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ANALYTICAL SOLUTION OF PARTIAL TASKS
OF SHEAR WAVE IN A CYLINDRICAL LAYER
(in the case of the constant values y-a + 2 =0 and a = )

Abstract. The concept of phase velocity is introduced as the rate of change of the phase medium in studies of
shear wave processes of circular elements in deformable bodies. In the case of harmonic oscillations of a cylindrical
shell, the phase velocity is expressed in terms of the frequency of natural vibrations freely supported along the edges
of the shell, and therefore, the study of waves in a cylindrical layer is most directly related to the problem of
determining the natural forms and vibration frequencies of shells of finite length. The results of this work on one-
dimensional cylindrical waves in elastic and viscoelastic media and rods allow us to study the influence of the
characteristics of the material of the media on the wave fields in the material. The problems of the theory of
viscoelasticity have recently attracted the special attention of many researchers and engineers in connection with the
use of polymer materials in various industries.
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FORMULATION OF THE PROBLEM

Let a shear cylindrical wave propagate in an elastic inhomogeneous transversally isotropic
cylindrical layer. At the moment t = 0, the tangential stress pulseoc,.or the displacementu,, but
changing in coordinate 6.

We solve the problem in dimensionless variables

bt R u
T=—; r=—; u=-= (1)
To To To

where 1y - is the inner radius of the layer; b - is the shear wave velocity.

Hooke's law in an elastic inhomogeneous medium has the form

= py (1) a—u;
(1) 2% @
The equation of motion reduces to the following
I oy = p(DR S ©

Substituting (2) into equation (3) we obtain the basic equation, which has the form
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Let the boundary conditions for this problem have the form
Oz = fm(7) cos(m@)forr = 1 (5)
o, = 0forr =y (andr; > 1) (6)

In addition to the boundary conditions, it is necessary to specify initial conditions that are zero in our
problem, i.e.

ar

o =0 ulT:O =0 (7)

=0

Since a linear problem is considered, it is advisable to use the one-sided Laplace transform over
dimensionless time to solve it.
We apply the Laplace transform with respect to t to equation (4) and obtain

S ) S e = e ®
The solution to equation (8) is sought in the form
uy = T(r) cos(mo) 9)
Flat
Uy = fom u(r,0,t) e Pidr (10)
Then equation (8) takes the form
IO [b 4 OO () o0 ] 1y @
In the future, we will assume that the in homogeneity of the medium has the form
w(r) = pyor® pa(r) = M1o7’ﬁi p(r) = por? (12)
Moreover, b? = %; a, B,y — constants.
Then equation (11) takes the form
r2T"(r) + r(1 + )T () — (mzrﬁ_“y% +p?rY"**2)T(r) = 0 (13)
Here v2 = E—jg

Suppose thaty — a + 2 = Oanda = f3.
Then equation (13) takes the form

r’T"(r) +r(1+ )T’ (r) — [y2m? + m?2]T(r) = 0 (14)

The general solution of equation (14) is equal to

&+ ’p2+y12m2+(a—2) -&- /p2+y12m2+(a—2)
T = C1T 2 4/ 4+ Czr 2 4 (15)

The boundary conditions of the problem in the images takes the form

ar _  fmo(P) _

=z M T= 1 (16)
dT
o= Ompur =1, an
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The constants C_1 and C_2 are determined from the boundary conditions (16) - (17) and have the

form

me (p)

C1 = ) 242 2+<a2)
a a2 - /P yime+|\ -
pobz(;+\/p2 +yfm? + (7) [1-7 ]
-2 p2+y%mz+<0fl_—z>
(18)

fmo (p)Tl

2
-2 p2+y%m2+<aT)
2% 2402m24 (%
pob? (5= [p?+yim?+|—- )[1-1y ]

C2=_

Substituting (18) into (15), we obtain

2 2\ _, |p2i 22 (9
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r r T
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We introduce the notation
@1 = Inr + 2ninr; ;
@1 =—lnr+2(n+ 1)inny

a? a?
e—<pl(r),/p2+ylzm2+7 e—<pz(r),/p2+ylzm2+7

(21)

Then (20) takes the form

@)
_Tr : 2. 2
PV AR Er a4 () G Jprrime 4 (D)

Considertheexpression
[—¢1(r),/p2+y12m2+“72|
T,(r) = —
e o)

—— 40 ——
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There is a relation
_(® -] ) _[®
Fip = f(pl(r)l—!ledf: Fi1 = f(pl(r) Fyod§
_(® E-eamP? . _(®  [Emeim]*?
F13 - f(pl(r) 21! Flodf: -"Flk - f(pl(r) (kl_l)! F1od€ (24)
Then expression (22) takes the form
« [ ay? (2 [E =@ ()]
Ty (r) = Fyo — 5 J Fiod$ + (E) f 1—,1F1odf
@1(1) '
@1(1) 5 K1
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Let
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2
e[—tpz(r)qu2+vim2+°‘7]

Jpz +yim? + (£)

We denote

— 2 2.2 a_Z
ol <pz(r)1/p +yim?+—-]

Fy =
(\/p2 +yim2 + (L))t

As previously put

o [f §02(r) ondf F21

For = f<pz(r> 1 f(,, ™)

Fyodg
(27)

e
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Consequently:
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Thus, the expression for T takes the form

-T= le;lgp) ) in= O{Flo __L;o(r) (E)(f_(pz(r))Flodf+on +

2 [ e DE O, gl @)
Inverting the expression in p, for the displacement u (r, 0, t) we obtain

(0,0 = 222G Z f f e G 0Op ag)f, (r - )dg

n=0 <p1(r) <p1(r)

+2 j [P0+ j S0P dg ), (v — £)dg (30)
n=0 ¢, (r) @2(r)

Where

R 2
Fio=Jo aj +m2yf 12 — f (MH(T — 91 (7))
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N 2
Fa0 =Jo aT +m2yf 12 — @3 (NH(T — ¢1(1))

n, = [ﬂ];nz = [Hlnr] -1 (31)

2lnry 2lnry

Thenumbersn, andn,show the number of cylindrical waves diverging and descending, or incident and
reflecting from the boundary r; = raffecting the point r in the perturbed region, depending on the
dimensionless time t.

Similarly, we can obtain expressions for the stresses a,,and o,g.

dF;, dF;,

O = T2 {EpLo Ll o FT = O dg — L flr— 9y ()] = BpL,lf7 o f(— )0 s —

~flr = g1 ("]cos (m0)} (32)
020 = mitpor” = o 2 {0 [Rg — e O R e fiu (e - ) + + Tho [y a0 +

T e 260 ger (7 — f)de} cos(m®) sin(md) (33)

Consideraparticularcase.
Fory; = 1theshearmodulusisu,o = u,q ;hence the solution for an isotropic medium, i.e. the
propagation of shear cylindrical waves occurs in an isotropic medium and forF;, F,owe get:

Fio =1, ’%2 +m?- 12 = i (NH(T — ¢1(1))
Fao = Jo | +m? - 7 = GEH( - 91(r)) (34)

Fora = Oandf (t,0) = %aOS(e)H(E), expressions (31)
Take the form
Fio = Jo(my1y/12 = 9 (NH(@ = 91 (1)
Fo = Jo(my1y/12 = 93 (NH (T = 95 (1) (35)

Formulas (30), (31) and (32) give an exact solution to the problem, taking into account the entire
complex wave picture.

JI.C. Kann6aea', A.K. Cmaxanosa!, K. Kaun0aiikei3er',
M.M. Jlinmaxanosal, JL.Y. Taiimypatosa?, A. K. Ceiitmypartos’

'KopxpIT ATa ateiaaarsl Keissuiopaa MemiiekeTTik yausepcuteti, Kprseinopaa, Kasakcran;
2[1I. EcenoB atsinaarsl Kacnmii MeMileKeTTiK TEXHOIOTHs JKoHe HHKMHUPUHT YHUBEpcHTeTi, Akray, KasakcTan

IMUJINHAPJIK KABBIKINAJAFBI BIFBICY TOJKBIHIAPBIHBIH
JEPBEC ECEBIHIH AHAJINTUKAJIBIK IIEIINIMI
( TYpakTBHI MOHI Y — a + 2 = 0 k9He a = [ mIaMachl KaFrIadbIHIA)

AnHoTanus. JlepopmanusiaHaTbIH JEHeNIeperi JOHTeNeK DJIEMEHTTEpAIH BIFBICY TOJKBIHBI HPOLECTEPiH
3eprTeyae, (pazaiblK KbUIIAMIBIK YFBIMBI (ha3alibIK OPTaHBIH ©3repy JKbUIIAMABIFBI peTiHe eHrizineni. Lnmmuapiik
KaOBIKTBIH FapMOHMKAJIBIK TepOelici xaFaaibinaa, (a3aiblk KbULAaMABIK KaOBIKTBIH IMICTTEPIHAE €PKiH TipesireH
TepOestic )KUUTIMEH CUIIAaTTaNabl, COHIBIKTaH MIHHIPIIK Ka0aTTaFbl TOJKBIHAAPBI 3ePTTEY apKbLIbl Y3bIHIBIKTAFbI
KaObIKTapblH Taburu Qopmanapsl MeH TepOeiic KHiUIriHe Tikened OainaHbICThL. JKYpri3iireH KyMBICTBIH
HOTIDKECI Oip enmeMIi IWIMHAPIIK TOJNKBIHAAPABIH CEpIIMIi JKOHE JKAOBICKAK OpPTaJarbl, MIBIOBIKTAFHI,
MaTepuallIarbl TOJIKBIH OPICIHIH XapaKTepPUCTHKAChIH 3epTTeyre MyMKIHAIK Oepeni.

KermtereH 3eprreysiepae TOIKbIHAAPBIH CHIIATTaMaJIapblH aHBIKTAY YIIiH 9JETTe €Ki oMiC KOJIIaHbUIA/IbL:

1) opranbiH Genriii 6ip yakpIT MOMEHTIHE COMKEC KENeTiH JIe3/1iK Ky 3epTTee/i.

2) KapacTBIPBUIBII OTHIPFaH HYKTele ACHEHIH KYii yaKbITHIHBIH ©3TepyiH 3epTTey.
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KapacTeIpsiisIll OTBIpFaH 3epTTCYNEp JKyHie MaTepHalNbIHBIH PEOJIOTHSIIBIK KACHETTEPIH €CKepe OTBHIPHII
JKYpri3ijice HeMmece KopIlaraH OpTaHBIH aifHamackIHIa 0oJica, OHIa OYJI PEOJIOTHSIIBIK KacueTTep i KepceTeni, Oy
ozicTepi KoiaHy aiTapibsIKTail KHBIHFA coranel. MyHnmail skarmaiimapna, KOMIUIEKCTI (ha3ajbIK KBUIIaMIIBIKTEIH
PEOJIOTHSUTBIK, TTapaMeTpiepi, TepOeric sKUUTITIHIH HAKThI MOHJEPI ecenTenei. byl skyMbIC JKa3bIKTBIK TIEH JTOHTEIEK
ANIEMEHTTEP/IIH TOJIKBIHIBIK MPOLECTEPIHIH TYPAKTHUIBIFBIHBIH JHHAMUKACHIH 3CPTTCYIre apHAIFaH, COHBIMEH KaTap
KabaTThl, CepIIM/I JKa3bIKTHIK OCTiHE KO3FalaThIH JKYKTEMEJIEpIiH acepi Typaibl XKa3bIKTHIK €CENTepi, CHI3BIKTHI
eMec nedopmanmsuiapaaH OoJaThIH KEpHEYJIEpHiH 3aHbl KapacThIpbUIFaH. bysl ecenTiH KOIAaHOAIBIIBIFBI COJI
JMIUHAMUKAJIBIK €CETITeP/Ii My AiH PTYPJIi CAHIBIK ATOPUTMACPIH kKacay YIIiH KOJAaHBLUIAbL.

JedopmanusuiaHaTblH OpTalaFbl  OPTYPJi HEPUOATHI KOHE MEPHOATHI €MEC KO3FalBICBIHBIH 0acThl MOHI
KapamaiibM TapMOHHUKAJBIK THITETi Xa3BIKTHIK TOJKBIHAAPHI, OJIAPIBIH dcCepi OCHl OETKe >KaKbIH OpHAIACKAH.
ConnpikTan Pene Tapamy TONKBIHBIHBIH e€ceOiH KapacThipa ajaMbl3. JKapTeutaif Ka3bIKTBIKTaFBl MaTepHaNIbIH
KO3FallbIC TEHAEyl TMOTEeHIMalAa O,y TONKBIH TEHACYJIepiMeH cHmaTTaiansl. KypsUlbIMaapasl  HeMece
KYpBUTBIMIApAB! KoOanay Ke3iHAe MaHBI3ABI MapTTapaelH Oipi — KYpBUIBIMIOApABIH TYPAKTBUIBIK JKargalbl MEH
AIEMEHTTEPI eCKepiIe .

Erep Y3BIHIBIKTBIH [OHTENCK CEPIIMIi ©3eriH KapacThIpaThIH Ooiicak, Oenrimi Oip yakpITTa INTaMHBIH
YIITapblHa WHTEHCUBTUIIKTIH OCHTIK ChIFbUIAThIH P(t) Kymii KomgaHeLtamgel aem 60KaiMbI3. JIoHreleKk MbIOBIKTHIH
TYPaKTBUIBIKTHI )KOFAITYbl MaTEMaTHKAJIBIK TEOPHsI HETi31H/Ie aHE IOHIeIeK 03€KTiH KojieHeH TepOelici Herizinae
seprreneni [3]. Ocbl Macenenepre CyiieHe OTHIPHII, OFaH KAIBIIThI HEMECe aifHaIMalIbl BIFBICY KEPHEY1 KOJIIaHbUIFaH
Ke3le, KaTaH Hemece aedopMalisulaHAThIH MICKapadapMeH MICKTEITeH CepmiMIi KabaTThIH TepOeicCiHiH Kehoip
AKCHUMETPHSUIBIK MOCeNeNepiH KapacThipaMbl3. KapacThIpbUIbIT OTBIPFaH MaceNeNepIiH MeniMaepi HHTerpalabIK
TYpJICHIIPYJIEPiH KOMETIMEH KOOpANHATA HKOHE YaKbIT OOMBIHIIA allbIHFaH.

Tyiiin ce3mep: neopmanusUIaHATEIH ICHE, BIFBICY TOJNKBIHBL, TepOetic, MIIHHAPIIK TepOeic, CHIPHIK.

JI.C. Kaun6aeBa!, A.K. CmaxanoBa®, K. Kann6aiikb3nr!,
M.M. Iuasmaxanosa’, JI.Y. Taiimypatosa?, A. K. CeilitmypaTos®

'KpI3bII0pAMHCKHIH TOCYAAapCTBEHHEIH yHUBepcuTeT UM. KopkeiTAta, KbI3bliopaa;
2KacnuiiCKuii TOCYIapCTBEHHBIN YHUBEPCUTET TEXHOIOTHI 1 nHkuaupuHra uM. 111, Ecenosa, Akray, Kazaxcran
& b

AHAJIMTUYECKOE PEHIEHUE YACTHBIX 3AJTAY CABUT'OBBIX BOJIH
B HWJIMHAPUYECKOM CJIOE
( mpu packJjiajie NOCTOSIHHBIX BeJIMYMH ¥ —a+2 =0u a = f)

AnHoTanus. [Ipy uccnenoBaHnsAX CABUIOBBIX BOJHOBBIX MPOIECCOB KPYTOBBIX AJIEMEHTOB B Je(hOPMHUPYEMbIX
TeJlaX BBOAWTCS MOHATHE (DA30BOI CKOPOCTH KaK CKOPOCTH M3MeHEeHHUs (pa3oBoil cpenpl. B ciydae rapMoHHYECKHX
KoJieOaHUH IMIMHAPHYECKOH 000IOUKH (ha30Basi CKOPOCTh BBIPAXKAETCS 4Yepe3 YacTOTy COOCTBEHHBIX KOJIEOaHHH,
CBOOOIHO OMNEPTOil MO KpasiM OOOJIOYKH, M TO3TOMY HCCIIEAOBAaHUE BOJH B LIMJIMHIPUYECKOM CJIO€ UMEET CaMoe
npsIMOE OTHOLICHWE K IpoOsieMe omnpesesieHuss COOCTBEHHBIX (OPM M YacTOT KoJjiebaHHWH 000JI0YeK KOHEYHOW
quinHbl.  [IpoBoauMBble B JaHHOW paboTe pe3ynbTaThl MO0 OJHOMEPHBIM LWJIMHIPUYECKHM BOJHAM B YIPYTHUX U
BSI3KOYIPYTHX CPe/iaX U CTEPIKHSIX MO3BOJISIOT MCCIIEN0BATh BIMSHUE XapaKTEPUCTHK MaTepHaa Cpejl Ha BOJHOBOE
ojie B MaTepHuae.

Bo MHOTHX HccIen0BaHMAX AJISI ONPEEICHUS XapaKTEPUCTHK BOJTH OOBIYHO TOCTYNAIOT JBYMS METOIAMH.

1.ccnenyercss MTHOBEHHOE COCTOSIHHE CpPEIbl, COOTBETCTBYIOIIEE HEKOTOPOMY (DPMKCHPOBAaHHOMY MOMEHTY
BpPEMEHH.

2.Hccaenyercss n3MEHEHHE BO BPEMEHM COCTOSHHE PAacCMaTPUBAEMOIO Tella B HEKOTOPOH (PUKCHpOBAHHOM
TOYKE.

Ecnu wccnenoBaHusi MPpOBOAATCS C YYETOM PEOJIOTHYECKHUX CBOMCTB MaTepHaja pacCMaTpHBaeMOil CHUCTEMBI
WIM UMEETCS OKpYXKaromlas CHCTeMy Cpefia, TakKe B OOIIeM CiIydae NpOSBIAIOIIAs PEOJIOTHYECKHE CBOMCTBA,
UCIIOJIb30BaHHE 3TUX CIHOCOOOB 3HAYMTENHLHO 3aTPyIHEHO. B Takux ciyyasix M3ydaeTcsi BIMSHHE PEOJOTHUECKHX
apaMeTPOB Ha COCTABIIAIOIINE KOMILICKCHOM (Da30BO CKOPOCTH MPH ONPEACICHHBIX 3HAUCHHUSIX YaCTOT KOJICOaHHH.
H03TOMy pa60Ta IMOCBAIICHA M3YYCHHUIO AWHAMHKH yCTOI\/’I'-II/IBOCTI/I BOJIHOBBIX TIPOICCCOB INIOCKHUX M KPYTOBBIX
9JIEMEHTOB, & TAK)KE PACCMATPUBACTCS KJIACC IUIOCKHX 3a/1a4 O BO3JCUCTBUU MOABMKHBIX HAIPY30K Ha IMOBEPXHOCTh
CJIONCTOH yHpyro# MOoJyIUIOCKOCTH TPH HEJIMHEHHOM 3aKOHE 3aBHCHMOCTH HAIpsDKEHWH OT aedopmanuid. 3axadn
JAHHOTO KJIacca IPEeJCTaBISIOT OOJBIION NMPHUKIJIAJHONW MHTEPEC M, KPOME TOTO, MOTYT CIYXKHUTb 3TaJIOHOM JUIS
pa3paboTKy TeX WIIM MHBIX YUCICHHBIX AJITOPUTMOB JUISl PEILICHUS] TUHAMUYECKIX 3a/1a4.

Cpeny pa3MYHbIX MEPHOJUYECKUX M HETIEPUOJUYECKUX JBIDKEHUH NeopMHUpYEMBIX Cpejl Ba)XKHOE 3HAYCHUE
UMEIOT IIJIOCKHE BOJHBI MPOCTOIO TAapMOHHYECKOTO THIA, PacHpOCTPAHSIONIMECS] IO MOBEPXHOCTH Teja WIN
MOJYIUIOCKOCTH, BIIMSHAE KOTOPBIX OTrPaHWYMBAETCS OKPECTHOCTBIO 3TOM MNOBepXHOCTH. IloaToMy MOXKHO
paccMOTpETh 3ajady O paclpoCTPAHEHUH BOJHEI Perest.

— 44 ——
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Ecnu paccMOTpeTh KPYIIIblil yHOPYrUil CTEPIKEeHb JJIHMHBI, TO MOXEM MpeANoiarath, YTo K TOpLAM CTEpPKHS B
KakoW-1mb0 MOMEHT BpPEMEHHM TIPUKJIAJbIBACTCS oOceBas CkKuMaromas cuia wuHreHcuBHocTr P(t).IToteps
YCTOWYHMBOCTH KPYTJIOTO CTEPXKHS OyJIeT HCCIeI0BaThCs HAa OCHOBE MATEeMaTHYECKOW TEOPUH M IOMEPEYHOTO
KoJIe0aHusT KPyTIIOTo CTEePKHS, N3TIOXKEHHOH B paboTe [3]. Ha ocHOBe 3THX 3a7ay MOKHO PaccMOTPETh HEKOTOPHIE
OCECMMMETPHYHBIC 3aJayll KoOJeOaHWsI YOPyroro CcJos, OIPaHHYCHHBIC JKECTKHMH WIH JIe(QOPMHUPYECMBIMU
IpaHUIIAMU TIPU BO3JCHCTBHM HAa HErO0 HOPMAIILHOTO WJIM BPAIaTEIHbHOTO KAcaTelIbHOTO HampsbKeHWs. PerneHus
paccMaTpUBaeMbIX 3aJad IOIYYCHBI C HCIOJh30BAHUEM HMHTETPAJbHBIX MPeoOpa3oBaHUil MO KOOPAWHATE WU TI0
BpPEMCHHU.

KawueBble ciaoBa: negopMmupyeMoe TelO, CIBUTOBas BOJHA, KOJCOAHUs, IUIMHAPHYECKAs O00JIOUKA,
CTEpIKEeHb, BSI3KOYMPYyTas cpe/a.
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