News of the National Academy of sciences of the Republic of Kazakhstan

NEWS

OF THENATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2020.2518-1726.26
Volume 2, Number 330 (2020), 142 — 148

UDC 514.182.7
G. lvanov!, Zh. Dzhanabaev?, N. Umbetov?, I. Borovikov!

!Bauman Moscow State Technical University, Moscow, Russia;
2M. Auezov South Kazakhstan State University, Shymkent, Kazakhstan.
E-mail: ivanov_gs@rambler.ru; djanabaev@mail.ru; nurlanumbetov@mail.ru; bif1986@mail.ru

SPATIAL TECHNICAL CURVES AS SMOOTH LINES
OF THE ARCS NORMCURVES

Abstract. In solving applied problems one often encounters with the construction of spatial curves for a number
of pre-set conditions. As a rule, the constructed curve is set by a set of pre-calculated or experimentally obtained
conditions (points, tangents, values of curvature and torsion at these points). The horizontal and frontal projections
(plan and profile) are calculated independently. As a result, the outline will consist of arcs of spatial curves no lower
than the fourth order with unpredictable differential properties. The arcs of circular norm-curved spaces are devoid of
this drawback.

The article discusses some theoretical questions of curve theory for a rational choice of smooth contour
components. It is proposed to use arcs of cubic circles as components of a spatial smooth one-dimensional contour. A
cubic circle, being a special case of a cubic ellipse, intersects an improper plane at a real point and at two cyclic
points. Such curves have better differential properties from the standpoint of the monotonicity of changes in the
values of the angles of inclination of the tangents, curvature, and torsion, which significantly affects the dynamic
qualities of the contour being constructed.

Key words: normcurves, descriptive geometry, conical surface, method of rotating the plane, one-dimensional
spatial outline, smoothness, component, intersection line, butt point.

The variety of technical problems of designing the various communications as a geometric component
includes into itself the design of a spatial curve. As a rule, it is set by many pre-calculated or
experimentally obtained geometric conditions (points, tangents, values of curvature and torsion at these
points, etc.) [4,11,13]. At that, the horizontal and frontal projections are independently constructed, or its
plan and profile are designed as one-dimensional contours. As a result, the desired curve is obtained as a
line of intersection of two composite projecting cylindrical surfaces. The main advantage of this method is
its simplicity, which is achieved by bringing a three-dimensional problem to the solution of two flat
problems and using the normcurves of the plane as components. Normcurves are algebraic curves whose
order is equal to the dimension of the space. A second-order curve as a normcurve of the plane is given by
two points A and B, tangents ta, ts at these points, and an engineering discriminant d=BC:NC, where
T=t,ntg, TC- is the median of the triangle ATB.

In modern graphic packages and computer-aided design systems, spatial curves are set parametrically,
which makes calculations easy. They are represented as composite lines (Hermite curves, Beziers, splines
of various types). The equations of their components have the form

x=fi(p) y="(p) z="fs(p)

where cubic polynomials [2,5,7,9,10,12,14] are taken as functions f , f,, f, . Graphs of these functions

do not allow you to visually evaluate the geometric and differential properties of the curve they describe.
As an example, on figure 1 shows the construction of projections y = gol(x), 7=, (x)in three-
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dimensional space Oxyz of a parametrically given curve x = f,(p), y = f,(p), z= f5(p) of a four-
dimensional space, where fl(p), fz(p), f3(p)— are the second-degree polynomials. Analysis of
projection y = gol(x), Z=q, (x) of second-order parabolas shows that the original parametric given

curve is a fourth-order spatial curve.

Thus, the simplicity of graphical construction of the components of the conture during manual
construction and the simplicity of computational procedures in computer-aided design systems ultimately
lead to the complication of the simulation result. In our case, this is expressed in an unjustified increase of
the order of the components of the contour and their number from the geometric positions. This
conclusion follows from the fact that the simplest spatial curves of the third order (normcurves of space)
are not used as the components of the one-dimensional spatial contours.

S A /
< { z
{ i
)
o AR )
4o \ ')/
4 4 4 1t
X'=x y'=z
y=p 1%/ 3.0(2
]
4 /
74
4
N
2p,l0) T3 k
\r=

Figure 1 - The construction of projections Y = ¢, (X) Z=q, (X) in three-dimensional space
Oxyz of a parametrically defined curve of four-dimensional space OX'y'z'p’

In this regard, the purpose of this publication is to present the theoretical foundations of the method
proposed by the authors for modeling spatial technical curves in the form of smooth one-dimensional
contours from arcs of normcurves.

v
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Figure 2 — The position of the second-order curves relative to the improper straight line

— 143 =——



News of the National Academy of sciences of the Republic of Kazakhstan

Since there is no information in the General technical literature about normcurves, we will first cover
the questions necessary for further presentation. As the normcurves of plane (second-order curves) are

classified by their position relative to the non-own straight line U™ (figure 2), so and normcurves k2of
three-dimensional space are classified by their position relative to the non-own plane A” (figure 3) [1,6].

Figure 3 — The position of the norm curves of three-dimensional space relative to improper plane

1. k? - cubic hyperbola intersects A7 at three real different points.

2. k3— a hyperbolic parabola that intersects A” at a real point A and touches A” at two coinciding
real points B=C.

3. k- the cubic parabola intersects A” at three coinciding points A=B=C (A” is the touching plane
of the curve k®).

4. k®- cubic ellipse, intersects A™ at a real point A and at two imaginary-conjugate points B and C.
A special case of a cubic ellipse is a cubic circle, for which the points B and C will be cyclic.

The algorithm for constructing normcurves of three-dimensional space in theoretical plan is obvious.
Two second-order linear surfaces (quadrics) with one common generatrix | intersect along a fourth — order

spatial curve that splits into their common generatrix | and the remainder - the desired norm curve k3.
The constructions will be simple if we take as these quadrics the conical surfaces [3, O with guide circles

b and d belonging to the same plane » (figure 4). In this case, the normcurve k® will be a circular curve
(a cubic circle) that has the best dynamic properties among normcurves [3, 8, 9, 10].
In figure 4, conical surfaces B(S,,b), 5(S,,d) with a common generatrix 1(S,S, ), whose

guiding circles b and d belong to the plane J, intersect in a cubic circle k* where K, =k*® 1y . The curve
k® is constructed by the method of a rotating plane, that is, a beam of planes |(0[i) with an axis I
anNpf=SB, and=5,D,, SB NSD, =K, is used as intermediaries where
K k3.1t passes through the vertices S, S, of the conical surfaces /3 and O , since the tangent plane
74(S,, ty) of the surface & intersects the surface /3 along its generator S; 1, where 1 =t; M b, and
the tangent plane 7,,(S;, t, ) intersects the surface & along the generator S, 2, where 2 =t, N d .
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Figure 4 — Construction of a norm-curved three-dimensional space as a curve
of intersection of two conical surfaces with a common generatrix

Thus, the incidence of the constructed curve K to the vertices S,, S, of the conical surfaces /3 and
O allows to use them as butt joints in the preparation of a spatial one-dimensional contour.

Figure 5 — Building a tangent at a butt point

To construct a smooth one-dimensional contour, it is required to specify the tangents 1.'Sl and '[S2 in

the butt points Sl and SZ, respectively. The tangent line t, at any point, for example 82, of the line k*
of intersection of surfaces ,B and O is constructed as the line of intersection of two tangent planes
74(S,, t4), 7,(S,, t, ) drawn ata point S, to the surfaces 3 and & (Fig. 4, 5). Here the point 2 - is
different from the point L of intersection of the tangent t,, with the guide d of the conical surface 0.

From the foregoing, the sequence of constructing the component of a smooth one-dimensional spatial

contour specified by an ordered array of points Si with fixed tangents tg;, from arcs of cubic circles k3 :
follows:
1) two adjacent butt points S1 and 82 with the tangents tSl € Sl, '[82 S 32 specified in them are

taken as the vertices of the auxiliary conical surfaces £ and J ;
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2) in a certain plane ¥, which is chosen from the condition of simplicity of computational
procedures (as a rule, a coordinate plane Oxy), the points L=8182 Ny, 1=tslmj/,

2= tSZ M y and straight lines t; (LZ), ty (Ll) of intersections ¥ with planes, are built;

3) points L, 1 and tangent t, e 1 define a circle b - a guide of the first conical surface ﬂ ; points

L, 2 and tangent t, e 2 define a circle d - a guide of the second conical surface O ; the

arcS;S, of the normeurvek® of intersection of conical surfaces f and S will be the desired
component of the constructed one-dimensional contour; in points S;and S, it touches these lines
ts, €51, t, €95,

Thus, a method is proposed for constructing a spatial one-dimensional smooth contour, the
components of which are the arcs of a circular normal curve - a cubic circle. As known from the theory of
curves, such curves have better differential properties from the standpoint of the monotonicity of changes
in the values of the angles of inclination of the tangents, curvature, and torsion, which significantly affects
the dynamic qualities of the contour being constructed. This is achieved through the use as constituent arcs
of curves of the smallest possible order, while in all known methods, the contour components are the arcs
of non-circular curves of the forth or above order.

I'.C. UBanos!, ’K.JK. Kanabaer?, H.C. Ymoeron?, U.®. Boposukos!
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HOPMKHUCBIKTAP JOFACBIHAH KYPAJIFAH " KAHAMAJIAP PETIHJIEI'T
KEHICTIKTIK TEXHUKAJIBIK KUCBIKTAP

AHHOTAIMsA. [ cOMETPUSIIBIK KOMIIOHEHT PETiHAC KOMMYHHUKALUSIAPABIH OapIbIK TYPJICPIH jK00aTayablH op
TYPJIi TEXHUKAIBIK Maceliesiepi KeHICTIKTIK KUCBIKTapAblH KYPBUIBICHIH KaMTHIBL. ONEeTTe, ojap OYpbIH eCenTelreH
HeMece TOXKIpHOe JKY31HIE alblHFaH T'€OMETPHUSUIBIK JKaFJaillapAblH JKUBIHTBIFBIMEH aHbIKTaNanbl (HYKTENep,
TaHTeHCTEP, KUCBHIKTHIK JkoHe Oypaiy MoHzepi >koHe T.0.). By xarnaiina kenjeHeH »oHe (POHTAIb MPOEKIUSIIAP
(xocmap >xoHe mnpodmib) nepbec ecenteneni. HoTwkeciHIe KalaFaH KHCBIK €Ki Kypama HpPOCKIHsIAYIIbI
MIIAHAPIIK OSTTEepIiH KUBUIBICY CBHI3BIFBI PETIHAC ANBIHAIBL. BYIT 9MiCTiH 0acThl apTHIKIIBUTBIFGI - OHBIH YIIOIIIeMI1
€CeNTi eKi KAa3bIKTHIK €CEITI IIEIIYTre XKIHE KAJIBIIThI KUCHIK ChI3BIKTHI KOMIIOHEHTTEP PETIH/IE KOJIAHy apKbUIbI KOJI
skerimaiiri. COHbIMEH, KOHTYP KYPACTHIPYIIBLIAPHIH KOJIMEH KO0alay/blH IpaQUKaibIK >KOJIMEH TYPFbI3Y/IbIH
KapanaibIMIBUIBIFBI  JKOHE  €CeNTey  TEXHUKACHIHBIH  aBTOMATTAH/BIPHUIFAH  JKYHENepiHaeri  ecenrey
MpOLIEAYPAAPbIHBIH KapanalbIMABUIBIFBI CAWBI KENreHAe, KOHTYP KYPaCTHIPYIIbUIAPBIHBIH JKOHE OJap/bIH
TTOpeXeTNepiHiH TEOMETPHUSUIBIK TYPFBIIAH HETi3Ci3 KypAeJeHyiHe oKenemi. Byl TyXBIpeIM VIIiHIN Topexkeri eH
KapamaibiM KEHICTIKTIK KHUCBIKTAp (KEHICTIKTIH HOPM. KHUCBIKTaphbl) Oip eJIeMai KEHICTIKTIK KOHTYpJapbIH
KYpacThIPYIIbUIAPHI PETiH/IE MaialaHbUIMANTBIHBIHAH IIbIFabl. HoTHkeciHe KOHTYp aijbiH-ana 0omKaHOalThIH
nudbepeHIMaIablK KacueTTepl 0ap KeM AereH/ e TOPTIHIII PEeTTi KeHICTIKTIK KUCBIKTApIbIH JOFalapblHAH TYPAabl.
COHJIBIKTaH TETIC KCHICTIKTIK KOHTYpJApAbl KYpy OICTEepiH a3ipyiey - Ke3ek KyTTipMelTiH mocene. OchiFaH
OaiinaHbICThI, MakKaJlaHbIH MaKcaThl KapamaiblM KHCBIK JOFaJlapblHaH Teric Oip ememai KOHTypiap TypiHjae
KEHICTIKTIK TEXHHMKAaJIbIK KUCBIKTapIbl MOJEIbJCY YIIIH aBTOpJap YChIHFAaH 9JIICTIH TEOPHUSUIBIK HEri3[epiH YChIHY
OO0JIBII TaObUTAIBL.

Teric KOHTYp KOMIIOHEHTTEPiH YTHIMABI TaHIAy YIIiH MakKajiaga KUCHIKTap TCOPHSCHIHBIH KEHOIp TCOPUSITBIK
CypakTapbl KapacThIpbUIafbl. YII ©JIIeMIl KEHICTIKTIH HOPM. KHCBHIK CBHI3BIKTapbl IIEKCi3 aibic (IyphIC emec)
JKA3bIKTHIKKA KATBICTBI OpHANacybl OOWBIHINA KiKTenedi naem aram eoTiireH. COHBIMEH KaTap, HOPM. KHCBIK
CBI3BIKTAPFA KATBICTBI KEJIECi karainap 1a 60ybl MyMKiH:

- MEHIIIKCi3 JKa3bIKTHIKTHI YIII HAKTHI HYKTEE KECill OTETiH YIIIHIII A9pexeli Thepoona;

- MEHIIIKCi3 JKa3bIKTBHIKTHl HAKTHl HYKTENE KECill OTil, TYHIHAeCKeH eKi HakThl HYKTeAe jKaHal eTeTiH
runepOonanbK mapabdona;

- MEHIIIKCI3 JKa3bIKTHIKTHI TYWIHJECKEH YILI HYKTE apKbUIbl KHUbII alaTbhlH YIIIHIN Jopexkeni mapadoia
(MEHILIKCI3 Ka3bIKTHIK - KHCHIKKA JKAaHACATBIH JKa3bIKTHIK);
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- MEHILIKCI3 Ka3bIKTBIKThI HAKTHI HYKTEJIE )KOHE €Ki HAKChI3 TYHiCy HYKTECIH/Ie KUbII OTETiH YIIiHIII A9pexeri
QIUIHIIC.

YwriHmn gopexeni meHOep JoFalapblH KEHICTIKTIK Teric Oip eJiemji KOHTYPJbIH KOMIIOHEHTTEpi peTiHIe
naiinanany yceiHbUIa bl KyOTBIK 3JUTHIICTIH €pEeKIIe JKaFqaiibl 001a OTHIPHIN, Ky0 IMICHOSP] MEHIIIIKCI3 Ka3bIKTHIKTHI
HAKThl HYKTE MCH €Ki HHUKIIBIK HYKTEOC KHUBIT eTemi. MyHAal KHCHIK ChI3BIKTAp KOHTYPJBIH JUHAMHKAIIBIK
KacHeTTepiHe e/1ayip acep eTETiH jKaHaMaHbIH KeJIOeyIiK OYpHIIIbI, KUCHIKTHIK YXoHE Oypairy MOHJIEpiHIH e3repyiHiH
MOHOTOH/IBUTBIFBI TYPFBICBIHAH JKAKChIPaK MU GepeHINANIbl KACUETTEpre He.

TyiiiH ce3mep: HOPMKUCHIK, ChI30a IeOMETPHUs, KOHYCTHIK OCT, alilHaIMaJIbl Ka3bIKTBIK oJici, Oip ememmi
KEHICTIKTIK jkaHaMa KHUCHIK, TETICTIK, KABUIBICY CHI3BIFBI, TYHIHIECY HYKTECI..
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IMPOCTPAHCTBEHHBIE TEXHUYECKHUE KPUBBIE
KAK I'VTAIKHUE OBBO/JIbI 13 YT HOPMKPUBBIX

AnHOTanusi. MHOrooOpasue TEeXHUUECKHX 3a/1a4 MPOEKTUPOBAHMSI BCEBO3MOKHBIX KOMMYHHUKANNI B KauecTBE
TeOMETPUYECKON COCTABIIONIEH BKIIIOYACT B ce0sl KOHCTPYHPOBAHUE IPOCTPAHCTBEHHBIX KpHUBBIX. Kak mpaBumiio,
OHU 3a/IaI0TCSl MHOKECTBOM TIPEIBAPUTEIHEHO PACCYMTAHHBIX MM 3KCIIEPUMEHTAIBHO MOTyYEHHBIX T€OMETPUIECKIX
ycnoBuil (TOYeK, KacaTelbHBIX, 3HAUYCHWH KPUBM3HBI W Kpy4YeHHWH B HaHHBIX TOYkax H T.A.). Ilpm sTom
TOPU3OHTANIbHAs W (POHTANBbHAS MPOEKNWM (IUIaH W TPOQHIB) PACCUUTHIBAIOTCA HE3aBHCHMO. B pesymbrare
WCKOMasl KpHWBas TIIOJNy4aeTCss KaK JIMHUA TIPECEUYCHMs JIBYX COCTaBHBIX MNPOCHHUPYIOMNX MMIMHIPUIECKUX
MOBEPXHOCTEH. [ JTaBHBIM JOCTOMHCTBOM TaKOTO CIOCO0a SBIAETCA €ro IpOCTOTa, KOTOpas JOCTHUTAECTCs
MPUBEICHUEM TPEXMEPHOM 3aJ]aull K PEIICHHIO JBYX IJIOCKHX 33/1a4 M UCIIOJIb30BaHHEM B Ka4eCTBE COCTABIISIOIIMX
HOPMKPHBBIX IUIOCKOCTH. Takum 00pa3zoM, mpocrora rpaduueckoro MOCTPOSHHs COCTaBISIOMIMX O00BOJAA IpU
PYUYHOM €ro KOHCTPYHUPOBAHHWU W TMPOCTOTA BBIYUCIUTCIIBHBIX IMPOUEAYP B CHCTEMAaX AaBTOMATU3WUPOBAHHOTO
MPOCKTUPOBAaHUS B KOHEYHOM HTOTE BEAYT K YCJIOXKHEHUIO pe3ysbTara MOJCIMPOBAHMS, YTO BBIpAXKaeTcs B
HEOOOCHOBAaHHOM C I€OMETPUYECKUX IO3UIMH TOBBIILICHUH MOPSIKOB COCTABISIONIMX OOBOJNA M MX KOJWYECTBA.
OTOT BBIBOJ CJIEIYeT U3 TOro (haKTa, 4YTo B KaYECTBE COCTABIIIOIINX OJHOMEPHBIX MPOCTPAHCTBEHHBIX 00BOJIOB HE
UCTIONIB3YIOTCSI CaMble TIPOCTHIE NMPOCTPAHCTBEHHBIE KPHUBHIE TPETHETO IMOPsIKa (HOPMKpPHUBBIE IPOCTPaHCTBA). B
pesynbrare 00OBOJ COCTOMT M3 JOyI IPOCTPAHCTBEHHBIX KPHWBHIX HE HIDKE YETBEPTOrO IIOpsAKa ¢
HENpOTrHO3UPYEeMbIMU U QepeHMaNbHBIMI  CBOHCTBaMH. [loaToMy pa3paboTka CHOCOOOB KOHCTPYHPOBAHHUS
TJIAJIKAX TIPOCTPAHCTBEHHBIX OOBOJOB SBISIETCS aKTyalbHOW 3amadeil. B CBs3M ¢ 3THUM Henblo0 HacTosmIeH
MyOJMMKanuy SIBISETCA WM3JI0KEHHE TEOPETHYECKHX OCHOB IPEIUIaraéMoro aBTOpaMH cIiocoda MOIEIMPOBaHMS
MPOCTPAaHCTBEHHBIX TEXHMYECKNX KPHUBBIX B BUJIE TJIAJIKUX OJJHOMEPHBIX 00BOJIOB M3 T HOPMKPHBBIX.

Jns panMoHanbHOTO BBIOOpA COCTABIAIONIMX IJIAAKOTO 00BOJA B CTAaThe PACCMATPUBAIOTCS HEKOTOpHIC
TEOPETHUECKHE BOMPOCHl TEOPUM KpHUBHIX. (OTMeYaercs, 4YTO HOPMKPHUBBIE TPEXMEPHOTO IPOCTPAHCTBA
KJIacCU(UIMPYIOTCS MO UX TOJIOKESHUIO OTHOCUTEIBHO OSCKOHEYHO yNalleHHOW (HecoOCTBEHHOH) rutockocTtH. [Ipu
9TOM BO3MOIXKHBEI CJIydan, KOTJa HOpMKpHUBas ABJIACTCA

- KyOuueckoil runep0oo, nepecekaromiell HECOOCTBEHHYIO IUIOCKOCTh B TPEX JCHCTBUTEIBHBIX Pa3IMYHBIX
TOYKaXx;

- runepOosMueckoil mapabooi, nepecekaroniell HeCOOCTBEHHYIO IUIOCKOCTh B JICHCTBUTENBHOH TOYKE U
Kacarolieecs B IByX COBIABLINX JAEHCTBUTEIbHBIX TOYKAX;

- KyOndeckod mapaboiioi, KoTopas NepeceKkaeT HECOOCTBEHHYIO IUIOCKOCTh B TPEX COBIIABIIMX TOYKAX
(HecoOCTBeHHAs IIOCKOCTB SIBIISIETCS] COTPUKACAIOIEHCS TIIOCKOCTHIO KPUBOK);

- KyOMUYECKHM D3IUIMICOM, IEPECcEeKaIoONM HEecOOCTBEHHYIO IUIOCKOCTh B JEHCTBHTENBHON TOYKE W B JIBYX
MHHMO-CONPSDKEHHBIX TOUKaX.

B kadecTBEe COCTaBIIONIMX MPOCTPAHCTBEHHOTO TJIJKOr0 OZHOMEPHOTO 00BOJA MPEIAracTcsl NCIO0Ib30BATh
IyTH KyOmdecknx okpyxHocTed. KyOmueckas OKpyKHOCTb, SBISASCH YacTHBIM CIIydaeM KyOHMUYECKOTO 3JIIHIICa,
MepeceKkacT HeCOOCTBEHHYIO IUIOCKOCTh B JICHCTBUTENBHON TOYKE U B JBYX LUKIMYECKUX TOUKax. Takue KpUBbIE
o0nagaT IyqimnuMy TuddepeHHanbHBIMI CBOMCTBAME C MO3UIMI MOHOTOHHOCTH HM3MEHEHHUS 3HAYCHUH YIJIOB
HaKJIOHA KacaTeNbHbIX, KPUBU3HBI U KPYyUEHHMs, YTO CYIIECTBEHHO BIHMAET HAa JUHAMHUYECKHE KAadeCTBAa KOHCTPYH-
pyemoro o0Boja.

KaioueBble cjioBa. HOPMKpHUBAs, HauepTarelibHas I'€OMETPHUs, KOHMYECKas MOBEPXHOCTb, CIIOCOO Bpararo-
1ieecst INIOCKOCTH, OJHOMEpPHBIH MPOCTPaHCTBEHHBIH O0BOJI, TJIAJIKOCTh, COCTABIISIIONIAs, JIMHHUS ITIepeceucHMs,
CTBIKOBAs TOUKa.
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