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WELL-POSEDNESS OF A NONLOCAL PROBLEM
WITH INTEGRAL CONDITIONS FOR THIRD ORDER
SYSTEM OF THE PARTIAL DIFFERENTIAL EQUATIONS

Abstract. The nonlocal problem with integral conditions for the system of partial differential equations third-
order is considered. The existence and uniqueness of classical solution to nonlocal problem with integral conditions
for third-order system of partial differential equations are studied and the method for constructing their approximate
solutions is proposed. Conditions of an unique solvability to nonlocal problem with integral conditions for third
order system of partial differential equations are established. By introduction of new unknown functions, we have
reduced the considered problem to an equivalent problem consisting of a nonlocal problem with integral conditions
and parameters for a system of hyperbolic equations of second order and a integral relations. We have offered the
algorithm for finding approximate solution to investigated problem and have proved its convergence. Sufficient
conditions for the existence of unique solution to the equivalent problem with parameters are obtained. Well-
posedness of the nonlocal problem with integral conditions for third order system of partial differential equations are
established in the terms of well-posedness to nonlocal problem with integral conditions for system of hyperbolic
equations second order.

Key Words: third order partial differential equations, nonlocal problem, integral condition, system of
hyperbolic equations second order, solvability, algorithm.

1. Introduction. In recent years, there has been a great interest to a nonlocal problems for third order
partial differential equations and systems. Such problems are appeared in the mathematical modeling of
various natural science processes [1-9]. A lot of many works devoted to the investigate of various
problems for third order partial differential equations with two independent variables, bibliography and
analysis can be see in [1, 2, 5, 7-9]. The third order system of partial differential equations began to be
studied relatively recently [5, 7-9].

In the present paper we consider the nonlocal problem with integral conditions for third order system
of partial differential equations at a rectangular domain. We investigate the questions of existence and
uniqueness of the classical solution to nonlocal problem with integral conditions for third order system of
partial differential equations and its applications. Some types of initial-boundary value problems for third
order system of partial differential equations are considered in [7-9].

Methods. For solve to considered problem we use a method of introduction additional functional
parameters [10-32]. The original problem is reduced to an equivalent problem consisting from nonlocal
problem with integral conditions for system of hyperbolic equations second order, containing functional
parameters and integral relations. Sufficient conditions of the unique solvability to investigated problem
are established in the terms of unique solvability to nonlocal problem with integral conditions for system
of hyperbolic equations. Algorithms for finding of approximate solution to the equivalent problem are
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constructed. Well-posedness to nonlocal problem with integral conditions for third order system of partial
differential equations are established in the terms of well-posedness to nonlocal problem with integral
conditions for system of hyperbolic equations second order.

2. Statement of problem. At the domain Q =[0,7]x[0,®w] we consider the following initial-

boundary value problem for the special system of partial differential equations

ou ou 0u ou ou

o A(t,x)g + B(t,x) o + C(t,x)aJr D(t,x)gjL Et,x)u+ f(t,x), (t,x)eQ, (1)
T
J-L(T,x)%r:qo(x), xe[0,m], 2)
0 X

u(t,0) =w,(0), t (0,77, (3)

T ou(t, &)
J'P(l‘,é:)?dle//l(l‘), tE[OaT]a (4)
0

where u(t,x) = col(u,(¢,x),u,(t,x),...,u,(t,x)) is unknown function, the #nXn -matrices A(f, x),
B(t,x), C(t,x), D(t,x), E(t,x) and n-vector function f(¢,x) are continuous on 2, the nxn-
matrix L(¢,x) is continuous and continuously differentiable by xon €2, the n-vector-function @(x) is
continuously differentiable on [0, ®], the nxn-matrix P(¢,x) is continuous and continuously
differentiable by ¢ on €, the n-vector-functions ¥/ () and w,(¢) are continuously differentiable on
[0,77].

A function u(f,x)€ C(CQ,R") having partial derivatives % eC(Q,R"),
X
2 62 t 3
a”g’x) e C(Q,R"), GL’;X) cc@.ry. 4G o Ry, % e C(Q,R") is called
t X

a classical solution to problem (1)--(4) if it satisfies system (1) for all (¢, x) € Q, and integral and initial
conditions (2), (3) and (4).

We investigate the questions of existence and uniqueness of the classical solutions to nonlocal
problem with integral conditions for system of partial differential equations of third order (1)--(4) and the
approaches of constructing its approximate solutions. For this goals, we applied the method of
introduction additional functional parameters proposed in [10-32] for the solve of nonlocal boundary
value problems for systems of hyperbolic equations with mixed derivatives. Considered problem is
provided to nonlocal problem with integral conditions for system of hyperbolic equations of second order,
including additional functions and integral relations. The algorithm of finding the approximate solution of
the investigated problem is proposed and its convergence proved. Sufficient conditions of the existence
unique classical solution to problem (1)--(4) are obtained in the terms of unique solvability to nonlocal
problem with integral conditions for system of hyperbolic equations second order.

3. Scheme of the method and reduction to equivalent problem.

ou(t,x)
ox

We introduce a new unknown function v(¢,x)= and re-write nonlocal problem with

integral conditions (1)--(4) in the following form
o’v
Otox

=A(t,x)%+B(t,x)%+C(t,x)v+D(t,x)%+E(t,x)u+f(t,x), t,x)eQ, (5

J.L(Z', xv(r,x)dr =p(x), x€[0,w], 6)
0

— 34 ——
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j P(6, &t EME =y, (o), 1[0, 1, (7)

ou (t x)

u(t.x) =y (1) + jv(r E)de () + I Medge wwea.  ®

Here the condition (3) is taken account in (8).
A pair functions (v(¢,x),u(t,x)), where the function v(¢,x) € C(Q,R") has partial derivatives

2
oMb, x) e C(Q,R"), M) e C(Q,R"), &é,x) € C(Q,R"), the function u(t,x) € C(QQ,R") has
t X
2
partial  derivatives Ou(t, x) e C(Q,R"), Oult, x) e C(Q,R"), 8Lt2,x) e C(Q,R"),
X ot ox
o%u(t 3
% eC(Q,R"), 0 qu(t,x) x) € C(€Q,R"), is called a solution to problem (5)--(8) if it satisfies of
X

the system of hyperbolic equations (5) for all (¢, x) € (2, the boundary conditions (6), (7), and the integral
relation (8).
At fixed u(¢,x) the problem (5)--(7) is the nonlocal problem with integral conditions for the system

of hyperbolic equations with respect to v(¢,x) on . The integral relations (8) allow us to determine the
) . . .. ou(t,
unknown functions u(¢,x) and its partial derivative % forall (¢,x) e Q.
¢

4. Algorithm for finding of the approximate solution to problem (5—(8).
The unknown function v(¢,x) will be determined from nonlocal problem with integral conditions for

ou(t,x)
Ot

system of hyperbolic equations (5)--(7). The unknown function u(z,x) and its partial derivative
will be found from integral relations (8). If we known the function u(#,x) and its partial derivative
ou(t,x)

5 , then from nonlocal problem with integral conditions (5)--(7) we find the function v(¢,x).
t

ov(t, x)
ot

Conversely, if we known the function v(¢,x) and its partial derivative

ou(t,x)
ot
and v(¢,x) are unknowns together for finding of the solution to problem (5)--(8) we use an iterative

method.
The solution to problem (5)--(8) is the pair functions (v'(¢,x),u"(¢,x)) we defined as a limit of

, then from integral

relations (8) we find the function u(z,x) and its partial derivative . Since the functions u(¢,x)

sequence of pairs (V) (¢,x),u"(¢,x)), k =0,1,2...., according to the following algorithm:
ou(t, x)
ot

nonlocal problem with integral conditions (5)--(7) we find the initial approximation T (z,x) and its

Step 0. 1) Suppose in the right-hand part of system (5) u(t,x) =y,(t),

W, (t), from

partial derivatives for all (z,x) € Q;

2) From integral relations (8) under v(t,x) = v (¢,x), , we find the functions

ov(t,x) v\ (¢, x)
ot

(0)
u”(t,x) and %

forall (z,x) e Q.
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ou(t,x) ou'”(t,x)
ot o

from nonlocal problem with integral conditions (5)--(7) we find the first approximation V(l)(t ,X) and its

Step 1. 1) Suppose in the right-hand part of system (5) u(t,x) =u"(t,x),

partial derivatives for all (¢,x) € Q.

ov(t,x) v (¢, x)
ot ot

2) From integral relations (8) under v(¢,x) =v"(¢,x), , we find the functions

ou (¢, x)
ot

u(¢,x) and for all (¢,x) e Q.

And so on.
Step k. 1) Suppose in the right-hand part of system (5) wu(t,x)=u""(t,x),
ou(t,x) ou(t, x)

, from nonlocal problem with integral conditions (5)--(7) we find the k-th

ot ot
approximation v(k)(t,x) and its partial derivatives for all (¢, x) € Q:
a2v(k) av(k) av(k) au(kfl)
= A(t, + B(t, +C(t,x)v"" + D(t, +E@x)u* ™+ f@1,x), (t,x)eQ, 9
o (,x) . (t,x) o (t, x)v (,x) Py (t,x)u f(t,x), (1, %) €
T
[ Lz, 0 (2,007 = p(x), x €[0, 0], (10)
0
[P, e * (1, 8)dE =y, (1), t<10,T1. (11)
0

ov(t,x) v (t,x)
ot ot

2) From integral relations (8) under v(¢,x) = v (¢, x), , we find the function

u®(t,x) and

ou(t
%,x) forall (z,x) e Q:

u“)(r,x)=wo(r)+ivm<r,§)d§, %WGOHI%@’& tHeQ. 12

k=123,....

5. The main result.
Consider nonlocal problem with integral conditions (5)-(7) at fixed u(#,x). Then nonlocal problem

with integral conditions for system of hyperbolic equations can be have the following form

o’ ov ov

P A(t, x)a+ B(t,x)a+ Ct,x)v+F(t,x), (t,x) e Q, (13)
jL(T,x)v(r, x)dt=¢(x), x€[0,w], (14)
[P oW,6)E =y, (1), 1€]0,T], (15)

where n-vector function F'(¢,x) is continuous on Q.

The following theorem gives conditions of feasibility and convergence of the constructed algorithm
and the conditions of the existence unique solution to problem (5)--(8).

Theorem 1. Suppose that

i) the nxn-matrices A(t,x), B(t,x), C(t,x), D(t,x), E(t,x), and n-vector function f(t,x)
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are continuous on Q) ;
ii) the nXn-matrix L(t,x) is continuous and continuously differentiable by xon € ; and the n-

vector-function @(x) continuously differentiable on [0, ®];
iii) the nxXn-matrix P(t,x) is continuous and continuously differentiable by t on Q. ; the n-vector-

functions y,(t) and w,(t) are continuously differentiable on [0,T];

iv) Nonlocal problem with integral conditions for system of hyperbolic equations (13)--(15) has a

unique classical solution.
Then equivalent nonlocal problem for system of hyperbolic equations with integral conditions and

parameters (5)—(8) has a unique solution.
Proof. Let the conditions i) - iv) of Theorem 1 are fulfilled. By the algorithm, proposing above, on

0" step we have
22y ) 0)

() D+ Bl x) D 4 Ot 0 + DU, X)W (1) + E(t 0w, () + £(5,%) (6,) € Q2 (16)
Otox Oox ot

T
jL(T,x)V(O)(T, x)dt =@p(x), x €[0,®], (17)
0

[P (,6)dE =y, (1), t€[0,T1. (18)

Since condition iv) is valid, problem (16)—(18) has a unique classical solution v (t,x) and the
following inequality holds

v\ (t, x ” ”8\/(0) t,x ”
max| max|v'” (¢, x) ,max” (t,%) (t,%)
(t,x)eQ (t,x)eQH ax H (t x)eQ al‘
<K ‘
(x) max( tm(?]g(”l//l max max )

where the function K(x) is continuous on [0, @], positive and independent on functions f'(¢,x), y,(¢),

@(x), FO(t,x) = D(t,x)y7,(t) + E(t, x)y, (1).

ou'”(t,
Initial approximations u® (t,x) and M are determined by the following form
4 © ©) o'’ )(t x) _ aV(O)(f )
(t,%) =y (0)+ [ v j (t,)ds, ——== o(t>+j dé, (t,x)eQ. (19)
8 (0) t,
Then functions u'” (t,x) and M satisfy the estimate
ou'” (¢, x
max(max‘ u , max ou_ (0, x) < max(max”l//o max”(,yo (t)||)
t€[0,7T] t€[0,T] ot t€[0,7]
h av( )(l oV (t,6)
(0)
+
J ma{f&?ﬁ‘” .0} ms
For kth approximations determined by relations (9)—(12), we have
v (¢, x v (t, x
max| max[v* (¢, x)|, max” ( )|, max” ( )” <
(t,x)eQ (1,x)eQ ox (,x)eQ ot H
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< K(x) max( rnax”l,//1 (Ifn?)g() ‘ j, (20)
o (k) ,
ma{f&&f” b ”%}m“(gé‘%"%@ e+
X o (k) ,
+ ! max(g{l{%” V(@& max ! a(; 5)”}59 1)

(k=1)
where F%(¢,x) = D(t, x)w +E(t,x)u* (2, x).

Let Av(k)(t X)= v(k”)(t X) —y® (t,x), A y® (t,x)= 6v(k“)(t,x) - 8v(k)(t,x)
s ) ) 5 X ) ax ax 5
v (1, x) B v (t,x)

AVP(t,x) = , AuP (@, x) =u™V (¢, x) —uP (1, x),
VU x) Y Py (¢,x) (¢,x) (¢,%)
(k+1) (k)
Aty =260 (60 o
ot ot

Then, for differences Av¥ (2, x), A v®(t,x), Ay (t,x), Au”(t,x), Au(t,x) are valid the
following inequalities

max( max | Av* , max||A v , max ‘Atv”‘) (1, x)”) <
(t,x)eQ (t x)eQ (t x)e]
< K(x) max[ max , max |[A u* (¢, x)‘D : (22)
(2,x)eQ (t,x)eQ]

(k) (*) < (k) (k)
maX[{i}é‘?HA“ (t, x)||, trerloa;( (t,x)”j < !max(gg;a”Av ), trenoa;( (¢, §)H)d§ . (23)
From estimates (20)—(23) is follows
7 ] .
max[maxHAu( '(t,x)|, maxHA u®(t, x)”) max( max |Av , max ||A v j,
t€[0,T'] t€[0,7] (t,x)eQ (t,x)eQ

where K = max K(x).

xe[0,0]

) . ) ou'”(t,x)
Hence, we obtain the uniform convergence of the sequences {u (t, x)} and 8— t
t

ou” (t,x)

functions u” (¢, x) and 8— on Q, respectively, as k — 0.
t

(k) (k)
Then the sequences {v(k)(t,x)}, {W}, and {%} also will be convergent to
X

ov (t,x) and ov (t,x)
ox ot

The uniqueness of solution to problem (5)—(8) is proved by contradiction.

Theorem 1 is proved.

From equivalence of problem (1)—(4) and (5)—(8) follows the following assertion.

Theorem 2. Suppose that the conditions i) - iv) of Theorem 1 are fulfilled.

Then nonlocal problem with integral conditions for third order system of partial differential
equations (1)--(4) has a unique classical solution.

functions v*(¢,x), on Q, respectively, as k — 0.

38 ——
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Conditions of Theorem 1 are sufficient of the well-posedness to nonlocal problem with integral
solutions for third order system of partial differential equations (1)—(4).

Funding. This results are partially supported by grant of the Ministry education and science of
Republic Kazakhstan No. AP 05131220 for 2018-2020 years.
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KOPPEKTHAS PASPEIIMMOCTD HEJTOKAJIbHOM 3AJIAYM .
C UHTET'PAJIBHBIMMU JJIS1 CACTEMbBI JU®®EPEHIIUAJIBHBIX YPABHEHNHU
B YACTHBIX TPOU3BOJHbIX TPETBEI'O ITIOPAIKA

AnHoTanus. PaccMaTpuBaeTcs HeOKalbHASA 337a4a ¢ HHTETPAJIbHBIME YCIOBUSMH ISl CUCTEMBI TuddepeH-
MUABHBIX YPaBHEHWH B YaCTHBIX IPOM3BOJHBIX TPETHETO MOPSIKA. VICCIEAyIOTCS BOMPOCHI CYIIECTBOBAHUS H
€IMCTBEHHOCTH KJIACCHYECKOTO DPEIICHUS HENOKANBbHON 3aayudl Uil CUCTeMbl MU (epeHINaIbHbIX ypaBHECHHN B
YAaCTHBIX MPOU3BOAHBIX TPETHETO MOPAAKA M IPEATAraloTCsl METOIBI IMOCTPOSHUS MX HPUOIIDKEHHBIX PEIICHHH.
YCcTaHOBIEHBI YCIOBHS OJHO3HAYHOW PAa3peIIMMOCTH HEJOKAJBHOM 3amayd Ul CHCTeMbl an(depeHInamTbHbIX
YpaBHEHHUII B YAaCTHBIX MNPOU3BOIHBIX TPEeThero mnopsaka. I[lyremM BBeleHHs HOBOM HEU3BECTHOH (yHKUIUH
uccienayemas 3agada CBeleHa K OSKBHBAJCHTHOM 3ajgaue, COCTOsIIEH M3 HEJIOKaJbHOM 3amaud i CHCTEMBI
THIIEpOOJIMUECKUX YPaBHEHUI BTOPOTO MOPsAKA C MHTErPAIbHBIMH YCIOBUSMU U (DYHKIIMOHAIBEHBIMH MTapaMeTpaMu
U UHTETPaIbHOTO COOTHOWICHHS. [Ipe/oskeHpl adropuTMbl HaXOXKACHUS MPUOIMKEHHOTO PEIICHHS HCCIEyeMOM
3a/la4d U JOKa3aHa UX CXOAUMOCTb. [loiydeHbl JOCTaTOYHbIE YCIOBHS CYIIECTBOBAHUS €IUHCTBEHHOI'O PELICHUS
9KBUBAJIEHTHON 3alauu ¢ mnapamerpamu. KoppekTHas pa3pelrMOCTh HEJIOKAJIbHOM 3aJayd C WHTErpalbHBIMU
YCIIOBHSIMH JUTSI CUCTEMBI O pepeHInaNbHBIX YPAaBHEHUH B YACTHBIX MPOM3BOIHBIX TPETHETO MOPSIKA TOTYICHBI B
TePMHUHAX KOPPEKTHON pPAa3pelImMOCTH HEIIOKAIGHOW 3ala4d C WHTETPATBbHBIMH YCIOBUSMH JJIS CHUCTEMBI
TUNEepOOINIeCKUX YpaBHEHHH BTOPOTO TIOPSIIIKA.

KiaroueBble ciaoBa: nuddepeHmaasHoe ypaBHEHHE B YaCTHBIX ITPOU3BOMHBIX TPETHETO IOPSAIKA, HEJO-
KaJbHAA 3a/1a4a, HHTETPAJIbHOE YCIOBUE, CHCTEMa TUIIEPOONNIECKUX yPaBHEHNH BTOPOTO MOPSIKA, Pa3PEeIINMOCTb,
AITOPUTM.
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YIITHIT PETTI AEPBEC TYbBIH/AbL/IbI JU®PEPEHIUAJIIBIK
TEHAEYJIEP )KYUECI YHITH UHTETI'PAJIIBIK IHAPTTAPBI BAP
BEWJIOKAJI ECEIITIH KOPPEKTIJII IHEINIJITMALJIITT

AnHoTanus. YIIiHII peTTi nepOec TYBHABUIB UG (GEpeHINaNAbIK TeHACYIep KyHecl YIIiH HHTETPaIbIK
mrapTTapsl Oap Oeiyiokan ecen KapacThIpbUTaAbl. YIIHIN perTi AepOec TysIHABUTE OudQepeHInanIsK TeHIeyIep
JKyWeci YImiH OeWIoKald eCenTiH KIACCHKANBIK IIeIIiMiHiH 0ap OOIysl MEH JKAIFBI3IBIFBI MIcelenepi 3epTTenei
OHE OJIApIIBIH JKYBIK IICIIIMAEPIH TYPFbI3y dJicTepi YChIHBUIA/bI. YUIIHIIN perTi aepbec TybIHABUIB quddepeH-
LUAJIBIK TEHJEYJIep Kyiecl YUIIH HHTerpajblK MIapTTapbl Oap Oeiokan ecenTiH OipMOH/I MICHIITIMIITiHIH
maptrapsl Taradbinaanrad. JKaHa Oenrici3 (yHKIUsSI €HIi3y apKbUIbl 3€pPTTENINl OTBIPFAH €CeNl THMIepOOJIaIbIK
TEHJICYJIEp XKYHeCl YIIH HHTerPAIIBIK MapTTaphl KOHE HapameTpiiepi 6ap OCHIOKan eCenTeH JKOHE MHTEIPAIIBIK
KaThIHACTaH TYpPaThIH Iapa-nap ecelKe KeNTipiireH. 3epTTeNil OTBIPFaH €CeNTIH JKYbIK IIeliMiH Taly
AITOPUTMICP] YCHIHBUIFAH JKOHE OJNap/blH >KUHAKTBUIBIFB JonenneHreH. [lapamerprepi Oap mapa-map ecenTiH
JKQJIFBI3 LIENIMiHIH Oap OOJyBIHBIH JKETKUIIKTI NIapTTapbhl ajiblHFAH. YIIHII peTTi JepOec TyBIHIBLIBI
muddepeHManIpIK  TEHAEYJNEp JKyHeci VINIH MHTErpajAbIK IIapTTapsl Oap Oeiyiokal ecenTiH KOpPeKTili
MICIIUTIMAIITIHIH [MapTTaphl eKiHII PeTTi TUMepOOTIabIK TCHALYIep KYHeci YIIiH WHTEeTpaAblK MIapTTapsl Oap
OeiIoKal ecenTiH KOPPEKTUTl MEemiTIMIUTIT] TEepMAHIHAC ABIHFAH.

Tyiin ce3mep: yminmi perti aepdec TYBIHIBUIB AuddepeHnnanaplK TeHaey, OeHIoKal ecen, HHTETPaABIK
LIAPT, eKIHIII PETTi TUIepOOIaIbIK TEHASYNIep Kyiecl, HIEMTIMIUTIK, alrOpUTM.
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