTenedi naem aram eoTiireH. COHBIMEH KaTap, HOPM. KHCBIK
CBI3BIKTAPFA KATBICTBI KEJIECi karainap 1a 60ybl MyMKiH:

- MEHIIIKCi3 JKa3bIKTHIKTHI YIII HAKTHI HYKTEE KECill OTETiH YIIIHIII A9pexeli Thepoona;

- MEHIIIKCi3 JKa3bIKTBHIKTHl HAKTHl HYKTENE KECill OTil, TYHIHAeCKeH eKi HakThl HYKTeAe jKaHal eTeTiH
runepOonanbK mapabdona;

- MEHIIIKCI3 JKa3bIKTHIKTHI TYWIHJECKEH YILI HYKTE apKbUIbl KHUbII alaTbhlH YIIIHIN Jopexkeni mapadoia
(MEHILIKCI3 Ka3bIKTHIK - KHCHIKKA JKAaHACATBIH JKa3bIKTHIK);
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- MEHILIKCI3 Ka3bIKTBIKThI HAKTHI HYKTEJIE )KOHE €Ki HAKChI3 TYHiCy HYKTECIH/Ie KUbII OTETiH YIIiHIII A9pexeri
QIUIHIIC.

YwriHmn gopexeni meHOep JoFalapblH KEHICTIKTIK Teric Oip eJiemji KOHTYPJbIH KOMIIOHEHTTEpi peTiHIe
naiinanany yceiHbUIa bl KyOTBIK 3JUTHIICTIH €pEeKIIe JKaFqaiibl 001a OTHIPHIN, Ky0 IMICHOSP] MEHIIIIKCI3 Ka3bIKTHIKTHI
HAKThl HYKTE MCH €Ki HHUKIIBIK HYKTEOC KHUBIT eTemi. MyHAal KHCHIK ChI3BIKTAp KOHTYPJBIH JUHAMHKAIIBIK
KacHeTTepiHe e/1ayip acep eTETiH jKaHaMaHbIH KeJIOeyIiK OYpHIIIbI, KUCHIKTHIK YXoHE Oypairy MOHJIEpiHIH e3repyiHiH
MOHOTOH/IBUTBIFBI TYPFBICBIHAH JKAKChIPaK MU GepeHINANIbl KACUETTEpre He.

TyiiiH ce3mep: HOPMKUCHIK, ChI30a IeOMETPHUs, KOHYCTHIK OCT, alilHaIMaJIbl Ka3bIKTBIK oJici, Oip ememmi
KEHICTIKTIK jkaHaMa KHUCHIK, TETICTIK, KABUIBICY CHI3BIFBI, TYHIHIECY HYKTECI..

I'.C. UBanos?!, JK.JK. Ixkanataes?, H.C. Ymoeron?, I.®. Boposukos®
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IMPOCTPAHCTBEHHBIE TEXHUYECKHUE KPUBBIE
KAK I'VTAIKHUE OBBO/JIbI 13 YT HOPMKPUBBIX

AnHOTanusi. MHOrooOpasue TEeXHUUECKHX 3a/1a4 MPOEKTUPOBAHMSI BCEBO3MOKHBIX KOMMYHHUKANNI B KauecTBE
TeOMETPUYECKON COCTABIIONIEH BKIIIOYACT B ce0sl KOHCTPYHPOBAHUE IPOCTPAHCTBEHHBIX KpHUBBIX. Kak mpaBumiio,
OHU 3a/IaI0TCSl MHOKECTBOM TIPEIBAPUTEIHEHO PACCYMTAHHBIX MM 3KCIIEPUMEHTAIBHO MOTyYEHHBIX T€OMETPUIECKIX
ycnoBuil (TOYeK, KacaTelbHBIX, 3HAUYCHWH KPUBM3HBI W Kpy4YeHHWH B HaHHBIX TOYkax H T.A.). Ilpm sTom
TOPU3OHTANIbHAs W (POHTANBbHAS MPOEKNWM (IUIaH W TPOQHIB) PACCUUTHIBAIOTCA HE3aBHCHMO. B pesymbrare
WCKOMasl KpHWBas TIIOJNy4aeTCss KaK JIMHUA TIPECEUYCHMs JIBYX COCTaBHBIX MNPOCHHUPYIOMNX MMIMHIPUIECKUX
MOBEPXHOCTEH. [ JTaBHBIM JOCTOMHCTBOM TaKOTO CIOCO0a SBIAETCA €ro IpOCTOTa, KOTOpas JOCTHUTAECTCs
MPUBEICHUEM TPEXMEPHOM 3aJ]aull K PEIICHHIO JBYX IJIOCKHX 33/1a4 M UCIIOJIb30BaHHEM B Ka4eCTBE COCTABIISIOIIMX
HOPMKPHBBIX IUIOCKOCTH. Takum 00pa3zoM, mpocrora rpaduueckoro MOCTPOSHHs COCTaBISIOMIMX O00BOJAA IpU
PYUYHOM €ro KOHCTPYHUPOBAHHWU W TMPOCTOTA BBIYUCIUTCIIBHBIX IMPOUEAYP B CHCTEMAaX AaBTOMATU3WUPOBAHHOTO
MPOCKTUPOBAaHUS B KOHEYHOM HTOTE BEAYT K YCJIOXKHEHUIO pe3ysbTara MOJCIMPOBAHMS, YTO BBIpAXKaeTcs B
HEOOOCHOBAaHHOM C I€OMETPUYECKUX IO3UIMH TOBBIILICHUH MOPSIKOB COCTABISIONIMX OOBOJNA M MX KOJWYECTBA.
OTOT BBIBOJ CJIEIYeT U3 TOro (haKTa, 4YTo B KaYECTBE COCTABIIIOIINX OJHOMEPHBIX MPOCTPAHCTBEHHBIX 00BOJIOB HE
UCTIONIB3YIOTCSI CaMble TIPOCTHIE NMPOCTPAHCTBEHHBIE KPHUBHIE TPETHETO IMOPsIKa (HOPMKpPHUBBIE IPOCTPaHCTBA). B
pesynbrare 00OBOJ COCTOMT M3 JOyI IPOCTPAHCTBEHHBIX KPHWBHIX HE HIDKE YETBEPTOrO IIOpsAKa ¢
HENpOTrHO3UPYEeMbIMU U QepeHMaNbHBIMI  CBOHCTBaMH. [loaToMy pa3paboTka CHOCOOOB KOHCTPYHPOBAHHUS
TJIAJIKAX TIPOCTPAHCTBEHHBIX OOBOJOB SBISIETCS aKTyalbHOW 3amadeil. B CBs3M ¢ 3THUM Henblo0 HacTosmIeH
MyOJMMKanuy SIBISETCA WM3JI0KEHHE TEOPETHYECKHX OCHOB IPEIUIaraéMoro aBTOpaMH cIiocoda MOIEIMPOBaHMS
MPOCTPAaHCTBEHHBIX TEXHMYECKNX KPHUBBIX B BUJIE TJIAJIKUX OJJHOMEPHBIX 00BOJIOB M3 T HOPMKPHBBIX.

Jns panMoHanbHOTO BBIOOpA COCTABIAIONIMX IJIAAKOTO 00BOJA B CTAaThe PACCMATPUBAIOTCS HEKOTOpHIC
TEOPETHUECKHE BOMPOCHl TEOPUM KpHUBHIX. (OTMeYaercs, 4YTO HOPMKPHUBBIE TPEXMEPHOTO IPOCTPAHCTBA
KJIacCU(UIMPYIOTCS MO UX TOJIOKESHUIO OTHOCUTEIBHO OSCKOHEYHO yNalleHHOW (HecoOCTBEHHOH) rutockocTtH. [Ipu
9TOM BO3MOIXKHBEI CJIydan, KOTJa HOpMKpHUBas ABJIACTCA

- KyOuueckoil runep0oo, nepecekaromiell HECOOCTBEHHYIO IUIOCKOCTh B TPEX JCHCTBUTEIBHBIX Pa3IMYHBIX
TOYKaXx;

- runepOosMueckoil mapabooi, nepecekaroniell HeCOOCTBEHHYIO IUIOCKOCTh B JICHCTBUTENBHOH TOYKE U
Kacarolieecs B IByX COBIABLINX JAEHCTBUTEIbHBIX TOYKAX;

- KyOndeckod mapaboiioi, KoTopas NepeceKkaeT HECOOCTBEHHYIO IUIOCKOCTh B TPEX COBIIABIIMX TOYKAX
(HecoOCTBeHHAs IIOCKOCTB SIBIISIETCS] COTPUKACAIOIEHCS TIIOCKOCTHIO KPUBOK);

- KyOMUYECKHM D3IUIMICOM, IEPECcEeKaIoONM HEecOOCTBEHHYIO IUIOCKOCTh B JEHCTBHTENBHON TOYKE W B JIBYX
MHHMO-CONPSDKEHHBIX TOUKaX.

B kadecTBEe COCTaBIIONIMX MPOCTPAHCTBEHHOTO TJIJKOr0 OZHOMEPHOTO 00BOJA MPEIAracTcsl NCIO0Ib30BATh
IyTH KyOmdecknx okpyxHocTed. KyOmueckas OKpyKHOCTb, SBISASCH YacTHBIM CIIydaeM KyOHMUYECKOTO 3JIIHIICa,
MepeceKkacT HeCOOCTBEHHYIO IUIOCKOCTh B JICHCTBUTENBHON TOYKE U B JBYX LUKIMYECKUX TOUKax. Takue KpUBbIE
o0nagaT IyqimnuMy TuddepeHHanbHBIMI CBOMCTBAME C MO3UIMI MOHOTOHHOCTH HM3MEHEHHUS 3HAYCHUH YIJIOB
HaKJIOHA KacaTeNbHbIX, KPUBU3HBI U KPYyUEHHMs, YTO CYIIECTBEHHO BIHMAET HAa JUHAMHUYECKHE KAadeCTBAa KOHCTPYH-
pyemoro o0Boja.

KaioueBble cjioBa. HOPMKpHUBAs, HauepTarelibHas I'€OMETPHUs, KOHMYECKas MOBEPXHOCTb, CIIOCOO Bpararo-
1ieecst INIOCKOCTH, OJHOMEpPHBIH MPOCTPaHCTBEHHBIH O0BOJI, TJIAJIKOCTh, COCTABIISIIONIAs, JIMHHUS ITIepeceucHMs,
CTBIKOBAs TOUKa.
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ON ONE METHOD OF RESEARCH OF MULTIPERIODIC
SOLUTION OF BLOCK-MATRIX TYPE SYSTEM
WITH VARIOUS DIFFERENTIATION OPERATORS

Abstract. There is researched the problem of existence and integral representation of a unique multiperiodic
solution in all independent variables of a linear system with constant coefficients and with various differentiation
operators in the direction of a vector field. Based on the Cauchy characteristics method, a methodology is developed
for constructing solutions of initial problem for a linear system with constant coefficients and various special
differentiation operators along two straight lines of the independent variables space, where integration characteristics
are determined using a projector. It is given a methodology for constructing a matrix of homogeneous block-
triangular system, as well as a matricant of a homogeneous linear system in the general case when a Jordan block is
split into the sum of two sub-blocks. The Cauchy problems for linear homogeneous and nonhomogeneous systems
with integral representation are solved using this methodology. At the same time, the introduced projectors for
determining characteristics were of significant importance. Along with the construction of general solutions of linear
systems with two differentiation operators, a theorem on the conditions of multiperiodicity of their solutions is
proved. On their basis, in noncritical case, the theorem on existence and uniqueness of a multiperiodic solution of
linear nonhomogeneous system is proved and its integral representation is given. The developed methodology has the
perspective of extending the results obtained to the quasilinear case of system under consideration, as well as to the
cases of a system with n various differentiation operators and multiperiodic matrices with partial derivatives of the
desired vector function.

Key words: multiperiodic solution, method of characteristics, projection operators, differentiation operators by
vector fields, integral representation.

Introduction. In solving many problems of modern science and technology, we often have to deal
with oscillatory processes that are described by partial differential equations. Thusfore, research of
oscillatory processes described by single and multifrequency periodic solutions of differential equations
systems has important theoretical and applied value. It is known that basis of oscillatory solutions theory
of differential equations originates from classical works of A.Lyapunov, A.Poincare, N.N.Bogolyubov,
N.M.Krylov, Yu.A.Mitropolsky, A.M.Samoilenko, A.N.Kolmogorov, V.l.Arnold, Yu.Moser and et al.
Methods for integrating systems of quasilinear differential equations with identical main part are described
in fundamental works [1-6]. It is known that basis of the theory of almost periodic and multiperiodic
solutions of partial differential equations systems is laid down in the works [4-10]. The works of many
authors has been devoted to finding effective signs of solvability and constructing constructive methods
for researching problems for systems of differential equations. we note only [11,12]. The research of
periodic, both time and space variables of the wave motion of the particle flow, non-stationary flows of
compressible liquids and gases [2], and linear gas whose molecules have different velocity values that
change each other during collisions, described by a system of partial differential equations [13], is of
considerable interest in the continuum mechanics theory. Note that the integration of quasilinear
differential equations systems with different main parts is one of the little-studied problems in the partial
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differential equations theory. Therefore, the development of methods for solving multiperiodic solutions
problems of such systems is at the initial stage of its development. Some ideas of these works methods,
based on researches [14-17], are extended in [18,19] to study multiperiodic solutions problems of
quasilinear equations systems with various differentiation operators along their characteristics. The
questions of multiperiodic solutions of quasilinear equations systems with various differentiation operators
are studied in [5] in terms of the matricant when the matrix of coefficients is block-diagonal. In [20] in the
case of a triangular matrix and in [18] the block-matrix method is used to construct the matricant, and in
[19] the problems of multiperiodic solutions are researched by introducing projection operators [21].
Numerous applications of problems for differential equations with various differentiation operators and
the necessity to expand the class of multiperiodic functions solvable in space, the creation of new
approaches to solving such problems represents a new scientific interest. The article proposes a method for
researching a multiperiodic solution of system with various differentiation operators, constructing
matricant of a linear system in general case, when splitting a Jordan block into the sum of two sub-blocks,
introducing projectors to determine characteristics, and establishing conditions for the existence of ((9, a))

periodic solutions of the system under consideration and their integral representations.
1. Problem statement. We consider linear system

Dx=Ax+ f(z,t), (1.2)
where x=(x,X,) is unknown vector function; x, are n;-vector, n,+n,=n, D=(D,D,) is
differentiation operator with various components

0 0
D, =—+(a,—), 1.1
-2 fn2) o
0 0
D,=—+{(a,,—), 1.1"
2] ar)

Dx:(Dlxl, D2x2), <ai,§> is scalar product of vectors a; and %; a, #a, are constant m -vectors;

Q: ii , A:[AjJi,,-:Lz is constant block nxn -matrix with blocks A of dimension N xn;:
ot \oy ot
A:(A’ll AIZJ, (12)
An Ay

f(z,t)=(f,(r,t), f,(r,t)) is given n-vector function with vector components f,(z,t) of dimension n,

=12, (r,t) are independent variables, re(—oo,+oo): R, t=(t,..t,)eR".
We set the problem of developing a methodology for integration, establishing the conditions for the
existence of (0, a))-periodic solutions of system (1.1) and their integral representations. In connection with

introduction of operator with various components (1.1')-(1.1"), system (1.1) is represented by blocks of
matrix and functions of input data, which require a new approach to the issue of its integration.

2. Methodology for constructing matricant of a homogeneous block-triangular system

For this purpose, we consider homogeneous system

Dx = Ax, (2.1)
corresponding to the system (1.1), which we describe in the section of differentiation operators
DX = A X + ALX,,
D,X, = Ay Xy + ApX, . (2.2)
The problem of constructing a matricant X (r) of system (2.1), or (2.2), in accordance with the

division into blocks of A:[Aj Ji 12 At first, we consider the block-triangular case when A, =0,,.
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Therefore,
O
A:[All 12]' (2.3)
An Ap

In this case, we write the system (2.2) as
Dix = AypXy s (2.4))
D,%, = AyXy + ApX, . (2.4y)) (2.4)
Using [4-6, 8], we construct a matricant X,,(z) of system (2.4, ) with condition X,,(0)= E,, based on
Xyy(7)= E1+_|.A11X11(S)ds’ (2.5))

0

and then we define a solution X, = X,,(z) with initial condition X,,(0)= E, from the matrix equation
(2.4,), where E, and E, are identity matrices, E = diag|[E,,E,] is n-matrix.
It is obvious that such initial problem is equivalent to integral matrix equation

Xonl£) = Ex + [ Xoole = 8)An X (s)s (25, )

This solution X,,(z) can be built using the same methodology as the matrix X, (z) is built.
Thus, we have a matricant X (r) of system (2.4) in the form

X (r)=diag[X,,(z), X, (7)]- (2.5)

Lemma. If the matrix A has form (2.3), then the matricant X(r) of system (2.4) is represented as
(2.5), where the diagonal blocks are defined by the integral equations (2.5,) and (2.5, ).

3. Construction of matricant of a homogeneous linear system in the general case
By replacement

X=By (3.1)
with a nondegenerate constant n-matrix B, we bring the system (2.1) to the form
Dy =Jy, J =diag(J,,....J, ), (3.2)

J; are blocks of Jordan matrix J an order I; with subdiagonal units, ] =1k, L +..+l =n+n,=n,
according to components D,, D, of operator D, the unknown function y has coordinates vy, y,.
In connection with equality I, +...+1, =n, +n,, two cases should be distinguished:
Ll+.+l =n, b+l L, =Ny, where k; +k, =k .
I+l g+l =0, L+l g+t by, =0y, where |, + =1, 1, >0, 1, >0, k, +k, =k .
In the case I, the system (3.2) has the form
Dlylszl, \]':diag (Jl"""]kl)' (3.3',)
D,y, =3%,, 3"=diag (| ;... + 1., ) (33)) (3.3,)
Then its matricant is defined in the diagonal form
Y (z)=diag(¥,(r). Y,(c)) (3.4)

with n;-blocks Y; (r) that are constructed using known methodology for constructing matricant.
In the case II, the Jordan block J, is split into the sum of two sub-blocks J; , J;’l and the
connecting sub-block J;" anorders I, , Iy, I, +I¢ =1, and the system (3.2) is represented as

Dy, =3V, (3.3))
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DiYi, = Ji Vi, DaYie, = Je Ve, + Ik, Vi, » (3.31,)(3.3,)
D,y,=3%,, (3.31)
where (yi,ye )=y, . 3'=diag (3,... 3, ) I, =diag (3} 37 ) I"=diag (I, 1 dir, ) Ka+ky =K.

The matricants Y,(z) and Y,(r) of systems (3.3;,) and (3.37) are constructed using the known

methodology for constructing matricants of systems with single differentiation operator. In order to
determine the matricant of system (3.3}, ), corresponding to the block J, , what is represented in sub-

blocks Jy , Ji and J;’, we write in an easy-to-understand form

D, J 0 Yw
= L y W= ! y V= v y 35
( D2v] (J k. Je \v Yiu Yiu (35)

4 00 .. 0 0 4 00 .. 0 0 0
1 40 .. 00 1 40 .. 00
# H 0 .. 0
A U PN £ O O
0 00 .. uoO 0 0 0 0
H H 0 .. 00
00 .. 1 u 000 .. 1 u

Assuming A, = x write down the system (3.5) in coordinate form:

DWW, = uw, Dvi =W, + 1V,
...................................................... (3.6)
DyWyg = Wy + 4 Wiy DoVig e = Vigaies + # Vig e

Since the system (3.5) and, therefore, the system (3.6) has a block-triangular form, we construct its
matricant Y, (r) based on the proved lemma. So, in case Il, we have a matricant of the form

Y (7)=diag[¥,().Y,(7). Y3(7)]. (3.7)
Therefore, from the transformation (3.1) we have the matricant of the system (2.1)
X(r)=BY(r)B™, (3.8)

where Y(r) is determined by the relations (3.4) and (3.7). Thus, in this section it specifies a peculiar

approach to constructing a matrix of a homogeneous linear block-matrix system (2.2) and, consequently, a
system (2.1). Let's formalize the result in the form of the following theorem.
Theorem 1. The matricant of linear homogeneous system (2.1) with block constant matrix (1.2) has

the form (3.8), where the matrix Y(r) has form (3.4) or (3.7).

4. Solutions of linear systems with various operators and their integral representations
From the characteristic system

Ao ic12 (4.1)
T

we have solutions t =t° +ai(r—r°)z h, (r,ro,to), i =1,2 with arbitrary initial data (ro,to)e RxR™. Let's
assume that characteristic variable hzh(r,ro,to) changes on set of above defined characteristics
H :{hl(r,ro,to),hz(r,z'o,to)}. Note that hi(ro,r,t)zto, i=12 are the first integrals of (4.1). Functions
u(hi (ro,r,t)) are zeros of operators D;, respectively; where u(t)eCt(e)(Rm), e=(L...1) is m-vector.
Next, the matricant X(r) of system (2.1) is represented using block matrices X;; (z’) in the form
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X(T):[Xn(r) ilZ(T)J, Xij(r) are n; x n; -matrices. (4.2)

le(T) 22(7)

Let the operators P, act on function u(t) defined on one of two characteristics t=hi(r,r°,t°) as
follows

F’iu(h(r,ro,to))zu(hi (r,ro,to)), i=12, h(r,ro,to)e H. (4.3)

Operators P, can be called projectors that define a function on the corresponding characteristic.

We introduce the operator P associated with projectors B, and P, acting on matricant X(r) on the
right by following relation X (¢)P =|X;(r)R], i=12, where the blocks X;(r) and projectors P are
defined by the formulas (4.2) and (4.3). We set the problem of constructing a solution X of the system
(2.) with initial condition x_, =u(t), u(t)e C®/R"), e=(L,...1) is m -vector.

By checking directly, you can make sure that the problem has a unique solution of the form

X(Z’,t)= X(T—Z'O)PU(h(TO,Z',t)), h(f,ro,to)e H. (4.4)

Here X(r) is matricant of system (2.1), P is projector. Thus, the following theorem is proved.
Theorem 2. The unique solution of linear homogeneous system (2.1) with various differentiation
operators D, and D,, satisfying initial condition x|m0 =u(t) is determined by the relation (4.4).

Let the vector functions f(z,t) have smoothness property of the order (O,e)z (0,1,...,1):
t(r,t)eCO)(RxR"). (4.5)

Theorem 3. Under condition (4.5), the unique solution X of linear nonhomogeneous system (1.1)
that satisfies initial condition X|T=T° =u(t), u(t)e Ct(e)(Rm) is determined by the relation

X(e,t)= X (=2 Pulh(e®,z,t)+ [ X -5)PF (s, h(s, . t))ds (4.6)

0
T

Proof. It is obvious that the second term of equality (4.6) under condition (4.5) is a solution of a
nonhomogeneous system (1.1), and the first term, in accordance with theorem 2, is a solution of a
homogeneous system (2.1) that satisfies the given initial condition. Therefore, the relation (4.6) represents
the solution of the system (1.1). Uniqueness follows from theorem 2. Q.E.D.

5. Multiperiodic solutions of systems with various operators and their integral representations
Let the vector functions f,(z,t), i=12 have (H, a))-periodicity and the smoothness property

f(r+0,t+q0)= §(r.)eCEIRxR"), gz, 5.)

where (0, 0)=(6, @,,...,a,) is a period with rationally incommensurable coordinates w, =6, @,,..., @,
Theorem 4. Under condition (5.1) for (H,w)-periodicity of solution x(r,t)zgo(r,t,u(h(O,r,t))) of
system (1.1) with initial function u(t), it is necessary and sufficient that the functional-difference system

u(t)=e(0,t,ult +Alt))). (5.2)

was solvable in the class @ -periodic smooth functions u(t)=u(t +qw)e Ct(e)(Rm), qez™.

Proof. Note that if x=Xx(z,t) is solution of system (1.1), then y(r,t)=x(z + 6,t +qa), also satisfies
the system (1.1), and z(z,t)=y(z,t)—x(z,t) is solution of (2.1). It is obvious that if the initial function
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u(t) of solution x(z,t) of (1.1) has property u(t)=u(t+qa))eCt(e)(Rm), qeZ™, then x(z,t) is -
periodic by t e R™ and vice versa. In the future, we will assume that this condition always satisfied.

If the initial conditions for these solutions x(r,t) and y(z,t) for the same

x(0,t)=x(6,1), (5.3)

then these solutions are identically equal, moreover x(z,t)=x(r +6,t+qw). Conversely, if the solution
X(T,t) is @ -periodic by 7, then the condition (5.3) is satisfy. Then by virtue of theorem 3, we have
X(r,t)=p(z,t,u(h(0,7,t), at that x(0,t)=u(t) and x(6,t)=¢(0,t,u(h(0,6,t)=p(6,t,u(t+Al)),
A(t)z h (O,H,t)—t . Therefore, condition (5.3), depending on function u (t) has the form (5.2). Q.E.D.

Theorem 5. Linear system (1.1) with various operators (1.1 )-(1.1") under the conditions (5.1) and

ReA(A)<0, (5.4)

has a unique (49, a))-periodic solution x*(r,t) with integral representation

K (r.t)= [X(e-s)PF(s.h(s, .t (5.5)

—00

Proof. By virtue of structure of the general solution (4.6), the system (5.2) has the form
u(t)= X (@)Pult+A(t)+w(t), (5.6)
arbitrary term defines by w(t)= T X (0 —s)Pf (s,h(s,0,t))ds, w-periodic by t and A(t)=—-ad . If real parts
of eigenvalues A(A) of A are nggative (5.4), then after k of iterations, system (5.6) can be reduced
u(t)= X (k@)Pu(t + kA(t))+w, (t) (5.7)
with matrix X(k@) that is normally bounded by constant 6 from interval 0 <6 <1. Therefore, we have

[X (ko)< o <1. (5.8)

Then by the method of successive approximations by virtue of conditions (5.4) and (5.8) it is easy to
show that system (5.7) and, therefore, system (5.6) has unique smooth @ -periodic solution:

ut)= TX(Q—S)Pf (s,h(s,6,t))ds . (5.9)

It’s clear that corresponding homogeneous system (2.1) with various differentiation operators (1.1")

and (1.1") under the conditions (5.4) has only a zero (0, a))-periodic solution.
Substituting (5.9) in the formula of general solution (4.6) we have integral representation of the
unique (0, a))-periodic solution (5.5). Thus, theorem 5 is completely proved.

Conclusion. In article on the basis of the method of projection operator multiperiodic it is researched
the solution of system with various operators of differentiation, it is built a matricant of linear system in
the general case, the splitting Jordan block as a sum of two sub-blocks, it is established the conditions for
existence of (H,a))-periodic solutions of the considered system and their integral representations. Note

that the developed method can be generalized to the quasilinear case when the coefficients of linear part
are multiperiodic. Meanwhile, it will be necessary to use generalizations of methods of works [4-10],
[14-16] for the case under consideration.
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K.A. Caprabanos, 9.X. )Kymarazues, ['.A. AoaukaauKkoBa
K.XKy0aHoB aTeiHaFbI AKTOOE OHIPIIIK MEMIIEKETTIK yHUBEepcHUTeTI, AKToOe, KasakcTan

IOPTYPJII JU®DPEPEHIIUAJIIAY OHHEPATOPJIbI BJIOK-MATPULAJIBIK TYPIAEI'T
AKYUEHIH KOIIIIEPUOATHI INEINIMIH 3EPTTEYAIH BIP 9AICI TYPAJIBI

Annortauus. Jlepbec TYBIHIBUIBI TEHJIEYJIEP XKYHelepiMeH CUMATTalaThiH TepOeiic MpOLeCcTepiHiH
KOIIEPUOTHI KOHE MEePUOITHI JEpPIiK MemimMaepin 3eprrey auddepeHnnaniblK TeHACYIEp TEeOpHUs-
CBIHBIH Ka3ipri J1aMy Ke3eHIHJE YJIKeH KBI3BIFYIIBIIBIK TYFBI3yAa. by TyTac opTa MexaHHKa TEOPHSICHI,
CBIFBIJIATBIH CYHBIKTBIK TICH ra3fapiblH CTAlMOHAP €MEC arbIChl, OOJIIICKTEP aFbIHBIHBIH TOJIKBIHJIBIK
KO3FaJILICHIHBIH (PU3MKAIBIK-TEXHUKAJIBIK €CENTEePiHIH KOJIJaHBICTaphIMEH OaiinanbIcThl. Jledopmarusiia-
HATBIH, KPUCTAUIBIK €MEC OpTajlapJaFbl MPOLECTEP/Ii 3ePTTEy MEePUOATHUIBIK HEMECE MEePHOITHI JAEPIIiK
KacHeTTepl eCKepy KaKETTIIITIHE aJIbIT KEJIETiHIHEe eCKepe KETKEH JKOH.

Bekropnblk epic OarbITel OoiibiHINA opTypii auddepeHnuaniay ornepaTtopiibl CHI3BIKTHI TYPaKThI
k03 puIMeHTT KyHeHiH Oapiblk alHBIMATbLIAPHl OOMBIHINA JKAJFBI3 KOIMEPUOATHI IIEIIiMiHIH Oapbl
YKOHE MHTETPANIBIK OCHHEC] TypalTbl €Cell 3epTTETCH.

WuTerpangay cumarTayblTapbl MPOEKTOP apKbUIbI aHBIKTAJIATHIH TOYEJCi3 alfHbIMaTbIIap KEeHICTITi-
HiH €Ki Ty3yi OoHbIHAa OpTYpJi apHaifbl nuddepeHnrangay OnepaTopibl CHI3BIKTBI TYpakThl kK03hdu-
UEHTTI OJOK-MaTPULANBIK TYPJETi JKYie YIIiH 0acTanKel €CenTiy MmenrimMaepid Typrei3y Tocini Kommmig
CHTIATTAYBITITAp SiCi HEeTi3iHAe TY3UIIi.

YmOypeI-06J0KTEl  TypAeri OipTeKTi KYHeHIH MAaTpPULUAHTHIH KYpPY TociigeMeci KeNnTipiireH.
Juaronanpapl OJOKTapAbIH WHTETPANABIK MATPUIAIBIK TeHAeydepi TaObuiabl. JKopman Oiorsl eki
OJIOKIIAaHBIH KOCHIHABICHIHA aXKbIpaFaH/Ia KaJITbl JKaFTalIarsl ChI3BIKTHI OIpTEKTi KYHEeHIH MaTPHUIIAHTHIH
KYPYIbIH JKaHa TOCiIIeMeci YCHIHBUTFaH.

Kypbutran omicreMe OOMBIHIIIA BEKTOpJAp 6pici OaFbIThl OOMBIHIINA OPTYpJi apHaiibl nuddepeH-
Ualgay omepaTopiibl OIpTEKTi jkoHe OIpTeKTI eMec CHI3BIKTHI kyienep yimiH Komm eceGiHiH kKaiFbi3
menrimMiHig 6ap 601y Typabl eceOiHiH Cyparbl MIEMIJIAl )KOHE €HEeTiH IEpeKTep aHbIKTaIFaH JKaThIKTHIKKA
ve OOJIFaHIaFbI IIAPT OPBIHAIFAH 1A MHTETPAJIIBIK OeHHeNepl KenTipiii.

Ocwl TycTta muddepeHnuangay MXoHe HHTErpalay >KYPri3ileTiH colikec XapaKTepUCTHUKAIApIbl
aHBIKTAYIIIBI €HTI31ITeH MPOSKTOPIIapIbIH MaHbI36I IIenTyri 0oabl. IIpoekTopiapapiy keibdip KacuerTepi
TaralBIHIAIB], OHBIH INIHIE MPOCKTOPIAPIBIH €Ki XapaKTepUCTHKAIapIbIH OipiHae OepinreH BeKTOp-
(bYHKUMSFA )KOHE KYPBUIFAaH MaTPULIAHTKA 9Cepi KOpCEeTI.

OpTYpii exi auddepeHuangay onepaTopiibl ChI3BIKTH OIPTEKTI KoHE OIpTEeKTi eMec KyHenepiH
JKaJIbl IICIIIMIACPIH KYPYMEH Karap, MEePHOATHI JKAaThIK (DYHKIMSIAP KIAChIHIAAFbl (DYHKIIMOHAJIBIK-
AUBIPBIMIBIK KYHCHIH MISIIUTIMIUTITIHIH KQKETTI KOHE KETKUTIKTI MIapTTaphl OpPbIHIAIFaHIa KapacThl-
pbUFaH apHaiibl auddepeHnuaniay onepaTopibl XKYHeHIH KONIepHOATH LIeHTiMiHiH 6ap 00y mapTTapsl
JONIEICH 1. AJIBIHFaH HOTHIKE Te€OpeMa TYPIHAS TYXKBIPBIMIAIIbI.

JKorapbia KapacThIpbUIFaHAAPABIH HETi31HAC, CHETIH JCPEKTEp KOIIMEPUOATHUIBIK NIEH aHBIKTAIFaH
JKATBHIKTHIK KACHETTEpiHE KaHaFaTTaHIbIPFaHIA, KPUTHKAIBIK €MeC JKarjaiiga OipTeKTI eMeC CBHI3BIKTHI
OJIOK-MaTPHUIATBIK TYPJIETi )XYHEeHiH KONepruoIThI IIemiMiHiH 0ap KoHe KalFbI3 OOIYHI TYpajbl TeopemMa
JIONIETIICHA] JKOHE OHBIH TMPOEKIHSIIAY OIepaTopiapblHAH TAyeNIl WHTEeTpalAblK OeifHeci KenTipiimi.
TeopemaHnbl gonelney OapbIChIHAA KOMIEPHOATHI (YHKIMSIIAP KIAChIHIA (YHKIIHOHAIBIK-aibIPBIMIIBIK
JKYWEHIH MMEeNIUTIMAUTITT KoHE €HTI3UITeH MPOEKIHIay OlepaTopbl KOJIaHBUIABI. TeopeMaHbl Jolen-
JereHae OIpTIHAeN >KYBIKTAay oici MaJaJIaHBUTBITN, KPUTHKAIBIK €MeC XOHE AaHBIKTAJIFaH IKATBIKTHIK
KacHUeTTepiHe CyHeHe KapacThIPbUIFaH KYHEHIH JKaJIFbI3 )KaThIK KOIEPUOATHI HICIIiM TaObLIIbI.

Bekropnblk epic OarbIThl OoibIHIIA apHaiibl auddepennnanaay onepaTopisl OIOK-MaTPULATIBIK
TYpPIETi CBHI3BIKTBH UG PEpEeHIHANIBIK TEeHICYJIep J>KYHWeCiHIH KONNepHuoNThl IIEeIIMIiH KYpy JKoHE
MPOEKTOP TEOPHUSICHIH KOJJIAaHY KOMIMEPHOATH (YHKIMsUIAP KEHICTITIHAC MISHIUTIMII €CenTep KIaChIHBIH
KEHCIOIHE KEJTIPETIHIH ecKepeMmis.

Bipinmn perrti gepbec TYBIHIBUTBI CHI3BIKTHI TEHJAEYJEP JKYHECIH €HETiH AEepPeKTepiH MaTPHIIaIbIK
OJIOKTapel MEH BEKTOP-(YHKITUSIIAPHl apKBUIBI OPHEKTENETIHITI TOoyescCi3 alHBIMalIbuIap KEHICTITiHIH
BEKTOPJIBIK Opic OarbIThl OOWBIHINIA OPTYPIIl apHalBl CHI3BIKTHI TU(QepeHInaNIay ONepaTopibl KyHeHIH
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YaKBIT KOHE KEHICTIK TOyelCi3 aHbIMabLIaphl OOWBIHIIA KONIIEPHOATHI MEIIiMiHIH 0ap OONaTHIHIBIFBIH
3epTTEYAiH KaHa TICUIIeMEeCiH KYpyFa oKeJi.

Konnaneuiran oIicTeMeMEH aJIbIHFaH HOTWKETCPAlI KapacTBIPBUIFAH JKYMEHIH J>KaJllblIaHFaH
KBa3MCBI3BIKTHl JKarmaiiblHAa 1a, COHAal-ak, opTypii N auddepeHnmannay omeparopibl Xyie XKar-
JaiibIHAa JkoHe Oenrici3 BeKTOp-(YHKIMSHBIH AepOec TYBIHIBLUIAPBIHBIH KaHBIHAAFE Kod(dunmneHTTepi
KOIIIePUOITH MaTPHUITAIap OOJIFaH Ke37e 1€ OCHI OICTI KOJIAHBIN alTyFa O0JIapl.

Tyiiin ce3aep: KemnmepHONTH IIENIIM, XapaKTEPUCTHKAJap OMicCi, MPOeKIHsIay OrepaTopiaphl,
BEKTOPJIBIK epicTep OolibiHINa TuddepeHnraniay onepaTopiapbl, HHTErPAIIbIK OeiiHe.

K.A. Capradanos, A.X.’Kymarasues, I'.A.A0anKkaInKOBa
AKTIOOMHCKHH pernoHalIbHBIN rocynapcTBeHHbl yauBepeuter uMenn K. )Ky0anosa, Aktobe, Kazaxcran

Ob OJHOM METOJE NCCJIEJOBAHUA MHOTI'OIIEPUOJUYECKOI'O PEHIEHUA
CUCTEMBI BJIOYHO-MATPHUYHOI'O BUJA
C PA3JINYHBIMU OITIEPATOPAMU JTUO®OPEPEHIIUPOBAHUS

AnHoramms. Ha coBpemMeHHOM »JTame pasBHTHSI TeOpUH AWQPQGEpPEHITHAIBHBIX  YpaBHEHUH
HauOOJNBIINI HHTEPEC MPEICTaBISACT HCCIEIOBAHWE MHOTONEPUOIMYECKHX W TMOYTH IEPHOJANIECKUX
peleHnii KoeOaTeNnbHBIX MPOLECCOB, OMUCHIBAIOIIMXCS cucTeMamu Au(depeHInalbHbIX YpaBHEHUH B
YaCTHBIX MPOU3BOIHBIX. DTO CBSI3aHO C NPWIOKEHUAMHU (DPU3MKO-TEXHHUECKUX 3aJad TEOPHU MEXaHHKH
CIUIOIIHOM cpelibl, HECTALIMOHAPHBIX TEUEHUH CXHUMAEMbIX XKMIKOCTEH M Ta30B, BOJHOBOTO JBIKEHUS
MOTOKA YacTHIl. 3aMETHM, YTO UCCIIEI0OBaHUE MPOLECCOB B 1e(POPMUPYEMBIX, HEKPUCTAIIIMYECKIX CPEelax
NPUBOJIUT K HEOOXOJUMOCTHU Y4eTa CBOMCTBA MEPHUOANYHOCTH MM MOYTH NEPHOANIHOCTH.

HccnenoBaHa 3aa4ya O CyLIECTBOBAHUM U MHTETPAJIbHOM IIPEICTABICHUN €IMHCTBEHHOTO MHOIOIIE-
PHUOIMYECKOTO IO BCEM HE3aBUCHUMBIM II€PEMEHHBIM pEUICHHS JIMHEHHONW CHUCTEMBI C IOCTOSHHBIMU
koo dumeHTaMu U ¢ pazIMYHBIMH OrepaTopaMu AU GepeHIUPOBAaHHUS M0 HAMPaBICHUIO BEKTOPHOTO
0TI IPOCTPAHCTBA HE3aBUCHMBIX IIEPEMEHHBIX.

Ha ocnoBe merona xapaktepuctuk Komm pazpaborana MeToanKa IMOCTPOCHHUS PEUICHUH HadalbHON
3a7aul JUIsl TUHEWHOW CHCTEMBI C TIOCTOSHHBIMH KOX(Q(QHUIMEHTAMH M C Pa3lUYHBIMH CIIEHUATBHBIMU
oneparopamu au¢epeHINPOBaHU BAOIb ABYX HPSAMBIX NPOCTPAHCTBA HE3aBHCUMBIX NEPEMEHHBIX, TI€
XapaKTePUCTUKU UHTETPUPOBAHMS ONIPENEIISIOTCS TP IOMOIIH [IPOEKTOPA.

[IpuBeneHa MeTOAMKAa TMOCTPOSHHSI MAaTPUIIAHTA OJHOPOIHOW CHCTEMBI OJIOYHO-TPEYTONBHOTO BUA.
Haiinensl mHTErpasibHBle MaTpUYHBIC YPaBHEHHS IUAroHANbHBIX OnokoB. IlpemyioskeH HOBBIA MOAXOX
MIOCTPOCHUSI MaTPULIaHTa JIMHEHHOW OJHOPOJOHOI CHCTEMBbI B 0OLIeM ciydae, KOT[a >KOpAAHOBBIM OJIOK
pacIeruisieTcss Ha CyMMy ABYX MOAOJIOKOB.

Ilo pa3zpa®oTaHHOI METOIWKE pEIIeH BOIPOC O CYIIECTBOBAHWU €AMHCTBEHHOTO PEIEHUs 3aJayu
Komm g nuHelHOM 0AHOPOAHON 1 HEOIHOPOIHOM CUCTEM C Pa3IMYHBIMU CIIELMATBHBIMH ONEPATOpaMHU
nmuddhepeHInpOBaHus 10 HANPABIEHUIO BEKTOPHOTO TOJIS M HAHACHBI X MHTETPaJbHBIE MPEACTABICHUS,
NpU YCJIOBHH, YTO BXOJHBIC JITaHHBIE O0JIAAAIOT ONpEAETICHHOW TiagkocThio. [Ipu 3ToM cyliecTBeHHOE
3HaYeHHE MMEIU BBEJICHHBIC IPOEKTOPHI IO OINPENEIECHUI0 COOTBETCTBYIOIIMX XapaKTEPHUCTHK, IO
KOTOPBIM BeayTcs AndepeHurpoBaHue U HHTETPUPOBAHUE. Y CTAHOBJIEHBI HEKOTOPBIE CBOMCTBA MIPOEK-
TOpPOB, B TOM 4YHCJE JeHCTBHE MPOEKTOPOB HAa BEKTOP-(PYHKIMIO 3aJaHHBIX HAa OJHOM W3 ABYX
XapaKTEePHUCTHUK, a TAK)Ke BO3/ICHCTBUE HAa TOCTPOEHHBIN MaTPHUIIAHT.

Hapsizy ¢ moctpoeHnem oOIIMX peIIeHHH JMHEHHBIX CHUCTEM C IIByMs omneparopamu anddepeHm-
pOBaHHMA JTOKa3aHa TeopeMa 00 YCIOBHSAX CYIIECTBOBAHHS MHOTOINEPHOANYECKOTO PEIIeHUsI paccMaTpH-
BaeMOU CHCTEMBI CO CIEIUANTBHBIM OIIEPaTOPOM IU(GepeHINPOBaHHS P HEOOXOAUMOM U JIOCTATOYHOM
YCIIOBUM Pa3peIIUMOCTH (DYHKIIMOHAIBHO-PA3HOCTHOW CHUCTEMBI B KJIACCE€ TEPUOIUYECKUX TIIAJKUX
(GYHKITHIA.

[Ipn mpennonoKeHHH MHOTONEPHOAMYHOCTH M OIPENETICHHON TJIAAKOCTH BXOJHBIX JaHHBIX Ha
OCHOBE BBIIIEU3TIOKEHHOTO B HEKPUTHUECKOM Cllydae JOoKa3aHa TeopeMa O CYLIECTBOBAaHHUM U
€AMHCTBEHHOCTH MHOTONEPUOINYECKOTO PEIICHHUS JHMHEHHOH HEOZHOPOJHOM CHCTEMBbl OJIOYHO-
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MAaTpUYHOIO BUAA U JJAHO €r0 MHTETPAIBHOE IPEACTABICHUE, 3aBUCAIIECE OT ONEPATOPOB IPOEKTUPO-
BaHMs. B mpomecce moka3aTedbcTBA TEOPEMBI BOCIOJIB30BAIHMCH Pa3peIIMMOCTHIO (PYHKIHOHAIBHO-
Pa3sHOCTHOM CHCTEMBI B KJlacCe€ MHOTONEPHOANYECKUX (PYHKIMH U BBEIECHHBIM ONEPaTOPOM MPOEKTHPO-
BaHMUs. B Xone MOKa3aTeslbCTBAa MCIOJNIB3Ysl METOH IOCIENOBAaTENbHBIX NPUOIMKCHUN, B CHIIY YCIOBHUIl
HEKPUTUYHOCTH M TJAAKOCTH IIOJy4YEHO E€IUHCTBEHHOE TJIAJKOE MHOIOIEPUOJUYECKOE PELICHUE
paccMaTpuBaeMON CHCTEMBI.

OTMeTHM, 4YTO IOCTPOCHHE MHOTOIEPUOJNYECKOI0 peIIeHUsT cucteMsl An(depeHInaIbHbIX
YpaBHEHUH OJIOYHO-MATPUYHOTO BHUJA CO CHECHUAIBLHBIMH OINEpaTopaMu TUPPEepeHIIUPOBAHUS 10
HaIIPaBJICHUIO BEKTOPHOIO IOJISI C IIPUMEHEHUEM TEOPUH INPOEKTOpPA IMPUBOJUT K PACUIMPEHHUIO Kilacca
paspeIInMBbIX 3aJa4 B IPOCTPAHCTBE MHOTOIIEPUOINYECKIX (DYHKIIHH.

IIpencraBneHue NMHEHMHON CUCTEMBl YPaBHEHUIN B YaCTHBIX IPOU3BOAHBIX IEPBOTO MOPSAKA 4yepes
OJIOKM MaTpUYHOW M BEKTOpHOW (YHKUMI BXOOHBIX JaHHBIX MPHUBEJO K pa3paboTKe HOBOTO MOAXOAA
UCCIIEZIOBAHUS BOIIPOCA CYHIECTBOBAHUS MHOTONEPHOAMUYECKOTO PEUIEHHs KaK M0 BPEMEHHBIM TakK M I10
IIPOCTPAHCTBEHHBIM II€PEMEHHBIM CHCTEMbI C PAa3JIMYHBIMHM OIlepaTopaMu JudQepeHIupoBaHus 110
HaIIpaBJICHUIO BEKTOPHOIO MOJISI IPOCTPAHCTBA HE3ABUCUMBIX IIEPEMEHHBIX.

Pazpaborannass mMeTonWMKa HMMEET MEPCIEKTHBY pPAacHpOCTPaHEHMs MOIYYCHHBIX pPE3yJlIbTaToB Ha
KBa3WINHEHHBIN Cilydall pacCMaTpHBAaeMOH CHCTEMBI, a TaKXe Ha CIy4dal CHCTEMBI ¢ N pasInYHBIMU
oneparopamyd AU((HEPEHIUPOBAHUST W MHOTONEPHUOAMYECKUX MATPUI] NPH YacTHBIX ITPOU3BOIHBIX
HMCKOMOH BEKTOP-(YHKITHH.

KiroueBblie cjioBa: MHOIONEPUOJMUYECKOE PELICHUE, METOJ XapaKTEPHUCTHUK, ONEPaTOphbl MPOEKTU-
pOBaHmUsI, ONlepaTOpbl TUPPEepEeHINPOBAHUS TI0 BEKTOPHBIM TOJISM, HHTETPAIBHOE MIPEACTaBICHHE.
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DESIGN OF THE THIRD-ORDER CURVES OF THE TYPE
THE HYPERBOLISM OF THE HYPERBOLA

Abstract. The solution of many engineering problems requires the construction of curves with given
characteristics. One way to create the curves is to obtain a new curve by some transformations of an already known
curve. This method is especially important because the line of the family of lines belonging to the prototype, is
definitely displayed in the relevant lines, of the family of lines of the constructed surface. And knowing the
properties of the transformation and the preimage, it is easy to establish the properties of the image.

In this regard, this article proposes an algorithm (method) for constructing a third-order curve, where the initial
image is a parabola. The choice of the parabola is based on the fact that among the set of curves of the third order
when modeling the technical curves in CAD, the most widely used is a cubic parabola due to its’ uniqueness. The
essence of the method is as follows. Each focal straight line of parabola crosses the parabola at two points, through
which two straight lines (parabolic beams) run parallel to the focal axis, and a set of pairs of these lines form a
bundle with an improper center. The set of points of intersection of the bundle of lines with the center at the point P
with a projective to thatbundle of straight lines (parabolic beams) forms a curve of the third order, namely
"hyperbolism of hyperbola™ according to Newton's classification.

Key words: Second order curves, curves of the third order, cubic parabola, a number of second-order, bundle of
the second order, hyperbolism of conic sections, the hyperbolism of the hyperbola.

Introduction. In the design of surfaces, especially non-linear, an important condition is to obtain its
model, described by the simplest algebraic equations. This allows you to produce a component a complex
surface, minimal cost and high accuracy. The line, line families belonging to the prototype are uniquely
mapped on corresponding lines, on line families of the surface being constructed [3]. The study of the
curve features and its properties by means of differential geometry is possible only if the curve is
expressed in an analytical form, i.e. by an equation. However, in many problems of theoretical and
especially of practical nature, before investigating the equation of the curve, it is necessary to make it on
the basis of some data that somehow determine this curve and expressed in the problem conditions [5].
Therefore, knowing the properties of the transformation and the prototype, it is not difficult to establish
the properties of the image. In this regard, research in this area is considered very relevant.

This article relates to the field of formation of third-order curves. It gives a method based on the use
of an auxiliary parabola of the second degree.

Of the many third-order curves, the cubic parabola is the most widely used for modeling the technical
curves in CAD because of its unambiguity. The parabola equation of the 3rd degree has the form

y =ax’ +bx* +cx+d

When considering the projective method of curve formation, the concept of the order of a series of
points and a beam of lines is introduced [15, 16]. The notion of a second-order series and a second-order
sheaf makes it possible to define with projective method algebraic curves of higher orders and classes.
Thus, in General, if two sheaves of first-order lines lie in the same plane and are projective with each
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other, then the intersection points of their respective lines form a second-order curve, and similarly, if a
sheaf of first-order lines and a sheaf of second-order lines lie in the same plane and are projective with
each other, then the intersection points of their respective lines form a third-order curve.

In theoretical and engineering practice it is developed and proposed, taking into account the above
mentioned, many ways of making the curves of the third order, where the original images are: a bundle of
conic sections and projective to it pencil of lines; the points and straight lines; triangle; circle; parabola;
conic sections; conic section and triangle, etc. [8,11, 12,13,14,17].

Materials and methods. It should be noted that for construction of the third order curve, where
parabola is the original image, 28 different approaches (methods) presented [14].
In the monograph of G. S. Ivanov [8, 9, 10] "Construction of technical surfaces" it is proposed to use
cubics given in the form
Ay taX+axt+ax
b, +b,x+b,x°

y

and obtained by means of cremonic involutions with non-owned center.
Here the involution 1, is given by non-owned point F*, the axis Oy of the reference system, and an

invariant cubic decayed into a straight line d* and a second-order curve d? (hyperbola with asymptot or a
parabola with a vertical axis) (figure 1).

yiF)

Figure 1 - Involution |3 with non-owned point

We propose an algorithm (method) for constructing a third-order curve, where the initial image is
parabola. The essence of the method is that the set of points of intersection of bundle of straight lines with
the center at the point P with a projective to it bundle of straight lines (parabolic rays), forms a curve of
the third order.

Let us have a parabola y = ax> +bx+c, with a vertex at the origin, ¢ = 0, and its focal axis

coincides with the ordinate axis (figure2) [4,6,7].

The straight lines of the beam P and the straight lines of the beam L form a bundle of first-order
straight lines (figure 3).

The projective correspondence of the first-order beam P with the center at p and the beam L
(parabolic rays) is established using the beam F of the focal lines of this parabola.

The position of the straight line of the first-order beam P with the corresponding straight line of the
beam F of the focal lines can be determined by the angular displacement A.

If the straight line of the beam P of the first order is located at an angle « to the abscissa axis, then
the corresponding straight line of the beam F of focal straight lines is located to the abscissa axis at an
angle a + A (figure 2).
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Figure 2 - Intersection points of projective lines

The focal straight line f crosses the parabola at points 1, 1°. Two straight lines I, I* (two parabolic
rays) pass through these points. The line p intersects with these lines at points M, M".

Each pair of straight lines 1., Ii' of the beam L is incident to the intersection points of the focal
straight line f; with a given parabola d?.

To each straight p; of the beam (P) corresponds two straight I; of the beam (L) and Vice versa, to each
straight I; of the beam (L) corresponds one straight p; of the beam (P).

Therefore, the correspondence between the straight of the beams (P) and (L) [1, 2] - valued.

2
Nl
ff}f/ﬂ—

Figure 3 - Building a lot of points

The order of an algebraic curve, as a result of the intersection of the corresponding straight lines of
two sheaves, is

1.1+1-2=3

Thus, each straight line p; of the beam (P) intersecting with two straight lines Ii of the beam ( L ),
located on different sides of the axis of symmetry of the parabola, gives a set of points Mi, constituting a
curve of the third-order.
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Derivation of the curve equation. We write the equation of the line passing through the focus F of
the parabola
y=kx+t
here the value t is the deviation of the focus from the origin in the direction of the axis y. We
calculate it from the parabola equation under the condition X = 2y (according to the geometric definition
of a parabola). Then,
1-2b
4a

Solving the equations of the parabola and the focal line together, we determine the coordinates X, X,
of the points of their intersection.

Substituting the coordinates X, X, in the equation of the line passing through the point P, we
calculate the coordinates Y,, Y, of the points of intersection of this line with projectively corresponding to
it the lines |, of the bundle L.

The set of points { X, Y, }, {X,, Y, } computed with the variable & (0 < o <180°) make up a third-
order curve of the type of hyperbolism of a hyperbola.

Results and discussion. The nature and shape of the obtained curves show that they belong to the
fourth class of Newton's classifications- "hyperbolisms of conical sections".
Hyperbolism of conical section

yx* +ex=cy+d (a=b=0)

can be considered as a special case of a parabolic hyperbola in which the parabolic asymptote has split

into two parallel lines: X = i\/g. Hyperbolisms have three asymptotes: y=0,Xx = i\/E and a double
infinitely distant point

Hyperbolisms of the conic sections are divided into three kinds [14]. Studies have found that the
position of the center of the bundle (P) determines belonging to a certain genus (Fig.4, 5 — hyperbolism of
the hyperbola). And the value of the parameter affects the position of the asymptotes and the shape of the

curves themselves.
¥

Figure 4 - The center P of the beam P is located outside the band bounded by the asymptotes
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IS

Figure 5 - The center P of the beam P is located between the asymptotes

Conclusion. We have developed an algorithm (method) for constructing a third-order curve, where
the initial image is a parabola. In this case, the transformation results in a third-order curve belonging to
the fourth class of Newton's classifications- "hyperbolisms of conical sections”, namely hyperbolism of
hyperbola. Studies have shown that changes in the parameter A and the position of the center P of the
beam P can be controlled by the shape of the resulting curve.

H.C. Ym6eton', K. K. ’Kanaoaes!, I'.C. UBanoB?

IM. Oye3sor arbinaarsl Ourycrik Kazakcran memsekerTik yausepeuteti, [lIbivkent, Kazakcran;
2H. Bayman aTeiHzarsl MocKey MEMJIEKETTIK TEXHUKAIBIK YHUBEpCUTETI, Mackey, Peceit

I'MIIEPBOJIAHBIH T'MITIEPBOJIM3MI YJIT'JIT
YIITHIII JOPEKEJI KUCBIKTAPAbI KYPACTBIPY

AnHoTanus. KemnrereH WHKEHEpJiK Mocenenepni Imenry Oenriii cumarramanapbl 0ap KHCBHIK CBHI3BIKTapbI
cayabl KakeT erefi. KHUCBIK CBI3BIKTapAbl TYPFBI3YABIH Oip ofici — angslH-ana Oenrisli KUCHIKTHI KONTEreH Oenrisi
TeOMETPUSIIBIK TYPICHAIPY SicTepiHiH 0ipi apKbUIbI )KaHa KUCHIK CHI3BIKTHI aly. KUCBIKTBI KYPacThIPYIbIH OYIT 9/1ici
eH TUiMal 00JbIn TaObutaabl. O KaHa KUCBHIKTap/Ibl aHBIKTayFa apHAJFaH CapKbUIMANTHIH Kypaiaapasl Oepim KaHa
KOMMaii/ipl, COHBIMEH Karap ’aHa KHCBIKTBIH KaCHETTepiH TYPJICHAIPIJIETIH KUCHIKTBIH KECKiHI PETIHJe aHbIKTayFa
MyMKiHnik Oepeni. CoHbIMEH Kartap, OYJ OJICTIH €peKIle MaHBI3ABIFBI - TYPJICHAIPUICTIH KECKIHre »KaTaThlH
CBI3BIKTAp TOOBI CIliKeC ChI3BIKTApFa, KYPACTHIPHIIATHIH OET CHI3BIKTAPBIHBIH TOOBIHA Oip KAJIBINTHI KECKiHAEe 1. Al
TYPJACHIIPY OMICIHIH OHE OacTamKbl KUCBHIKTBIH KACHETTEPIH OUIC OTBHIPBIN, ANBIHATHIH CHI3BIKTHIH KAaCHETTCPIH
aHBIKTay KWBIH emec. berrepni, ocipece KHCBIK CBHI3BIKTHI OeTTepii camy Ke3iHAe KapamaibiM anredpaibiK
TEHJICYJIEPMEH CHUIATTaIFaH OHBIH YITICIH ady MaHBI3IbI MapT Ooubll Tabbutanel. by kypaem Oerti OGesmmekti
KYHBI K€M Jie KeM, JKOHE JKOFaphl JANIIriMeH jkacayFa MYMKIiHIIK Oepemi. OChIFaH OaijIaHBICTBI, OCHI CaaJaFbl
3epTTeyliep oTe ©3eKTi OOJBIN CaHaaIbl.

By makana yuriHmi gopeskenni KACBIKTapIbl TYPFBI3Y oficTepiHe KaTbicThl. OChIFaH OaimaHbICTHI, Oy MaKanaaa
eKIHII JopekeNi KOMEKII mapaboilaHel KOJNaHyFa HETI3IEeNTeH YIIIHII JOPeXelli KHUCHIK CBI3BIKTHI TYPFBIZY
anroput™i  (9mic) yceiHbUIFaH. [lapabonaHbl TaHIAynblH HETi3ri ce0edi - TEeXHUKAIBIK KUCBIKTAp.Ibl
aBTOMATTAHBIPbUIFAH €CeNTey XKyieJepiHae MOJeNbley/e CKIHII KOHEe YIIHII JOpeKeli KOI ChI3BIKTapIbIH
apacelHIa Oipereilik KacHeTiHiH apKachblHIa KEeHIHeH KOJJaHBUIATHIH mHapabosa Goiein TaObuiambl. by xepre,
TYpJIeHIIpy HoTIXKeciHAe HbIoTOHHBIH KiaccuuKanusachl OOHMBIHINA TOPTIHIN KiIacKa »aTaThblH «KOHYCTBIK
KAMalap/blH TUnepOoau3MIepi» THUNTI YHIHII J9pexedi KHCBIK ChI3bIK Maijga Oosaapl - artam aiTkaHzna
THIIepOO0IIaHbIH THIIEPOOTU3MBI.
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YCBHIHBUIBIIT OTBIPFAH OMICTIH MoHI Kenecifeif. Bisre exinmi gopexeni d? mapabomacel xkoHe P HykTeciHie
ILOFBIPJIAHFAH ) CHISBIKTAP LIOFHI Oepinren aemik. d? napaGonanbid op6ip GOKAIABIK ChI3bIFBI OCHI NapabosaHbl €Ki
HYKTE apKbLJIbl KUBII ©TE/I, OJ1 HYKTeIep apKbUIbl (POKANIBIK OChKE Mapajuieb eki Ty3y (mapabosaibsik coynenep) |,
I” ereni, skoHE OCBI CHI3BIKTAPBIH KOIITEreH XKYITAPhl ©31H/IIK eMeC IIEHTPMEH 10K Kypaiiasl. [lentpi P, p cri3bIkTap
IIOFBIHBIH OFAH MPOEKTHUBTI TY3yJep MOFbIMEH (mapabonanblk caynenep) |, I KubLibicy HyKTenepiHiH AKUBIHTBIFS! 03
YIIHIII JTOPEkKEITi KHUCHIK ChI3BIKTHI KYPAHIIBI, )KOHE O «THIepOOIaHbIH THIIEPOOTU3MBDy OO0k Tadbutansl. LeHTpi
P HyKTeciHze opHanacKaH OipiHIII Jopexkelni P Ty3yJiep WOFbIHBIH KOCapliaHFaH Ty3yJep (mapabomaibik coynenep) |,
I’ 1IoFpIMeH MPOEKTUBTI COMKECTIri 0ChI MapaboaaHbiH (POKYCTBIK ChI3BIKTAPBIHGIH, f [IIOFbI apKBUTBI TaFaibIHIATA b
Bipinmri gapexeni p MIOFbI TY3y CBI3bIFBIHBIH OFaH MPOEKTHBTI coiikec KeneTiH f (OKanIbIK MIOFbI ChI3BIFBIHBIH ©3-
apa opHajacy *arJaaibl oJlapAbIH OYPBIIITHIK KBUDKYbI A apKbUIbI aHBIKTATYbl MYMKIH. 3€pTTEyJIep HOTIKECIHIE p
HIOFBIHBIH P LIEHTPiHIH OpHBIH XoHE A mMapaMeTpiH e3repTy apKbUIbl Maiia OONFaH KHUCHIK CHI3BIKTBIH MilIiHI
OacKappUIATBIHABIFG AHBIKTANABL. ¥ CHIHBUIFAH OMICTIH aca epeKIIeNiri - TYpJeHIIpy HOTIDKeCiHIe makma OoiraH
CBI3BIK TCK KaHa «TUMEPOOTaHbIH THIIEPOOTHU3MBDY OOJIBII TAOBLIA B, )KOHE 0acKa KUCHIK CBI3BIK O0JIMAiiIbl, COHIAM-
aK, eCenTey KUCBIHIbI alTOPUTMACPAIH KapamalbIMIbLIBIFGI aBTOMATTAHABIPBUIFAH €CeNTey JKyHenepinae MyHaan
KHUCBIKTAP bl MOJICIIB/ICY KE31HC MAHBI3/IbL.

Tyiiin ce3mep: Exinmr nopexeni KUCHIK CBI3BIKTAp, YIIIHII JOPEKENT KUCBIKTApP, TCKINETIK napadoia, eKiHIii
JIOpeXKENi KaTapiap, CKIHII JOPEKENi CHI3BIKTAP IIKFBI, KOHYC KHMAachl THIEPOOIM3MIIEpPi, THIepOOIaHbIH
runepoonn3Mi.

H.C. Ymberos!, ). XK. I:xanaéaes?, I'.C. Upanos?

'FOxno0-KazaxcraHckuii rocyiapcTBeHHbli yHuBepcuteT uM. M. Ayesosa, IlIsivkenT, Kazaxcran;
2MockoBcK1ii rocy1apcTBEHHbIH TexHudeckuil yausepcuter um. H. Baymana, Mocksa, Poccust

KOHCTPYUPOBAHUE KPUBBIX TPETBEI'O ITIOPAIKA
THUIIA TMITEPBOJIN3M I'MITEPBOJIbBI

AnHoTanusi. PernieHne MHOTMX HWHXKEHEPHBIX 3aiad TpeOyeT IOCTPOEHHsS KPUBBIX JIMHUHA C 33JaHHBIMU
xapakrepuctikamu. OTHUM U3 cItocoO0B 00pa30BaHUS KPUBBIX SBJISACTCS MOTYICHHE HOBOW KPUBOH IyTEM TOTO HITH
MHOTO TEOMETPHUYECKOTO MPeoOpa3oBaHMsl YK€ M3BECTHOW KPHUBOW. DTOT CIOCOO0 0O0pa30oBaHMS KPHBBIX SBIISCTCS
Hambonee 3ddexkTuBHBIM. OH HE TONBKO NAaéT HEHCCSIKAaeMBIE CPEICTBA [UIA ONPENCICHUS HOBBIX KPHUBBIX, HO U
MO3BOJISIET ONPEAEIATh CBOMCTBA HOBOM KPHBOHM Kak OTpa)XKeHHWE CBOWCTB MIpeoOpazyemoi KpuBoil. Takxke, 3TOT
crnoco0 0co0eHHO BakKeH MOTOMY, YTO JIMHHSA, CEMEHCTBa JMHHH, NPHHAUICKANINX MHpooOpa3y, OTHO3HAYHO
0TOOpakaloTCsl B COOTBETCTBYIOIINE JIMHHUM, CEMEHCTBA JTMHUN KOHCTPYHPYEMOW TOBEPXHOCTH. A 3Has CBOWCTBA
npeobpa3oBaHus U MpooOpasza, HETPYIHO YCTaHOBHUTH CBOMCTBa obOpasa. Ilpu KOHCTpyHpOBaHHM NOBEPXHOCTEH,
OCO6CHHO HeﬂHHeﬁ'-laTbIX, BaXHBIM YCJIOBUEM MABJACTCA IOJYYCHHUE €€ MOJICIIN, ONMChIBAEMOM HpOCTeﬁLHHMPI
anre6pa14quK14M1/1 YpPaBHCHUSAMMU. 3TO MO3BOJIAET U3TOTOBUTH JA€Tajlab CO CJIOKHOM TMOBEPXHOCTHIO C MUHUMAJIbHBIMU
3aTpaTaMH W BBICOKOH TOYHOCTBIO. B CBsI3M € 3THM, HCCleIOBaHHMS B JaHHOW 00JAacTH CUMTAIOTCS BEChbMa
AKTYaJIbHBIMH.

JanHas crtathst OTHOCHTCS K 00JlacTH OOpa3oBaHMs KPHUBBIX TPETHETO NOpsAKa. B CBs3M ¢ 3TuM B JaHHOU
CTaTbe MpeIiaraeTcst aNropuT™ (CIoco0) MOCTPOCHUST KPHBOH TPETHETO MOPSIIKA, OCHOBAHHBIN Ha WMCIOIH30BaHUH
BCIIOMOTATENFHON TMapa0obl BTOPOH cTermeHH. BriOop mapaboibl OCHOBaH Ha TOM, YTO M3 MHOXECTBAa KPHUBBIX
BTOPOTO ¥ TPETHETO MOPSIKA P MOACTHPOBAHUH TeXHIMUECKUX KpUBHIX B CAIIP Hambosee mupoKo MPUMEHSETCS
nmapaboJa u3-3a ee 0HO3HAYHOCTH. IIpu 3TOM B pe3ynbTaTe MpeoOpa3oBaHus MOITy9IaeTCsl KPUBAs TPETHEro MOPSIKa,
OTHOCSIIAsICS K YETBEPTOMY Kiaccy mo kimaccuukanuii HeroToHa — «I'HmepOomn3Mbl KOHHUECKUX CEUCHUI», a
MMEHHO TUNepOOoIU3M TUIepOOIIBI.

CyTb crniocoba 3aKiiodaeTcs B cieayrouieM. IlycTb Mbl iMeeM napaboity BToporo nopsiaka d2 u myuék npsaMeix p
c uentpoM B Touke P. Kaxnas dokanbhas npsmas f mapa6ossr d? nepecexaer sty napaboiy B JByX TOYKax, 4epe3
KOTOpBIE POXOJST ABE HpsiMble (apabonmyeckux Jiyun) |, I” mapasnensHo (pokanbHON OCH, @ MHOXKECTBO Map THX
HPSIMBIX 00pa3yIoT IMy4OK C HECOOCTBEHHBIM [IEHTPOM. MHOXECTBO TOUEK IIepecedeH s IyYKa NPsIMBIX P ¢ IIEHTPOM
B Touke P ¢ MPOCKTHBHBIM €My My4YKOM NpsiMbIX (mapabosinyeckux sydeid) |, I, o6pasyer KpuBy0 TpeThero mopsaka
d® a umeHHO «runep6OIU3M THIEPOObDY. TIPOEKTUBHOE COOTBETCTBUE MydKa [ IIEPBOrO IMOPAAKA C LEHTPOM B
touke P u myuka (mapaGonuueckux yueid) |, I’ ycranasmuBaercst ¢ momornsio mydka f poKambHBIX MPAMBIX JaHHON
napaboisl. ITojokeHne MPSMOM TIydka P TEPBOTO MOPSAKA C MPOSKTHBHO COOTBETCTBYIOMIEH TpsiMoi myuka f
(l)OKaJ'le])lX NnpsAMBIX MOXKET OINPEACIATECA YIJIOBBIM CMCIICHUEM A. I/ICCﬂeZlOBaHI/IHMI/I YCTaHOBJICHO, YTO
N3MEHEHMsIMHU TapaMeTpa A 1 IoJ0XKEeHHeM IeHTpa P mydka P MOXHO yHpaBisiTh (POPMOM ITOJTy4aeMoil KpHUBOM.
OTIMYUTENBEHON OCOOCHHOCTBIO IPEUIaraeMoro Crocooda sBISIeTCsl TO, YTO Pe3yJIbTaTe MpeoOpa3oBaHus MOITy4aeTCs
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HUMEHHO «THIIEpOOJIN3M TUIEpOOIb», U HUKAKas APyras KpHUBas, a TaK ’Ke, IPOCTOTa BEIYUCIUTEIbHBIX allTOPUTMOB,
9TO Ba)KHO IIPH MOJEIHPOBAaHUN TakuX KpuBbix B CATIIP.

KaioueBbie ciioBa. KpuBble BTOpOro mopsijika, KpHBbIE TPEThEro MOpsaKa, KyOudeckas mnapaboia, psja
BTOPOTO MOPSIJIKA, IyYOK BTOPOTO MOPSI/IKA, TUIEPOOIN3Mbl KOHUUECKHX CEUSHHH, THIIEPO0IJIN3M IHIIEPOOIBL.
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NUMERICAL SIMULATION OF HEAT
AND MASS TRANSFER AT THE PARTIAL STOP
OF FUEL SUPPLYING IN THE CHAMBER OF TPP

Abstract. In this article, using numerical methods, studies have been performed to determine the effect of a
forced partial stop of coal dust supply (emergency mode) through burners on the main characteristics of the
combustion chamber of the BKZ-75 boiler of the Shakhtinskaya thermal power plant. Using computer simulation
methods, various modes of supplying pulverized coal into the combustion chamber were investigated. Direct-flow
method of supplying air mixture, when only two direct-flow burners work out of four burners, and two are in
emergency mode. The vortex method of supplying the mixture, when two vortex burners operate with four torches
with a swirl angle of the mixture flow and tilting them to the center of symmetry of the boiler by 30 degrees, and two
are in emergency mode. The performed computational experiments made it possible to obtain the main
characteristics of the heat and mass transfer process in the combustion chamber: flow aerodynamics, temperature
fields, and concentrations of harmful substances (carbon and nitrogen dioxides) in the combustion chamber and at its
exit. A comparative analysis was carried out for the two investigated emergency conditions (direct-flow and vortex),
on the basis of which it was concluded that in the event of a forced partial stop of the burners, the use of a vortex
method of supplying air mixture improves the metabolic processes in the combustion chamber and reduces emissions
of harmful substances into the atmosphere.

Key words. Computational experiment, numerical simulation, pulverized coal fuel, emergency mode, aerosol
mix, aerodynamics, temperature and concentration fields, combustion chamber.

Introduction

Coal, oil, gas, oil shale, peat, urine, etc. are the main sources of energy; their share is up to 93%.
Among the geological fuel and energy resources, the largest reserve in the world belongs to solid fuel, the
gross volume of which is estimated at 6.3 trillion tons of standard fuel. Moreover, the volume of solid fuel
is 3970 billion tons of fuel equivalent, oil and gas are about 800 billion and 900 billion tons of
conventional fuel, respectively [1]. According to expert estimates, the share of coal in the structure of the
world fuel and energy balance is about 27%.

Combustion of energy fuel is accompanied by the formation of dust and gas emissions harmful to the
environment, the amount of which depends on the technology and modes of combustion of coal dust, as
well as on its composition [2-6]. The most important pollutants entering the atmosphere when burning
pulverized coal in combustion chambers are particulate matter (ash, dust, soot particles), as well as gas
emissions (nitrogen, carbon, sulfur oxides, etc.) [7-15]. Currently, it is necessary to develop “clean”
technologies for generating electricity.

The emergency shutdown of the boiler can be in the following cases: when the steam pressure in the
boiler rises above the permissible one; due to malfunction of the pressure gauge and all water indicating
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devices; the presence of significant damage to the elements of the boiler; detection of abnormalities in the
operation of the boiler. The scheduled shutdown of the boiler is carried out according to the schedule; a
short shutdown of the boiler unit can be caused by a violation of its normal operation due to equipment
malfunction or for other reasons that can cause an accident. Short-term shutdown of the boiler unit may be
caused by a violation of its normal operation due to equipment malfunction or for other reasons that may
cause an accident [16-17].

Below are the results of a study of heat and mass transfer processes at a partial stop of the fuel supply
to the combustion chamber of a thermal power plant, which allows us to suggest ways to optimize the
combustion process and minimize emissions of harmful substances. To conduct computational
experiments, 3D modeling methods and modern computer software packages were used. The real
combustion chamber of the operating boiler BKZ-75 of the Shakhtinskaya TPP (Shakhtinsk, Kazakhstan)
was chosen as the object of study [18-23], in which high-ash Kazakhstan coal is burned. The results
obtained made it possible to determine the effect of swirling of the pulverized coal flow during a forced
partial stop of the supply of coal dust through the burners on the main characteristics of the combustion
chamber.

Physical statement of the problem

For carrying out computational experiments, the boiler combustion chamber was chosen, which is
equipped with four dust-coal burners installed two burners from the front and from the rear in one tier [24-
25]. Below are a general view of the combustion chamber of the BKZ-75 boiler (figure 1a), its breakdown
into control volumes for numerical simulation (figure 1b) and the design of burners (figure 1 ¢, d). The
finite-difference grid (figure 1b) for numerical modeling has steps along the X, Y, and Z axes: 59x32x67,
which are 138 355 control volumes.
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Figure 1 - A general view of the combustion chamber of the BKZ-75 boiler (a),
its breakdown into control volumes for numerical simulation (b) and the design of burners:
c) direct-flow method of supplying air mixture; d) vortex method of supplying air mixture

The design of the burners of the combustion chamber of the BKZ-75 boiler during emergency mode
(off burners are marked in red) are shown in figure 1 ¢, d. Two modes of fuel supply were investigated: a
direct-flow method of supplying air mixture, when only two direct-flow burners operate from four
burners, and two are in emergency mode (figure 1c) and the vortex method of supplying the mixture,
when two vortex burners operate with four torches with a swirl angle of the mixture flow and tilting them
to the center of symmetry of the boiler by 30 degrees, and two are in emergency mode (figure 1d).
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Results and discussion

Figures 2-8 show the results of computational experiments: aerodynamics of the flow, temperature
and concentration fields of carbon monoxide, nitrogen dioxide for two cases of fuel supply to the
combustion chamber of the BKZ-75 boiler (direct-flow and vortex).
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Figure 2 - Distribution of the full velocity vector in the region of the burner (z = 4.0 m) combustion chamber
of the boiler BKZ-75 in emergency mode:
a) direct-flow method of supplying air mixture; b) vortex method of supplying air mixture
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Figure 3 - Distribution of the full velocity vector in the central longitudinal section (y=3.3)
of the combustion chamber of the boiler BKZ-75 in emergency mode:
a) direct-flow method of supplying air mixture; b) vortex method of supplying air mixture

The distribution of the field of the full velocity vector in various sections of the combustion chamber
of the BKZ-75 boiler during emergency mode for the two studied modes of supply of air mixture (direct-
flow and vortex) are shown in figures 2-3. An analysis of the figures shows that in the region of the
burners with the direct-flow method of supplying the mixture, the flows colliding in the center at a right
angle (figure 2a) are cut and, combined into two main flows, are directed to the exit from the combustion
chamber (figure 3a).With the vortex method of supplying air mixtures (figure 2b), it is seen that flows
counter-directed at an angle of 30° form a “vortex” flow in the center of the combustion chamber.
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After the collision, the flows are additionally dissected into two vertical vortices above the burner
installation zone, closer to the center of the combustion chamber, which favorably affects the mixing of
fuel and oxidizer and, accordingly, the completeness of combustion of pulverized coal dust (figure 3 b).
The main advantage of the vortex air mixture supply method is the provision of intensive heat and mass
transfer in the reacting two-phase mixture due to the stable highly turbulent vortex flow.

A comparative analysis of the distribution of the average temperature in the cross section along the
height of the combustion chamber of the BKZ-75 boiler during emergency mode for the two studied
modes of supply of air mixture (direct-flow and vortex) is shown in figure 4. It can be noted that during
the vortex flow of the air mixture, an increase in the length of the zone of maximum temperatures and a
decrease in it at the exit from the combustion chamber are observed. The minimum in the curves are
related to the low temperature of the air mixture entering the combustion chamber through the burners
(z = 4 m). The temperature at the exit of the combustion chamber is confirmed by experimental data at
TPPs [26] and to theoretical values obtained by the method of thermal calculation the CBTI [27].

An increase in temperature in the core of the torch and a decrease in it at the exit from the combustion
chamber affect the chemical processes of combustion and the formation of harmful substances, such as
carbon monoxide CO and nitrogen dioxide NO.. An analysis of this effect can be done by considering
figures 5-6, which show the distribution of the concentration of carbon monoxide CO and nitrogen
dioxide. NO; the height of the combustion chamber, operating in emergency mode, for two methods of
supplying air mixtures (direct-flow and vortex).
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Figure 4 - Distribution of the temperature t along the height of the combustion chamber of the BKZ-75 boiler
in emergency mode: 1- direct-flow method of supplying air mixture; 2 - vortex method of supplying air mixture;
@ - experimental data at TPPs [26]; A - is theoretical values obtained by the method of thermal calculation
(CBTI - Central Boiler-and-Turbine Institute) [27]
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Figure 5 - Distribution the concentration of carbon monoxide Figure 6 - Distribution the concentration of nitrogen dioxide
CO at the exit of the combustion chamber the boiler BKZ-75 NO: at the exit of the combustion chamber the boiler BKZ-75
emergency mode: emergency mode:
1 - direct-flow method of supplying air mixture carbon 1 - direct-flow method of supplying air mixture nitrogen
monoxide CO; 2 - vortex method of supplying air mixture dioxide NOz; 2 - vortex method of supplying air mixture
carbon monoxide CO nitrogen dioxide NO2
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Figure 5 shows the distribution curves of the average concentration of carbon monoxide over the
height of the combustion chamber of the BKZ-75 boiler during emergency mode for the two cases studied.
An analysis of the figure shows that, at the exit, the concentrations of carbon monoxide CO are - 5.2:10* kg/kg,
for the vortex method of supplying air mixture - 3.410“ kg/kg. The distribution of the average
concentration of nitrogen dioxide NO, over the height of the combustion chamber of the BKZ-75 boiler
during emergency mode for the two studied methods of supplying air mixture is shown in figure 6. As can
be seen from Figure 6, a uniform decrease in NO, concentration is observed towards the exit from the
combustion chamber, since this region contains less oxygen and a fuel component. In the case of using
burners with swirling of the mixture flow, the temperature along the height of the combustion chamber
monotonously decreases, as a result of which the rate of formation of nitrogen dioxide NO; decreases. At
the exit of the combustion chamber, the average value of the concentration of nitrogen dioxide NO; with
the direct-flow method of supplying the mixture is 688 mg/nm? (figure 6 curve 1), and with vortex burners -
636 mg/nm? (figure 6 curve 2), which is 52 mg/nm? less.

An analysis of the results shows that if the combustion chamber operates in emergency mode, then at
the exit from it, the average concentration of carbon monoxide CO and nitrogen dioxide NO; decreases
when using vortex burners. The calculated values of the concentrations of harmful substances (CO, NO3,)
at the exit from the combustion chamber comply with the MPC standards adopted in the power system of
the Republic of Kazakhstan.

Conclusion

Based on the results of studies of emergency mode of the BKZ-75 combustion chamber, the following
conclusions can be formulated:

e The characteristics of the combustion processes during emergency mode are compared for two
cases: a direct-flow method for supplying air mixture, when only two direct-flow burners operate from
four burners, and two are in emergency mode and vortex method of supplying the mixture, when two
vortex burners operate with four torches with a swirl angle of the mixture flow and tilting them to the
center of symmetry of the boiler by 30 degrees, and two are in emergency mode.

e During the vortex flow of air mixture, an increase in the length of the zone of maximum
temperatures and a decrease in it at the exit of the combustion chamber are observed. The minimum in the
curves are related to the low temperature of the air mixture entering the combustion chamber through the
burners (z=4 m).

e |f the combustion chamber is operating in emergency mode, then at the exit from it, the average
concentration of carbon monoxide CO and nitrogen dioxide NO, decreases when using vortex burners.
The calculated values of the concentrations of harmful substances (CO, NO-,) at the exit from the
combustion chamber comply with the MPC standards adopted in the power system of Kazakhstan.
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"Yemckuii rexnnueckuit yausepcurer B [Ipare, [Ipara, Yemckas Pecry6iuka;
?Kazaxckuit HauponanbHelil YHuBepcuTeT uMeHu anb-Dapadu, Anmatsl, Kasaxcran;
3 HayuHo-Kccle10BaTebCKUil MHCTUTYT SKCIIEPMMEHTANBHOM 1 TeopeTuueckoil Gpusuku, Anmatel, Kazaxcran

YUCJIEHHOE MOJIE/IMPOBAHUE TEIIIOMACCONEPEHOCA
PN YACTHUYHOHU OCTAHOBKE ITIOJAYM TOIIVINBA B KAMEPY CI'OPAHUS T311

AnHoranus. Kazaxcran sSBIsgeTcs OJHUM U3 TOCYIapCTB, 00JaIAI0IMX OIPOMHBIMH 3allacaMi YIIICBOIOPOIOB,
KOTOpPbIE OKa3bIBAIOT CYIICCTBEHHOE BIMSHUEC HA (POPMHPOBAHHUE M COCTOSHHE MHUPOBOTO SHEPreTHUECKOTO PHIHKA.
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Ha teppuropun pecryoinku umeroTcst 3anexu okoso 33,600 mutH. ToHH yriist (3,8% MupoBsIx 3amacoB yris), 30 000 miH.
Oappeneit Hedtn (1,8% MupoBbIX 3amacoB) u 1,5 TpimH KyOomerpos npuponHoro rasza (0,8% MHpPOBBIX 3amacoB).
Bcneacteue storo B Hamiel ctpane 10 85% Bceil BBIPAOOTKM BIEKTPO’HEPIHM HMPOU3BOIUTCS ITyTEM CXKHTAHUS
HCKOTIaeMOT0 TOIUIMBA, TJIAaBHBIM 00pa30M MECTHOTO HH3KOCOPTHOTO YTisl. DHEpProcHaOkeHHe obecrednBaeTcs 3a
CYET TPOM3BOACTBA 3JCKTPOIHEPTHHM HAa 69 3IEKTPOCTAHIUSAX, OCHOBHBIM HCTOYHHKOM KOTOPBIX SIBJISETCS
BBICOKO30JIbHBIA Ka3aXCTaHCKUH yronb OkubacTy3ckoro, Kaparanmmackoro, Typralickoro yrosibHbIX 0acceiHOB.
VYroms B Kazaxcrane obnagaer psiioM MIPEMMYILIECTB: MAJIOE COIEPKAHUE CEPbl, BHICOKUH BBIXOJ JIETyYHX BEIIECTB
Ha CYXYIO 30JIy MEHBIIIE MacChl M HU3Kas II€Ha, IOTOMY YTO yrojb JOOBIBAETCS B OCHOBHOM OTKPBITHIM CIIOCOOOM.
Tem He MeHee, OH XapaKTepHU3yeTCsl HU3KMM KaueCTBOM M3-3a BBICOKOT'O COZAEpI)KaHHWs 30JbI B €ro cocTase (Oosee
40%). Kak crnexcTBue, WCIOJNIB30BAaHUE TAKOTO TOIUIMBA B TEIUIOPHEPreTHKE IPHUBOIUT K MpodieMam B
CTa6I/IJ'[I/I3a[H/II/I IJIaME€HHU W TOPE€HUM B I1ICJIOM, B MIJIAKOBAHWHN KOHBCKTHBHBIX HOBCpXHOCTCﬁ Harpesa (3KpaHOB
nedeil) W B 3arps3HEHMH BO3IyXa JeTyded 3050H, okcuaamu yriepona, azora u cepbl (COx, NOy, SOy),
yraeBogopoaamu (ChHm) u apyruMu mpoaykramu cropanusi. Kpome TOro, mpu HCHOJIb30BAHUU HU3KOCOPTHBIX
yIiael yBENWYMBAEeTCSl Pacxo]] Ma3yTa WINM IPUPOJHOTO ras3a, MCIOJIB3YEMBIX U1 PACTONKHM KOTJa, MOAXBaTa U
CTa0WIM3alM TOPEHUs IbUICYroJIbHOTO (akena, M yXyZOLIaeTcss JKojornueckas obOcraHoBka. Eme oxHOi
mpoOeMoil B 3HEPrOCHAOXKEHWH SIBISIETCS TO, YTO JIIOOOE DHEPreTHMYECKOE MPEANPHUATHE HYXIAeTCsS B
MEPHUOANIECKONH OCTAHOBKE KOTEJIBHOM, IPH 3TOM BO3MOXKHBI: aBapUIIHOE OTKIJIIOYEHHE, IUIAHOBOE OTKIIIOUEHHE U
KpaTKOBPEMEHHas! OCTaHOBKa.

B nanHO# cTaThe C MPUMEHEHHEM YHCICHHBIX METOJIOB MPOBECHBI NCCIIEJOBAHMS, TIO3BOJISIONINE OTPEICITHTh
BJIMSIHUE BBIHY)KJICHHOH YaCTHYHON OCTaHOBKH IOAa4M YTOJBHOM NBUIM (aBapHUHBIN PeXHMM) depe3 TopesloYHbIe
YCTpPOWCTBA Ha OCHOBHBIE XapaKTEPUCTHKH TOMO4HOM kameps! kotia BK3-75 Illaxtunckoit TOLI. ITapoBoit koTen
3aBoJickoH Mapku BK3-75 — BepTHKaibHO-BOAOTPYOHBIH, mpousBoauTesnsHOCTIO 75 T/yac (51,45 T'xan/u).
KotenpHblil arperat 6J04HOW KOHCTPYKIMH SIBJISIETCS OHOOapaOaHHBIM, C €CTECTBEHHOM IIUPKYJISLIUEN 1 BBINOTHEH
no II-o6pa3noii cxeme. Koren BK3-75 oGopynoBaH 4eThIppMs HBUIEYTONBHBIMU TOPEIKaMH, YCTaHOBJICHHBIMU I10
JIBE TOPENKH ¢ PPOHTA U C ThUIa B OJIMH spyc. B kotie cxxuraercs nbuib Kaparanauuckoro psimooro (KP-200) yrius,
301BHOCTRIO 35,1%, BbIXOMOM JleTyunx 22%, BraxkHocThio 10,6% u Temmoroit cropanus 18,55 MJ/kg. Meromamu
KOMITBIOTEPHOTO MOJAEIHMPOBAHUS OBUIM HCCIIEIOBAHBI PA3JIMYHBIC PEXHMMBI TI01a4M TBIJICYTOJIBHOTO TOIUIMNBA B
Kkamepy cropanus. [IpAMOTOYHBIA crOcO0 MOJAaYM a’pOCMECH, KOTJa M3 YETHIPEX TOpPENoK pabOTaroT TOJIBKO /BE
NPSIMOTOYHBIE TOPEJIKH, a JIBE HAXOMAATCS B aBapUHHOM peknMe. BuxpeBoli crocod mojgadm a’dpocMec, KOrna U3
YeThIPEeX TOPEJIOK PabOTAIOT IBE BUXPEBBIE TOPEIKHU C YIIIOM 3aKPYTKH ITOTOKa a9pOCMECH M HAKIIOHOM HX K LIEHTPY
cuMMeTpur KoTia Ha 30 rpamgycoB, a JBe HaxomsiTcs B aBapuilHOM pexxume. s mccienoBaHMs IPOLIECCOB
TEIJIOMAcCOIIepeHOCa B BBICOKOTEMIIEpATypHBIX Cpelax HCIOJIb30BaHbl (PM3MKO-MaTeMaTudecKas U XMMHUUYEecKas
MOJICTIH, BKJIIOYAOIIHE B ce0sl CHCTEMY TpeXMEpHBIX ypaBHeHuit HaBbe—CToKCa M ypaBHEHHH TEIIOMaccolepeHoca
C YUYCTOM HCTOYHHMKOBBIX YJIICHOB, KOTOPLIC ONPEACIAIOTCA XHUMHUYECKON KHUHETUKOM mponecca, HEIMHEHHBIMU
s deKxTaMi TEIIOBOI0 H3IYy4YCHHS, MEX(}a3HOTO B3aMMOJCHCTBHA, a TAKXKE€ MHOTOCTaJIUHHOCTHIO XMMUYECKHX
peakuui.

BbInoHEHHBIE BBIYMCIUTENBHBIE 3KCIIEPUMEHTHI TTO3BOJIMIIN MOIYYNTh OCHOBHBIE XapaKTEPUCTHKHU Ipolecca
TEIJIOMAcCOIIEPEeHOCa B KaMepe CrOPaHMs: adpOJAMHAMHUKY TEUEHHUsI, TIOJIS1 TEMIIEPaTypbl U KOHIIEHTPauil BpeJHbIX
BEIECTB (OKCH/BI YTIepoa U a30Ta) B 00beMe TOMOYHON KaMephl U Ha BBIXO/e n3 Hee. [IpoBenieH cpaBHUTEIBHBIN
aHaIM3 Ul JABYX MCCIEIYEMBIX aBapHHHBIX PEXUMOB (IPSMOTOYHBIA M BHXPEBOIl), HA OCHOBAaHMH KOTOPOTO OBII
c/enaH BBIBOJ O TOM, YTO BHUXPEBOH CHOCOO MOJaydl a’poCMEcH NPH BBIHY)KICHHOH OCTaHOBKE TOPENIOYHBIX
YCTPOMCTB TONMOYHOW KaMepbl MPHBOIUT K YMEHBIICHUIO TeMIIepaTypbl, KOHLIEHTpalKu oKkcuaoB yriepoaa CO u
quokensoB azota NO2 Ha BBIXOZE, HO MMEET UX BBICOKMH YpPOBEHb BHYTPH TONOYHOTO INPOCTpAaHCTBA. Buxpesoi
crocod TMojgayM a’pocMecHd TO3BOJSIET B 3HAYNTEIBHOW CTENEHH ONTHMHU3UPOBATh IPOLECC CXKUTaHUS
HHU3KOCOPTHBIX BBICOKO30JIBHBIX YIJICH B TOMOYHBIX Kamepax TOC W CyIIECTBEHHO CHHU3UTH BHIOPOCHI BPEIHBIX
BemectB (NO2, u CO) B okpyxaromyio cpeny. Iloxydennsie pesyibraTel 3D MozpenupoBaHHSI IIPOLIECCOB
TerIoMaccorepeHoca B TOMOYHON kamepe kotina BK3-75, paboraromieli B aBapuilHOM pexuMme, HOATBEPKIACT
MEePCIIEKTUBHOCTh HCIIOJIb30BaHUs BHXPEBOIO Crocoba MOAaYd a’dpoCMECH C LENbI0 JOCTHIKEHHS TpeOOBaHHUN
9HEProd(PEeKTUBHOTO U IKOJIOTHYECKU OE30MACHOTO CIKUTAHHUS TBEP/IBIX TOILIHB.
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7K20 JKAHY KAMEPACBIHA OTBIH BEPY/II IINTHAPA TOKTATY KE3IH/JETT
KBLTYMACCATACMAJIJAY/IBI CAHJIBIK MOJIEJIIEY

AnHoTanus. Kazakcran aineMIik SHEpreTHKaNbIK HApPBIKTHH KaJIbIITacybl MEH jKal-KYHiHe eseyili ocep eTeTiH
KeMipCyTeKTepIiH opacaH KOpbl Oap MemiekeTTepiH Oipi Ooxpmm Tabbutanpl. PecmyOmuka aymarsiHOa ImamMaMeH
33,600 muH.TOHHA KeMip (e1eMaik Kkemip KOpbIHBIH 3,8%), 30 000 mutH. Gappens MyHai (araeMaik KopaapasH 1,8%)
oHE 1,5 TpiH. Tekiie MeTp TabuFu ra3 (eneMaik KopmapasH 0,8%) morsipiapsl 6ap. OCBIHBIH cangapblHaH 0i3/iH
eniMizze OapIbIK JEKTP PHEPTUSACHIH oHIIpYHiH 85% - bIHA JeiiH Ka30anbl OTHIHIBI, HETi31HEH KEePrillikTi TOMEH
CYPBINTBI KOMIpIi JKary JKOJBIMEH JXYpriziienl. DHeprusiMeH jadnblkray Herisri ke3i Ekibacrys, Kaparauusl,
Toprait kemip OaccelHIACPIHIH KOFAPBI KOMIpi OOJIBINT TAOBLIATHIH 69 NIEKTP CTAHIMSUIAPBIH/A JICKTP SHEPTUSACHIH
OHJIIpy eceOiHeH KamTamachi3 eTitedi. Kaszakcranmarbl keMip Oipkarap apTHIKIIBUIBIKTapFa He: KYKIPTTIH a3
MeJIIIIepi, KypraK KYJre YIIaThIH 3aTTap IbIH KOFaphl IIBIFYbl MacCalaH a3 )KoHEe TOMEH Oara, ce0ebl KoMip Heri3iHeH
alllbIK TOCUIMEH eHpipineni. JlereHMeH, oNl KypaMblHIa KYJIIH JKOFapbl OOJyblHa OalIaHBICTHI TOMEH carnaMeH
cunarranansl (40%-man acram). JKpurysHepreTukaga MyHIai OTBIHABI MaiifanaHy >KajblH TYpakTaHy MEH KajIIbl
JKaHYIbIH, JKBUTYIBIH KOHBEKTHBTI OeTTepiH (Iem SKpaHJaphlH) KOKIayJa jKOHE ayaHBI [IMa KYJIMEH, KeMipTeri,
a30T koHe KyKipT ToThIKTapeiMeH (COx, NOx, SOx), kemipcytekrepmer (CnHm) sxoHe Oacka na skaHy eHIMIepiMeH
nacrayzia npobnemanapra aipin keieri. COHBIMEH Karap, TOMEH COPTTHI KeMipai NmaiaanaHy Ke3iHAe Ka3aHIIBIKTHI
JKary, YCTal Kajly JKoHe IIaHKeMIp ajlaybIHbIH )KaHYbIH TYPaKTaHABIPY YIIIiH ITaiilanaHbuIaThIH Ma3yT HeMece TaOurn
ra3/blH IIBIFBIHBL apTajbl JKOHE SKOJIOTHSJIBIK JKaFiail Hamrapiaiasl. DHeprusiMeH KaOIbIKTayAarbl Tarbl Oip
npoOeMa Ke3 KeJIT'eH YHEPreTUKAIBIK KOCIMOPBIH Ka3aHABIKTEl MEP3iM/Ii TOKTaTyFa MYKTax, OyJI peTTe: aBapHsIbIK
XKBIPATy, JKOCMAPIIBI AKBIPATy JKOHE KBICKA MEp3iMIi TOKTaTy OOJybl MYMKiH. Bys Makanama caHIbIK omicTepi
konpany apkeuibl [laxtuack KOO BK3-75 Ka3aHAbIFBIHBIH OTTBIK KaMepachIHBIH HETi3rl cunarTaManapbiHa
’KaHAPFbl KYPBUIFbUIAPHI apKbLIbI KOMIP TO3aHBIH Oepyzi MaKOYpIi illiHapa TOKTAaTy 9CEpiH aHbIKTayFa MYyMKIHJIK
Gepetia 3eprreynep xypriziami. BK3-75 mapkamer 3ayeiT Oy Ka3aHABIFBI-TIK-CYKYOBIpHI, eHIMALIri 75 T/car
(51,45 T'xan/car). BmoKTB KOHCTPYKUIMSHBIH KazaHABIK arperaTsl OipOapa®aHmbl, TaOWFW aWHAIBIMMEH >KOHE
IT-Topi3ai cxema Ooiiprama operHaanFad. bK3-75 kazanapiFbl MalijaHHAH JKOHE ThUITAH Oip KabaTka eki yKaHapFb
OpHATBUIFaH TOPT IIaH OYpHIITbIMEH jka0apikTanFaH. Kazanapikra Kaparanas! karapnarsl kemipaie (KP-200) manbt
JKaFbUTaAbl, Kymmiri 35,1%, YIOKBINTEH IBFLEIMBL 22%, puranabeuiblFel 10,6% sxoHe skaHy kbuTysl 18.55 MI/kg.
KommsroTepiik Mozenbaey oficTepiMeH jkaHy KamepachlHa HIAHKOMIp OTHIHBIH OepyliH SpTypili pexumuepi
3eprrenai. TepT jkaHaprbUIaplaH TeK €Ki TiKeNeil araThiH )KaHapFbUIap FaHa JKYMBIC ICTEHTIH, ajl eKeyi aBapHsIbIK
pexxuMIe OONaThIH a’poKocTallap bl Oepy/IiH Typa aFbIHABI Tacimi. TepT xKaHaprpUIapAaH €Ki KyHbIHIBI )KaHapFbUIap
JKYMBIC ICTEN TYpFaH Ke3/Ie a’poc KOCla aFbIHBIHBIH Oypanxy OyphIIIbI KOHE OJaplbl Ka3aH CHUMMETPHSICHIHBIH
opraceiHa 30 rpagycKa eHKEHTINreH, aj exeyi aBaprsUIbIK pexxumae 6omansl. JKorapsl TeMIiepaTypaibl OpTaiapaarbl
XKBUIy Macca ajMacy MpOIeCTepiH 3epTTey YIIiH (U3MKa-MaTeMaTHKaIbIK XoHe ym emmemai HaBpe—Crokc
TEHJICYJIepl MEH K63 MYIIENEPiH €CEeNKe ajla OTBHIPBIN, KbIIy Macca aaMmacy TEHZICYNep JKYHWECiH KaMTHTBHIH
XUMUSUTBIK MOJENBICP, XUMMSUIBIK KHHETHKaMEH, J>KbUIYJBIK COyJENEHYAIH, (a3aapaliblKk e3apa SpeKeTTeCyAiH
CBI3BIKTHI €EMEC acepiIepiMeH, COHIai-aK XMMUSUTBIK PEAKIMSIAPAbIH KOI CaThUTBI OOyBIMEH aHBIKTAIATHIH.

OpblHOaTFaH ecentey OKCIEePUMEHTTEepl XKaHy KaMepachlHAa >KbIIyMacCTacMallay NpOLECiHIH Herisri
CUMaTTaMachlH alyFa MYMKIHIIK OepJi: arbic a’poJMHaMHKachl, TEMIeEpaTrypa epici jKoHe 3HsH/ABI 3aTTaplblH
KOHLIEHTPALMSIChI (KOMIpTEri MEH a30T OKCHJTEpi) OTTHIK KaMmepa KeJeMiH/e JKoHe ofaH mbiryna. Exi 3eprrenerin
amnaTTHIK PSKUMIIEP YIIIH CalbICTHIPMAIIBI TAJJIAY JKYPri3iil (Typa arblH/Ibl )KOHE KYHBIHIBI), OHBIH HETi31H/€ OTTHIK
KaMepaHbIH JKaHApFbl KYPBUIFBUIAPbI MOKOYpPJl TOKTaraH Ke3[e adpo KOCHaHbl Oepy[iH KyYHBIHIBI TOCLII
TemmepaTypanslH  azarobiHa, CO kemipreri okcuarepiHiH koHe NOz a30T JHOKCHATEPIHIH IIBIFyBIHIA
IIOFBIPJIaHyBIHA aJBIN Kelledi, Oipak OTTBHIK KEHICTIKTIH IITIHIIE OJapAbIH KOFaphl ACHreri 0omagsl. Aya KOCIachH
Oepyain KyibHABI Tocini JKOC OTTHIK KamepaiapblH/ia TOMEH COPTTHI JKOFaphl KOMIp/i Kary MPOLECiH aiTapibIKTai
OHTaMJIaHABIpYFa KoHE KopliaraH oprara 3usHabl 3aTrTapiblH (NO2 sxone CO) IIBIFapbIHABIIAPBIH aiTapiIbIKTal
TOMCHJICTYTe MYMKIHHIK Oepemi. AmarTelk pexumae kyMmbeic ictedTiH BK3-75 Ka3aHIBIFBIHBIH — OTTHIK
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