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ON BASIS PROPERTY OF SYSTEMS ROOT VECTORS
OF A LOADED MULTIPLE DIFFERENTIATION OPERATOR

Abstract. In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be affected by
values of coefficients of the differential operator. Moreover, it is known that the basic properties of E&AF can be
changed at a small change of values of the coefficients. This fact was first noted in V.A. II’in. Ideas of V.A. II’in for
the case of non-self-adjoint perturbations of the self-adjoint periodic problem were developed in A.S. Makin where
operator was changed due to perturbation of one of the boundary value conditions.

In Sadybekov M.A., Imanbaev N.S., we studied another version of the non-self-adjoint perturbation of the self-
adjoint periodic problem. In contrast to A.S. Makin, in Sadybekov M.A. and Imanbaev N.S. perturbation occurs due
to the change in the equation, which belongs to the class of so-called loaded differential equations, where the basic
properties of root functions are investigated.

In this paper we consider perturbations of a second order differential equation of the spectral problem with a
loaded term, containing a value of the unknown function at the point zero, with regular, but not strongly regular
boundary value conditions. Question about basis property of eigenfunctions and associated functions (E&AF)
systems of a loaded multiple differentiation operator is studied.

Keywords: Eigenvalues, eigenfunctions, associated functions, adjoint operator, multiple differentiation, loaded
operaor, Riesz basis, root vectors.
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1. Introduction

In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be
affected by values of coefficients ofthe differential operator. Moreover, it is known that the basic
properties of E&AF can be changedat a small change of values of the coefficients. This fact was first
noted in [1]. Ideas of [1] for the case of non-self-adjoint perturbations of the self-adjoint periodic problem
were developed in [2], [3], where operator was changed due to perturbation of one of the boundary value
conditions.

In [4], we studied another version of the non-self-adjoint perturbation of the self-adjoint periodic
problem. In contrast to [2], [3], in [4] perturbation occurs due to the change in the equation, which belongs
to the class of so-called loaded differential equations, where the basic properties of root functions are
investigated.  Problems about the basis properties of root functions of loaded differential operators are
thoroughly studied in [5], [6]. In these papers, it was possible to extend the spectral decomposition method
of V.A.Il’in [1] to the case of loaded differential operators. By the other method questions about the basis
property of functional-differential equations were investigated in [7].

The Riesz basis property of the E&AFsystem of periodic and anti-periodic Sturm-Liouville problems
was studied in [8].
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In [9], consisting of the Sturm-Liouville equation, together with eigenparameter that depended on
boundary conditions and two supplementary transmission conditions; we constructed the resolvent
operator and prove theorems on expansions in terms of eigenfunctions in modified Hilbert Space L,(a,b).

The basis properties in Lp(—1,1) of root functions of the nonlocal problems for the equations with

involution have been studied in [10]. Moreover, using these asymptotic formulas, we proved that the root
functions of these operators form a Riesz basis in the space L,(0,1) [11].

In the case when the potential is zero, the system of eigenfunctions of the periodic problem is usual
trigonometric system, which forms a complete orthonormal system in L, (0,1). And if the potential is non-

zero, then additional research is required, which answer is the results of [4].

2. Problem Statement and Main Result

Inthispaperweconsiderperturbations of equation of the following spectral problem with a loaded term
containing value of the unknown function at the point zero:

Ly(u)=-u"(x)+ a(xp(0)=Au(x), q(x)eL,(0,1) 0<x<1 (1)
U,@)=u(0)-u@)=0, U,(u)=u)=0 @

Firstweconstruct characteristic determinant of the spectral problem
(1)-(2). Assumingthatu(0)isasomeindependentconstant, it is easy to prove thatwhen A # 0, general

solution of (1)can be represented as follows:
u(x)=C, -cos/Ax+C, - Sm\/_x J-T_)Sln\/_ ) 3)

Hence, supposingfirstx =0, andthensatisfymg (3) bytheboundaryvaluecondition (2), wegetthe system
of three equations, which can be represented in the following vector-matrix form:

-1

0 1 C
_ Csind2 L pensindA@-¢) | 2|
cos+/A NG 1 Lqigi—ﬁ d¢ || C, |=

_\/Isin\/z —cos/4 —J‘:@cos\/ﬂl—é)dg_ ()

Byusing simple calculations, we obtain

A(2)= —1-(%£@cosﬁ(l—§)sin Jade+ cos\/_—%jol@sin ﬁ(l—f)cosﬁdf] +

+0+(cos2 /1+sin2«/z) 4)

After the standard transformation of (4), we find that the characteristic determinant A(1)of the
spectral problem (1) - (2) is represented as

Al(/i):l—cos\/_—%j:@sinﬁgdg (5)

Now we define the operator ;. Using the Lagrange formula for all functionsu e D(L,)and
Ve D(L;), due to boundary value conditions (2), we find:

L 0 -0 0l V)10 i - [

Consequently, theoperator L isaconjugateoperator to the operator L,, which is given by the
differential expression:

o O O

Li(v)=-v"(x)=Av(x), 0<x<1 (1a)
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and the boundary-value conditions
1
Vy(v)=v'(0)- V(@)= fa(xN(x)dx, a(x)eL,(01), V,(v)=v(0)=0. (2b)
0
Ifg(x)=0, then this problem is called Samarskii - lonkin problem [13]. Inthiscase,
boundaryvalueconditions (2) and (2b) are regular, but not strongly regular boundary value conditions [13].
Characteristic determinant of the Samarskii-lonkin problem will beAO(/l):\/Z(l—COS\/I). The
number /18 = 0 isasimpleroot, thatis single eigenvalue, and VO(X)=\/§X is a corresponding eigenfunction
of the Samarskii-lonkin problem. O ther eigen values of the Samarskii-lonkin problem are double:
A =(2kr), k=123,...
V2

Moreover,VE0 :\/Esin(ZkﬂX) are the ir corresponding eigen functions, andv31=7xcos(2k;p<) are

associated functions.
Due to the biorthogonality conditions (Vfl,ufl)=1we have thatugl :4\/ECOS(2k7ZX)iS an eigen

function and UEO :Zﬁ(l—x)sin(ZkﬂX) is an associated function of the conjugate problem to the

Samarskii-lonkin problem. The system {UEO,Ufl}forms Riesz basis inL, (O,l) [13].
Functiong(x) can bep resented in the form of biorthogonal expansion in a Fourier series by the

system {ufo,ufl}:
q(x)= i a Ul + i a Ul = i 3, - 24/2(1— x)sin(2kzx) + i a, 42 cos(2km).  (6)
k=1 k=0 k=1 k=0

Using (6), wefind more convenient representation of the determinant A (4). To do it first we calculate
the integral in (5). Simple calculations show that

- ~ B S| 2kma, 28,
L@smﬁgdg_zm(l COS&{%{(z-(zkﬂ)Z)z z—(zm)zn'

By usingthisresult, determinant (5) after conversion is converted to

A(2)=A7,(2)- A2), (7
0 R k _ k
A1)=1-442 o N -1
Where ( ) kz;[iza (/1—(2k7r)2)z +a ﬂ,—(2k7z) J

Therefore, it is proved
Theorem2.1.Characteristic determinant of the spectral problem (1) - (2) when q(x)=0 can be

represented in the form (7), where A (1)is the characteristic determinant of the Samarskii - lonkin
problem, a, , a,, are Fourier coefficients of the biorthogonal expansion (6) of the function g(x) by the
E&AF system of the conjugate Samarskii-lonkin spectral problem.

Thefunction A(2)in (7) has poles of the second and first orders at points A = lﬁ, but the function

A, (/l)has zeros of the second order at these points. Thus, thefunction A (1), representedbytheformula(7),
is an entire analytic function of the variable A .

Ifatsomeindex j coefficientsof(6) d;, = 0, aj = 0, then ilj = /1? is a double eigenvalue of the spectral
problem (1) — (2).

—— 34 ——
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Ifa;, =0,a; #0, then £, = 4] isasimpleeigenvalue of the spectral problem (1) - (2).
The characteristic determinant (7) looks more simply, whenq(x) is represented as (6) with a finite

first sum. That is, when there exists a number N such thata_ko =0, a_kl =0 for allk > N . Inthiscase, the
(7) -thformulatakesthefollowingform

A=A, )1- 4\5% " - (2kk7r)2]2 T 2Ky

From this particular case of the formula (8) we justify the following
Corollary 2.1. For any pre-assigned numbers: complex 2 and natural M, there always exists a

(8)

function q(x) such that 7 is an eigenvalue of the problem (1) - (2) of the multiplicity m.

From the analysis of (8), we note, thatAl(/ig)= Oforallk > N . That is all eigen valueslg , k>N, of
the Samarskii-lonkin problem are eigenvalues of the spectral problem (1) - (2). Moreover, multiplicity of

the eigen valuesig , k> N, is also preserved.

From the orthogonality condition q(x) 1 V?O, q(x) 1 V?l for all j > N it follows, that in this case
1 1
Iqi XV, (X)dx = _[qi XV, (x)dx = 0.
0 0

Therefore, eigenfunctions V?O(X)andassociatedfunctions V?l(X) oftheSamarskii-lonkinproblemforall

j > N satisfythespectralproblem(1)-(2) and, consequently, they are eigenfunctions and associated
functions of the spectral problem (1) — (2). Thus, inthiscaseE&AFsystemofthespectralproblem (1) — (2)
and E&AFof the Samarskii-lonkin problem (forming Riesz basis) differ from each other only in a finite
number of first members. Consequently, the E&AF system of the spectral problem (1) - (2) also forms the
Riesz basis in L,(0,1).

ByBwedenoteasetoffunctions q(x) e L,(0,1), representable in the form of a finite series (6), which is
everywhere dense in L,(0,1). Thus, we formulate the main result of our paper:

Theorem 2.2.Letq(x)e L,(0,1). Then E&AF system of the spectral problem (1) — (2) forms Riesz
basis in L, (0,1)and the set B is everywhere dense in L, (0,1).

Since the adjoint operators simultaneously possess the Riesz basis property of root functions,

consequently, we get
Corollary 2.2.The set Bof functions q(x) e L,(0,1), for which the E&AF system of the conjugate

problem (1a) - (2b), that is, of the multiple differentiation operator I‘1With integral perturbation of the first
boundary value condition of the Samarskii-lonkin problem, forms a Riesz basis in L,(0,1), is every where

dense L, (0,1).
Previously, other approaches to the study of similar problems (1a) - (2b) with integral perturbation of
the second boundary value condition were published in our papers [14], [15], [16].

The work paper [17], we prove uniqueness theorem, by one spectrum, for a Sturm-Liouville operator
with non-separated boundary value conditions and a real continuous and symmetric potential.
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H.C. Uman0aeB

OmnrycTik KazakcTan MEMIICKETTIK MeJarorukaibiK yausepeurerti, [leimkent, Kaszakcran;
KP bxF'M Marematuka »xoHe MaTeMaTUKAJIBIK MOJIENb/IEY MHCTUTYThI, AnmaThl, Kazakctan

ECEJI JUOPEPEHIIUAJIIAHATBIH )KYKTEJITI'EH ONIEPATOP/IbIH
TYBIPJIK BEKTOPJIAP )KYHECIHIH BASUCTLIIIT ZKAWJIbI

AHHOTauMA. by Makamama peryssipibl, Oipak KYNICHTUITEH PeTysapiibl eMec METTIK mapTTapMeH OepiireH
JKYKTENTeH eKiHII perti auddepeHnnaniplK OnepaTOpablH CIeKTpalabIK ecebi  KapacTelppuianbl. Ecemi
nuddepeHaNIaHATEIH KYKTEITSH ONepaTopAblH TYOIpIiK BeKTopiap KyheciHiH OasmcTimiri 3eprrenemi. Kes
KeJI'eH ©3iHe-031 TyHiHJeC MIeTTIK MapTTapMeH KoHe e3iHe-031 TyliHnec ¢popmanbal quddepeHnnanaplK aMmaaMeH
OepisreH, CHEKTPi AUCKPETTi OOJNATHIH ONEpaTOPAbIH MEHIIIKTI (DYHKIUSIAPHI )KYHECiHIH OpTOHOpPMalaHFaH 0a3uc
KypaiTeIHABIFB! Oenrii xkail. CoHbIMEH Oipre e3iHe-e31 TyHiHaec emec ail nuddepeHIraIIbIK onepaTopiapabiH
TYOIpimiK (QyHKOMsIAphl JKYHeciHiH 0a3MCTiIriHe IIETTIK HapTrapaaH Oeiek, AndQepeHIraIIblK OnepaTopIbiH
KO3 pUIUEHTEPIHIH MOHEPI JIec ocep eTeTiHairi oenrini. MyHnaai xarmaiaa, ko3hGUIMEeHTSPAIH MOHACP] [IIaMaJTbl
FaHa ©3repreHHiH o3iHie, TYOIpiik QyHKUMsUIapAblH O0a3uCTUIK KacuerTepine OipieH acep erenmi. TyHFBII per
MyHgai paxt B.A. VInbuHHIH )XYMBICEIHIA KeNTipinai. ©3iHe-e31 TyHiHIec mepHoATH ecen ymriH B.A. WneuaHIH
UAescH e3iHe-o31 TYHiHIeC eMec TONKBITY karmaifbiHna A.C. MakuHHIH eHOeriHJe NaMBITBUIIBL. Byl jKyMmpICTa,
IIETTIK IIapTTapOblH OipeyiH TOJKBITKAH Ke3de omepaTtop esrepreH OomateiH. An, M.A. CagplOekoB IeH
H.C. Uman0aeBThIH MaKaJaChIHIa TIEPUOATHI IIAPTTAPMEH OCPITeH KYKTEITeH eKiHII peTTi auddepeHnaiIbK
OTepaToOpABIH MEHIIIKTI (YHKOMSIAPHl JKYHWeciHiH Oa3ucTilik KacwerTepi 3eprrenreH. byn makamama
KapacTHIPBUIFaH €CenTe 03iHe-031 TYHiHIeC MePHOATHI ecen YIIiH o3iHe-031 TYHiHIeC eMec TONKBITY KaFaaibl OOIBITT
tabbimansl, Oipak A.C. MakunHiH eHOeringe 3eprrenreH ecenteH M.A. CaznpibexoB men H.C. VMmanGaeBTbIH
MaKaachlHIa KapacThIPbUIFaH €CENTIH epeKIIeNiri MeTTIK MapTTapAblH eMec, TEHACY/IH TOJKBITUTYbIHAA OOJIBII
TYP.

XKykrenren auddepeHnuanibK onepaTopiaapAbH TYOIpiik QyHKIMsIIApBIHBIH 0a3UCTLUIIK KACHETTEPIH 3epTTey
macedenepi V.C. JIoMoBThIH xyMbIcTapbinaa 3eprrengi. B.A. Uneunnig cniextpanasik xikrey aaici 1.C. JIoMoBTBIH
MaKaJlaJapblH/Ia KYKTenreH auddepeHunanplk oneparopiap YIIiH COTTI KOJIIaHBUIBIT JaMbIThuiabl.  A.M. T'omuiko
MeH ['.B. PamgsumeBckuiiniy KyMbICTapblHAa (YHKIHOHAJIBK-TU(QQEPEHINANIIBK TeHACYICPAiH TYOipIik
BEKTOPJIAPBIHBIH 0a3HCTLTIK Macenenepi 6acka dicTepMeH 3epTTENTeH.

A, aTalMBIII MakKajaja eKiHIII PeTTi, HeJ HYKTECiHAe XYKTeNiHreH auddepeHnnanaslk TeHACY VIIiH
HNEePHOATHl eMeC MLICTTIK INapTTapMeH OepiIreH eceNTiH XapaKTepPUCTHKAIBIK aHBIKTAYBIIBl JKa3bUIBI, OHBIH
CIEKTPANIBIK MapaMeTp OOHBIHIIA OYTIH aHAIUTHKAIBIK (QYHKIUS OONATHIHABIFEI KOPCETUTIN, MEHIIIKTI MOHAEpi
anpIKTadrad. OcblFaH coiikec, TYOIpiik (QyHKUMSIIAPBIHBIH 0a3MCTUIIK KACHETTEpPiHIH OPHBIKTBUIBIFBI Kbl
Teopema nonenjeHeni. byn ecemke Tyiinmec ecenm - TonkbIThuiraH Camapckuii-MoHKMH ecebi 00MaThIH/IBIFBI
KOpCETLJITeH.

Tyiiin ce3mep: MEHIIIKTI MOHAEP, MEHIIIKTI (YHKIMsIIAp, TIpKeJIreH QyHKUMsUIAp, TyHiHAeC oneparop, eceii
muddepenmanaay, KyKTeiareH oneparop, Pucc 6azuctiniri, TyOipIik BeKTopiap.

H.C. Uman6aeB

IOxHO0-KazaxcTaHckuil rocy1apCcTBEHHBIN rearorndeckuii yauBepcutet, IIsimkenT, Kazaxcran;
HucrutyT MaTemaTuku 1 Maremaruueckoro moaenupoBanuss MOH PK, Anmartel, Kazaxcran

O BABUCHOCTHU CUCTEM KOPHEBBIX BEKTOPOB
HATPYKEHHOT' O OITIEPATOPA KPATHOI'O JTU®®EPEHIIMPOBAHUA

AHHoTanusl. B Hacrosmei craThe paccMaTpuBaeTCsl BOSMYMICHUS AnGEepeHIINaIbHOTO YPaBHEHHS BTOPOTO
MOpSIIKA CHEKTPaIbHOW 3aladM C HArPY)KEHHBIM CJIATacMbIM, COACPXKAIINN 3HAYCHHUE NCKOMOW (DYHKIMU B TOUYKE
HyJb, C PETYJSIPHBIMH, HO HEYCWJICHHO PETYJSIPHBIMHM KpaeBbIMH yciloBusMH. Mccmemyercst Bompoc 0a3ucHOCTH
cuCcTeM COOCTBEHHBIX W TpucoenuHeHHBIX (yHkmmi (Culld) HarpykeHHOTO omepaTopa KpaTtHoro AuddepeHnn-
poBaHuA. XOpOIIO U3BECTHO, YTO CHCTEMa COOCTBEHHBIX (DYHKIUH oIepaTopa, 3aJaHHOTO (OpMaIbHO CaMOCOIpS-
KEHHbIM JU(QEepeHIHANbHBIM BBIP2KEHHEM, C IPOHM3BOJILHBIMH CaMOCONIPSDKEHHBIMU KPaeBBIMH YCIIOBHUSIMH,
o0ecrieunBarOIIMMHU JTUCKPETHBIN CIIEKTP, 00pa3yeT OpTOHOPMHUPOBaHHbIN Oa3uc. Hapsay ¢ 3TuMm, W3BeCTHO, 4TO B
cllyyae HECaMOCOIPSHKEHHBIX OOBIKHOBEHHBIX AHM(p(PEepeHINATBHBIX ONEPAaTOPOB HA 0Aa3MCHOCTh CHCTEM KOPHEBBIX
(GYHKIMHA, TOMHMO KpaeBbIX YCIIOBHH, MOTYT BIMATH TaKke 3HaueHHs KoddduuueHToB auddepeHnnansHoro
ornepatopa. [Ipu 5ToM Ga3ucHbIE CBOMCTBA KOPHEBBIX (DYHKIMH MOT'YT U3MEHSATHCS JaXe IIPU CKOJIb YTOAHOM MalloM
W3MEHCHUH 3HaYeHHH K0d(HUIueHToB. BriepBrie 3ToT dakt ObuT oTMedeH B pabote B.A. UnpuHa. Unen B.A. Wnenna
6butn pa3BuThl A.C. MakuHBIM Ha CIydail HECaMOCOIPSDKECHHOTO BO3MYIIEHHSI CAMOCOIPSHKEHHOHN NepHOANIEcKON
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3amagn. Oneparop B padore A.C. MaknHa U3MEHSJICS 32 CYET BO3MYIIEHHUS OJHOTO M3 KPAaeBBIX yCIIOBUM. B cTaThe
M.A. CanwibekoBa, H.C. VMmanbaeBa wncciemnoBaHbl Oa3HCHBIE CBOHCTBA KOPHEBBIX (DYHKIHH HArpyXeHHOTO
muddepeHansHOTO OmepaTopa BTOPOTO IMOpPSIKa C MEPUOANIECKUMH KPaeBBIMH YCIOBHSIMH, KOTOPBIH Takxke
SIBISIETCSI HECAMOCOTIPSHKEHHBIM BO3MYIIIEHHEM CaMOCOIIPSLKEHHON MepHOANYecKor 3aiaun. B otamame ot paboTsl
A.C. Makuna, B cratbe M.A. CanpibexoBa u H.C. MimaHOaeBa BO3MyIIEHHE IPOUCXOJHUT 3a CUET H3MEHEHHUS
ypaBHeHHs. Bompocbl 0a3ncHOCTM KOpPHEBBIX (YHKIHMH HarpyXeHHBIX AW(QEpeHLNAIBHBIX ONEepaTopoB ObLIN
n3ydensl B pabotax U.C. JlomoBa. EMy ynanoce pacnpocTpaHuTh METOJ| CHEKTPaJIbHBIX pazioxeHuid B.A. Nipuna
Ha Clly4all HarpyXeHHbIX An(pQepeHINaIbHBIX ONepaTopoB. /IpyruM MeToAoM BOHPOCH 0a3sMCHOCTH (YHKIHO-
HanbHO-TU( hepeHInabHBIX YpaBHEeHU ObuIN HccnenoBanbl B pabote A.M. 'ommiko u I'.B. Pagzuesckoro.

A B HacrosAmeW paboTe HCCIEAyeTCS BOMPOCH 0a3MCHOCTH KOPHEBBIX BEKTOPOB An((epeHIHaTsHOTO
orepaTopa BTOPOTO TOpSAKA C HArpy)KEHHBIM CJaraéMbIM B TOYKE HOJIb C HENEPUOAWIECKUMH KpPAacBbIMU
ycnoBusiMH. [TocTpoeH XapakTepuCTHIECKUIT ONepeIeNUTeNb, KOTOPBIH SBIISETCS [EI0H aHATUTHIECKOH (QyHKIMEH.
Jlokazana TeopemMa 00 YCTOHYMBOCTH CBOWCTBa Oa3MCHOCTHM KOPHEBBIX BEKTOPOB M IIOCTPOCH CONPSKCHHBIN
oneparop, KOTOpBIN OKa3ajics BO3MYyLIEHHOH 3anauelt Camapckoro-MoHkuHa.

KioueBble cjioBa: COOCTBEHHBIE 3HA4YCHHE, COOCTBEHHBIC (YHKIMH, TPHCOCIUHEHHBIE (YHKIIWH,
COMPSDKEHHBI  orepaTop, KpaTHoe auddepeHIpoBaHre, HArpy)XEHHBIH omeparop, 0Oa3uc Pucca, KopHeBbe
BEKTOpa.
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