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ABOUT SINGLE OPERATOR METHOD OF SOLUTION 
OF A SINGULARLY PERTURBED CAUCHY PROBLEM  

FOR AN ORDINARY DIFFERENTIAL EQUATION ࢔ – ORDER 
 
Abstract. In this paper, by the method of the deviating argument, we obtain an asymptotic expansion 

of the solution of the Cauchy problem for an ordinary differential equation of ݊ െ th order with variable 
coefficients, with an estimate of the residual term through the right side of the equation. Many papers 
devoted to this topic are of an applied nature, and their estimates of the residual term are expressed in 
terms of ܱ െlarge or ݋ െsmall, so they have a theoretical value rather than applied, as they claim. The 
main advantage of the proposed method is the simplicity of its algorithm, and the residual term formula, 
explicitly expressed through the right side of the equation, and its evaluation. 

Keywords: Singular value perturbation, spectral decomposition, deviating argument, residual term 
estimation, self - adjoint operator, Gilbert-Schmidt theorem, completely continuous operator, Friedrich’s 
Lemma, Cauchy problem, asymptotic expansion, small parameter. 

 
1. Introduction. Many problems of mechanics, physics, engineering and other fields of science 

lead to differential and integro-differential equations with a small parameter at the highest derivative. A 
systematic study of such equations (at present they are called singularly perturbed) began after the 
appearance of the fundamental works of A. N. Tikhonov [1-3], drew the attention of many researchers to 
equations with a small parameter at the highest derivative. In these works, a General formulation of the 
Cauchy problem for systems of nonlinear ordinary differential equations with a small parameter at the 
highest derivative is given, and theorems on the limit transition are proved, establishing a connection 
between the solution of the initial singularly perturbed Cauchy problem and the solution of the 
unperturbed problem obtained from the initial at zero value of the parameter. 

One of the important problems of the theory of singularly perturbed equations is the construction of 
asymptotic expansions of solutions of equations by a small parameter. 

Among the asymptotic methods developed for singularly perturbed problems, it should be noted a 
very effective method of the boundary functions proposed By M. I. Vishik and L. A. Lyusternik [4,5] for 
singularly perturbed linear and partial differential equations, as well as for the singularly perturbed 
nonlinear ordinary differential equations, and M. I. Imanaliev [8,9] for singularly perturbed nonlinear 
integro-differential equations. This method is now called the " Method of  boundary layer function". 
Further development of this method is connected with the works of V. F. Butuzova [10,11], V. A. 
Tupchiev [12] and V. A. Trenogin [13]. 

S. A. Lomov [14,15] developed a method of regularization of singular perturbations, which allows to 
reduce the singularly perturbed problem to the regularly perturbed ones, with the help of which it is 
possible to develop the foundations of the General theory of singularly perturbed equations. The method 
is applicable to a wide range of problems for ordinary and partial differential equations. 
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 In this paper, we propose a new method for solving singularly perturbed problems, which 
originates from the spectral theory of equations with a divergent argument. The essence of the method is 
as follows: the solution of the problem is decomposed into a Fourier series by eigenfunctions of the 
corresponding boundary value problem, then the coefficients of this series are transformed by integration 
in parts. As a result of these transformations, we obtain a new (recurrent) representation of the solution of 
the original problem. Further, by the method of mathematical induction it is possible to obtain an 
asymptotic expansion of the solution of the problem of interest to us. The remainder of the obtained 
decomposition is estimated by a priori estimates. With the help of direct calculations, the generality of the 
obtained recurrent formula is shown, and additional conditions that appeared in the course of research are 
removed. This work completes a series of studies devoted to the development of a spectral method for 
solving ill-posed problems [17-25]. 

Problem statement. Consider in the space ܪ ൌ  ଶሺ0,1ሻthe singularly perturbed Cauchy problemܮ

ሻݔሺݕఌܮ  ൌ ሻݔሺ௡ሻሺݕߝ ൅ ܽଵሺݔሻݕ
ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻݕሺݔሻ ൌ ݂ሺݔሻ,    (1) 

ሺ0ሻݕ  ൌ ሺ0ሻ′ݕ ,0 ൌ ሺ௡ିଵሻሺ0ሻݕ ,…,0 ൌ 0,      (2) 

where ܽ௜ሺݔሻ - are real and sufficiently smooth functions on the interval ሾ0,1ሿ, ݂ሺݔሻ ∈ ߝ ,ଶሺ0,1ሻܮ ൐ 0 – 
small parameter. The question is how the solution of this problem behaves as ε → 0, depending on the 
behavior of the coefficients ܽ௜ሺݔሻ, ݅ ൌ 1, ݊തതതതത and the right part݂ሺݔሻ? With the help of the spectral theory of 
the equation with deviating argument, to obtain the spectral decomposition of the solution of this problem 
in the space of the crane, and bring with it the asymptotic representation of the solution with the 
assessment of the remainder term through the right part of the equation. 

 
2. Supporting proposals. 
The Cauchy’s problem (1) - (2) corresponds to the linear operator 
 

ݕఌܮ ൌ ሻݔሺ௡ሻሺݕߝ ൅ ܽଵሺݔሻݕ
ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻݕሺݔሻ ൌ ݂ሺݔሻ, 

 
with the range of definition 

 
ఌሻܮሺܦ  ൌ ൛ݕሺݔሻ߳ܥ௡ሾ0,1ሿ; ሺ0ሻݕ ൌ 0, ሺ0ሻ′ݕ ൌ 0, . . , ሺ௡ିଵሻሺ0ሻݕ ൌ 0ൟ, 
 

and with the range of values 	ܴሺܮఌሻ ⊂   .ሾ0,1ሿ contained in the linear variety of continuous functionsܥ
We want to use theory of Hilbert – Schmidt on the spectral decomposition of a completely continuous 

and self-adjoint operator, therefore we give appropriate definitions and facts from the theory of linear 
operators. 

Lemma 2.1.  Let A be a densely defined operator in a Hilbert space H. Then  
(a) ܣ∗ exists and is closed;  
(b) A admits a closure if and only if ܦሺܣ∗ሻ is tight in H, and in this case ̅ܣ ൌ  ;∗∗ܣ
(c) if A admits a closure, then ሺ̅ܣሻ∗ ൌ  ;∗ܣ
(d) if A - admits a closure and is invertible, then ିܣଵ admits a closure and ሺ̅ܣሻିଵ ൌ   ;ଵതതതതതିܣ
(e) the continuous operator always admits a closure to ܦሺܣሻതതതതതതത by continuity. 
Lemma 2.2.  
(a) If a densely defined linear operator ܣ in a Hilbert space ܪ has a continuous inverse ିܣଵ: ܪ →

:ሻିଵ∗ܣhas a continuous inverse ሺ - ∗ܣ ሻ, thenܣሺܦ ܪ → ሻିଵ∗ܣሻ and ሺ∗ܣሺܦ ൌ ሺିܣଵሻ∗; 
(b) If a linear operator A in a Hilbert space ܪ is densely defined and closed and ܣ∗ has a bounded 

inverse, then ܣ has a bounded inverse, and ሺିܣଵሻ∗ ൌ ሺܣ∗ሻିଵ.  
The proofs of this Lemmas 1, 2 are contained in many manuals on functional analysis [see, for 

example, 16]. 
Definition 2.1. An operator ܣା  is called formally adjoint to an operator ܣ if for all ݑ ∈  ሻ andܣሺܦ

ݒ ∈  ାሻ the equalityܣሺܦ
ሺݑܣ, ሻݒ ൌ ሺݑ,  ,ሻݒାܣ
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It is obvious that the operator  ܣ∗  adjoint to ܣ coincides with the formally adjoint operator which has 
a maximal domain. 

Lemma 2.3. The operator formally adjoint to the operator ܮఌ  has the following form: 

ݒఌାܮ ൌ ሺെ1ሻ௡ݒߝሺ௡ሻሺݔሻ ൅ ሺെ1ሻ௡ିଵ
݀௡ିଵ

௡ିଵݔ݀
ሾܽଵሺݔሻݒሺݔሻሿ ൅ 

൅ሺെ1ሻ௡ିଶ
݀௡ିଶ

௡ିଶݔ݀
ሾܽଶሺݔሻݒሺݔሻሿ ൅ ⋯െ ሾܽ௡ିଵሺݔሻݒሺݔሻሿ′ ൅ ܽ௡ሺݔሻݒሺݔሻ, 

ఌାሻܮሺܦ             ൌ ሼݒሺݔሻ ∈ ;௡ሾ0,1ሿܥ ሺ1ሻݒ ൌ ݒ,0 ′ሺ1ሻ ൌ 0,… , ሺ௡ିଵሻሺ1ሻݒ ൌ 0ൟ.    

Proof.  If  ݑሺݔሻ ∈ ሻݔሺݒ ఌሻ иܮሺܦ ∈  ఌାሻ, soܮሺܦ

׬  ݔሻ݀ݔሺݒሻݔሺ௡ሻሺݑ ൌ ׬ ሻݔሺ௡ିଵሻሺݑሻ݀ݔሺݒ ൌ
ଵ
଴

ଵ
଴ ሻหݔሺ௡ିଵሻሺݑሻݔሺݒ

଴

ଵ
െ  

 െ׬ ′ݒ
ଵ
଴

ሺݔሻݑሺ௡ିଵሻሺݔሻ݀ݔ ൌ െ׬ ′ݒ
ଵ
଴

ሺݔሻݑሺ௡ିଵሻሺݔሻ݀ݔ ൌ ⋯ ൌ  

 ሺെ1ሻ௡ ׬ ݔሻ݀ݔሺ௡ሻሺݒሻݔሺݑ
ଵ
଴ ;  

׬  ܽଵሺݔሻݑ
ሺ௡ିଵሻሺݔሻݒሺݔሻ݀ݔ

ଵ
଴ ൌ ׬ ܽଵሺݔሻݒሺݔሻݑ

ሺ௡ିଵሻሺݔሻ
ଵ
଴ ݔ݀ ൌ ܽଵሺݔሻݒሺݔሻݑ

ሺ௡ିଶሻሺݔሻห
଴

ଵ
  

 െ׬ ሾܽଵሺݔሻݒሺݔሻሿ′
ଵ
଴ ݔሻ݀ݔሺ௡ିଶሻሺݑ ൌ െ׬ ሾܽଵሺݔሻݒሺݔሻሿ′ݑ

ሺ௡ିଶሻሺݔሻ݀ݔ ൌ ⋯ ൌ
ଵ
଴   

 ൌ ሺെ1ሻ௡ିଵ ׬ ሾܽଵሺݔሻݒሺݔሻሿ
ሺ௡ିଵሻݑሺݔሻ݀ݔ

ଵ
଴ , 

׬  ܽଶሺݔሻݑ
ሺ௡ିଶሻሺݔሻݒሺݔሻ݀ݔ

ଵ
଴ ൌ ሺെ1ሻ௡ିଶ ׬ ሻሿݔሺݒሻݔሻሾܽଶሺݔሺݑ

ሺ௡ିଶሻ݀ݔ
ଵ
଴ , …  

׬  ܽ௡ିଵሺݔሻݑ′ሺݔሻݒሺݔሻ݀ݔ
ଵ
଴ ൌ ׬ ܽ௡ିଵሺݔሻݒሺݔሻ݀ݑሺݔሻ

ଵ
଴ ൌ ܽ௡ିଵሺݔሻݒሺݔሻݑሺݔሻ|଴

ଵ െ  

 െ׬ ሾܽ௡ିଵሺݔሻݒሺݔሻሿ′
ଵ
଴ ݔሻ݀ݔሺݑ ൌ െ׬ ݔ݀′ሻሿݔሺݒሻݔሻሾܽ௡ିଵሺݔሺݑ

ଵ
଴ .  

Therefore, 

 ሺܮఌݑ, ሻݒ ൌ ׬ ൛ߝሺെ1ሻ௡ݒሺ௡ሻሺݔሻ ൅ ሺെ1ሻ௡ିଵሾܽଵሺݔሻݒሺݔሻሿ
ሺ௡ିଵሻ ൅

ଵ
଴   

 ሺെ1ሻ௡ିଶሾܽଶሺݔሻݒሺݔሻሿ
ሺ௡ିଶሻ ൅ ⋯൅⋯െ ሾܽ௡ିଵሺݔሻݒሺݔሻሿ′ ൅  

 ൅ܽ௡ሺݔሻݒሺݔሻሽݑሺݔሻ݀ݔ ൌ ሺݑ,   ሻ,ൌ൐ݒାܮ

ሻݔሺݒାܮ  ൌ ሺെ1ሻ௡ݒߝሺ௡ሻሺݔሻ ൅ ሺെ1ሻ௡ିଵ
ௗ೙షభ

ௗ௫೙షభ
ሾܽଵሺݔሻݒሺݔሻሿ ൅  

 ሺെ1ሻ௡ିଶ ∙ 	
ௗ೙షమ

ௗ௫೙షమ
ሾܽଶሺݔሻݒሺݔሻሿ ൅ ⋯െ ሾܽ௡ିଵሺݔሻݒሺݔሻሿ′ ൅ ܽ௡ሺݔሻݒሺݔሻ, 

 
that's what was required to prove. 

 
By virtue of the Friedrich’s Lemma, the linear variety of infinitely differentiable and finite functions 

଴ܥ
∞ሺ0,1ሻ is tight in space ܪ, therefore both operators ܮఌ and ܮఌା  are tightly defined in this space. Then, by 

Lemma 1, the operator ܮఌ∗  exists, and is closed, ܮఌ permits the circuit, and ܮఌതതത ൌ ∗ఌതതതሻܮఌ∗∗, ሺܮ ൌ ∗ఌܮ . By virtue 
of one of the theorems of the theory of Hilbert spaces there is a formula:   

ܪ ൌ ܴሺܮఌ∗ ሻതതതതതതതത ⊗ ܰሺܮఌ∗∗ሻ ൌ ܴሺܮఌ∗ ሻതതതതതതതത ⊗ ܰሺܮതఌሻ, 

therefore, for the existence of the inverse operator ሺܮതఌሻିଵ is necessary and sufficient fulfillment of the 
equality ܴሺܮఌ∗ ሻതതതതതതതത ൌ തఌሻିଵܮThen, by virtue of paragraph (d) of Lemma 1, we have the formula ሺ .ܪ ൌ ሺܮఌିଵሻതതതതതതത, 
i.e. the inverse operator to the closure of the operator ܮఌ can be found using the closure of the operator 
തఌሻିଵܮሺܦ തఌሻିଵ. Ifܮఌିଵ,  which exists due to the existence of the operator ሺܮ ൌ  then by the Banach ,ܪ
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theorem about closed graph operator ሺܮതఌሻିଵ is restricted in space ܪ. But the problem is precisely that. 
Without further information, we cannot confirm this. 

 We show that ܴሺܮఌ∗ ሻതതതതതതതത ൌ ఌାܮ note for this that ,ܪ ⊂ ∗ఌܮ , therefore ܴሺܮఌାሻ ⊂ ܴሺܮఌ∗ ሻ. If ܴሺܮఌ
ାሻതതതതതതതത ൌ  ,ܪ

then the required statement follows. 
Lemma 2.4. If the function is ܭሺݔ,  ሻ, for a fixed value of t, the first variable x is the solution of theݐ

Cauchy problem of the following homogeneous equation: 

 ቂߝ
ௗ೙

ௗ௫೙
൅ ܽଵሺݔሻ

ௗ೙షభ

ௗ௫೙షభ
൅ ⋯൅ ܽ௡ିଵሺݔሻ

ௗ

ௗ௫
൅ ܽ௡ሺݔሻቃܭሺݔ, ሻݐ ൌ 0,                 

,ݔሺܭ  ሻ|௧ୀ௫ݐ ൌ 0, 
డ௄

డ௫
ቚ
௧ୀ௫

ൌ 0,…, 
డሺ೙షమሻ௄

డ௫೙షమ
ฬ
௧ୀ௫

ൌ ߝ ,0
డሺ೙షభሻ௄

డ௫೙షభ
ฬ
௧ୀ௫

ൌ 1,    (3) 

that function 

ሻݔሺݕ  ൌ ,ݔሺݕ ,ߝ ݂ሻ ൌ ׬ ,ݔሺܭ ݐሻ݀ݐሻ݂ሺݐ
௫
଴ ൌ ׬ ݔሺߠ െ ,ݔሺܭሻݐ ݐሻ݀ݐሻ݂ሺݐ

ଵ
଴     (4) 

for any continuous function f (t), is the solution of the Cauchy problem(1)-(2). 
Proof. If f (t) is continuous on the [0,1] segment, then the function (4) is continuously differentiable 

and the formula holds: 
  

ሻݔሺ′ݕ  ൌ ,ݔሺܭ ሻݔ ∙ ݂ሺݔሻ ൅ ׬
డ௄

డ௫
݂ሺݐሻ݀ݐ

௫
଴ , 

therefore with condition (3), we have 
  

ሻݔሺ′ݕ  ൌ ׬
డ௄

డ௫
݂ሺݐሻ݀ݐ

௫
଴ , 

we have 
  

ሻݔሺ௠ሻሺݕ  ൌ ׬
డ೘௄

డ௫೘
݂ሺݐሻ

௫
଴ 1 ,ݐ݀ ൑ ݉ ൑ ݊ െ 1; 

  

ሻݔሺ௡ሻሺݕ  ൌ
డ೙షభ௄

డ௫೙షభ
ቚ
௧ୀ௫

∙ ݂ሺݔሻ ൅ ׬
డ೙௄

డ௫೙
௫
଴ ݂ሺݐሻ݀ݐ. 

Consequently, 

ሻݔሺ௡ሻሺݕߝ ൅෍ܽ௞ሺݔሻ
௡

௞ୀଵ

ሻݔሺ௡ି௞ሻሺݕ ൌ ߝ
߲௡ିଵ

௡ିଵݔ߲
ቤ
௧ୀ௫

∙ ݂ሺݔሻ ൅ 

 

 ൅׬ ቂߝ
డ೙௄

డ௫೙
൅ ∑ ܽ௞ሺݔሻ

డ೙షೖ௄

డ௫೙షೖ
௡
௞ୀଵ ቃ

௫
଴ ݂ሺݐሻ݀ݐ ൌ ݂ሺݔሻ. 

 
Definition 2.2. The function ܭሺݔ, ሻݐ ∙ ݔሺߠ െ  ሻ is called the Cauchy kernel of the integral operatorݐ

(4), where ߠሺݔሻ is the Heaviside function. 
We will return to the study of Cauchy kernel properties a little later, and now we will deal with the 

solvability of the Cauchy problem. It would be tempting to deduce this statement from the formula 
ܴሺܮఌ∗ ሻതതതതതതതത ൌ  ఌା, it is obvious that this path requires aܮ but from the form of the formally adjoint operator ,ܪ
certain smoothness of the coefficients of the equation ܮఌݕ ൌ ݂, o we will deal with the equation itself 
ݕఌܮ ൌ ݂, especially since we have already shown the dense solvability of this equation. The uniqueness of 
the solution found follows from the following a priori estimates. 

 
Lemma 2.5  
If ܽଵሺݔሻ is a continuous function on the interval [0,1], satisfying the condition  
(a) ܽଵሺݔሻ ൒ ߙ ൐ ݔ∀ ,0 ∈ ሾ0,1ሿ                                                                   
and on the domain of definition of the operator ܮఌ the inequality holds:           

(b) ቀ∑ ܽ௞ሺݔሻݕ
ሺ௡ି௞ሻሺݔሻ,௡

௞ୀଶ ሻቁݔሺ௡ିଵሻሺݕ ൒ ݕ∀ ,0 ∈  ;ఌሻܮሺܦ

then the following a priori estimates take place:   
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‖ݕ‖  ൑ ‖ݕ́‖ ൑ …‖ݕ̎‖ ൑ ฮݕሺ௡ିଶሻฮ ൑ ฮݕሺ௡ିଵሻฮ ൑
‖௅ഄ௬‖

ఈ
.          (6) 

Proof. Multiplying both sides of equation (1), scalar by the function ݕሺ௡ିଵሻሺݔሻ,  we have 
 

൫ܮఌݕ, ݕ
ሺ௡ିଵሻ൯ ൌ ൫ݕߝ௡, ሺ௡ିଵሻ൯ݕ ൅ ൫ܽଵݕ

ሺ௡ିଵሻ, ሺ௡ିଵሻ൯ݕ ൅ 

൭෍ܽ௞ሺݔሻ
௡

௞ୀଶ

,ሺ௡ି௞ሻݕ ሺ௡ିଵሻ൱ݕ ൌ ൫݂,  ሺ௡ିଵሻ൯ݕ

then  

൫ݕߝሺ௡ሻ, ሺ௡ିଵሻ൯ݕ ൌ ߝ නݕሺ௡ሻݕሺ௡ିଵሻ
ଵ

଴

ሺݔሻ݀ݔ ൌ ሻ݀ݔሺ௡ିଵሻሺݕනߝ

ଵ

଴

ሻݔሺ௡ିଵሻሺݕ ൌ 

ൌ
ሻ൧ݔሺ௡ିଵሻሺݕൣߝ

ଶ

2
อ
଴

ଵ

ൌ
ሺ௡ିଵሻሺ1ሻ൧ݕൣߝ

ଶ

2
൒ 0, 

so  

ሺ௡ିଵሻฮݕฮߙ
ଶ
൑ නܽଵሺݔሻ

ଵ

଴

ሻ൧ݔሺ௡ିଵሻሺݕൣ
ଶ
ݔ݀ ൑ ൫ܮఌݕ, ݕ

ሺ௡ିଵሻ൯ ൑ ൫݂, ሺ௡ିଵሻ൯ݕ ൑ 

 ൑ ‖݂‖ ∙ ฮݕሺ௡ିଵሻฮ; ߙฮݕሺ௡ିଵሻฮ ൑ ‖݂‖; ฮݕሺ௡ିଵሻሺݔሻฮ ൑
‖௙‖

ఈ
ൌ

‖௅ഄ௬‖

ఈ
; 

As, ݕሺ0ሻ ൌ 0, then ݕሺݔሻ ൌ ׬ ݐሻ݀ݐሺݕ́
௫
଴ ,   

|ሻݔሺݕ|  ൑ ൫׬ 1ଶ݀ݐ
௫
଴ ൯

భ
మ ቀ׬ ݐሻ݀ݐଶሺݕ́

ଵ
଴ ቁ

భ
మ; |ݕሺݔሻ|ଶ ൑ ׬ ݐ݀

௫
଴ ׬ ݐሻ݀ݐଶሺݕ́ ൑ ݔ

௫
଴ ׬ ݐሻ݀ݐଶሺݕ́

௫
଴ , 

ሻ|ଶݔሺݕ| ൑ නݔ ݐሻ݀ݐଶሺݕ́

௫

଴

൑ න ݐሻ݀ݐଶሺݕ́

ଵ

଴

, ൌ൐ ଶ‖ݕ‖ ൑ ,ଶ‖ݕ́‖ ൌ൐ ‖ݕ‖ ൑  .‖ݕ́‖

 
In a similar way, we have 

‖ݕ́‖  ൑ …‖ݕ̎‖ ൑ ฮݕሺ௡ିଶሻฮ ൑ ฮݕሺ௡ିଵሻฮ ൑
‖௅ഄ௬‖

ఈ
.    (5) 

Thus, there is an inverse operator ܮఌିଵ, therefore, by virtue of item (d) of Lemma 1, ܮఌିଵ admits a 
closure and ሺܮఌିଵሻതതതതതതത ൌ ሺܮതఌሻିଵ. Lemma 4 that ܴሺܮఌሻ coincides with the linear diversity continuous on [0,1] 
functions that is dense in the space ܪ, therefore ܴሺܮఌሻതതതതതതതത ൌ ఌܮ but ,ܪ ⊂ ,തఌܮ ൌ൐ ܴሺܮఌሻ ⊂ ܴሺܮതఌሻ, so a fortiori  
ܴሺܮതఌሻതതതതതതതത ൌ തఌሻതതതതതതതതܮBy virtue of a priori estimates (5) ܴሺ .ܪ ൌ ܴሺܮതఌሻ.  Indeed, if ݕ ∈  തఌሻ, then there is aܮሺܦ
sequence ሼݕ௡ሽ ∈ ௡ݕ ఌሻ, such thatܮሺܦ → ௡ݕఌܮ ,ݕ ൌ ௡݂ → ݂, then it follows from (5) that the sequence  

ቄݕ௡
ሺ௞ሻቅ	ሺ݇ ൌ 1,2, …݊ െ 1ሻ, ݊ ൌ 1,2, …  in the space ܪ, which means that ݕሺݔሻ ∈ ଶܹ

௡ିଵሾ0,1ሿ и ݕ௡ሺݔሻ →

ሻ  in the space ଶܹݔሺݕ
௡ିଵሾ0,1ሿ. Passing to the limit in inequalities (5), we get: 

  

‖ݕ‖  ൑ ‖ݕ́‖ ൑ ⋯ ൑ ฮݕሺ௡ିଵሻฮ ൑
‖௅തഄ௬‖

ఈ
.       (6) 

If ݖሺݔሻ ∈ ܴሺܮതఌሻതതതതതതതത, then there exists a sequence ሼݖ௡ሺݔሻሽ ⊂ ܴሺܮതఌሻ, such that ݖ௡ሺݔሻ →  Then .ܪ ሻ inݔሺݖ
the sequence ݖ௡ሺݔሻ ൌ  ௞ሽisݕand in  virtue of a priori estimates, the sequence ሼ ,ܪ ௡  fundamental inݕതఌܮ

fundamental in the space of ଶܹ
௡ିଵሾ0,1ሿ,  which means that ݕ௞ → ௞ݕ ,ݕ

′ → … ,′ݕ , ௞ݕ
ሺ௡ିଵሻ →  ,ሺ௡ିଵሻݕ

௡ݕതఌܮ → ሻݔሺݕ ሻ,  i.e. there exists a functionݔሺݖ ∈ ௡ݕതఌܮ  such that	തఌሻܮሺܦ ൌ ሻݔሺݖ ,ሻ, that isݔሺݖ ∈ ܴሺܮതఌሻ,  as 
required. 

Thus, ሺܮതఌሻିଵexists and is defined on the whole space ܪ, since  

തఌሻିଵܮሺܦ ൌ ܴሺܮതఌሻ ൌ ܴሺܮതఌሻതതതതതതതത ൌ  ,ܪ
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then, by the Banach theorem, the operator ሺܮതఌሻିଵ is bounded; this is also obvious from the obtained 
inequalities (6). By virtue of clause c) of Lemma 1, ሺܮതఌሻ∗ ൌ ∗ఌܮ ,  therefore by virtue of clause a) of 
Lemma 2, the operator ܮఌ∗  has a continuous inverse 

ሺܮఌ∗ ሻିଵ: ܪ → ∗ఌܮሺܦ ሻ and ሺܮఌ∗ ሻିଵ ൌ ሾሺܮఌିଵሻିଵሿ∗ ൌ ቀ൫ܮఌିଵതതതതത൯ቁ
∗
ൌ ሺܮఌିଵሻ∗. 

From inequalities (6) it follows that 

ඥ‖ݕ‖ଶ ൅ ଶ‖ݕ́‖ ൑ ቆ
ଶ‖ݕതఌܮ‖

ଶߙ
൅
ଶ‖ݕതఌܮ‖

ଶߙ
ቇ

ଵ
ଶ
൑
√2
ߙ
 ,‖ݕതఌܮ‖

those, the operator ሺܮതఌሻିଵ translates a bounded set into a compact one, therefore it is completely 
continuous, by Schauder's theory, the operator ሺିܮଵሻ∗ is also completely continuous.  

Definition 2.3. The closures of the operator ܮఌ are called the Cauchy operator and denote by ܥఌ, i.e. 
ఌܥ ൌ  .ఌതതതܮ

Lemma 2.6. Under the conditions of Lemma 5, the Cauchy operator ܥఌ is bounded invertible, and the 
inverse operator ܥఌ

ିଵ  is completely continuous in the space ܪ, moreover, the equality ሺܮఌ∗ ሻିଵ ൌ ሺܮఌିଵሻ∗. 
Lemma 2.7. If 
 

ە
۔

ۓ ሻݔሺݕఌܮ ൌ ሻݔሺ௡ሻሺݕߝ ൅ ෍ ܽ௡ି௠ሺݔሻ
௡ିଵ

௠ୀ଴

,ሻݔሺ௠ሻሺݕ

ఌሻܮሺܦ ൌ ൛ݕሺݔሻ ∈ ,௡ሾ0,1ሿܥ ሺ0ሻݕ ൌ 0, ሺ0ሻ′ݕ ൌ 0,… , ሺ௡ିଵሻሺ0ሻݕ ൌ 0ൟ,

 

ە
۔

ۓ ሻݔሺݖఌାܮ ൌ ሺെ1ሻ௡ݖߝሺ௡ሻ ൅෍ሺെ1ሻ௞ሾܽ௡ି௞ሺݔሻݖሺݔሻሿ
ሺ௞ሻ

௡ିଵ

௞ୀ଴

,

ఌାሻܮሺܦ ൌ ൛ݖሺݔሻ ∈ ;௡ሾ0,1ሿܥ ሺ1ሻݖ ൌ 0, ሺ1ሻ′ݖ ൌ 0,… , ሺ௡ିଵሻሺ1ሻݖ ൌ 0ൟ,

 

 
 

and the operator ܵ is defined by the equality ܵݑሺݔሻ ൌ ሺ1ݑ െ ఌܮܵ ሻ, then the equalityݔ ൌ  ఌାܵ  holds if andܮ
only if  

  

 ܽ௡ି௠ሺ1 െ ሻݔ ൌ ∑ ሺെ1ሻ௠ା௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ௡ିଵ
௞ୀ௠ ,݉ ൌ 0,1,2, … , ݊ െ 1.      (7) 

  
 Proof. According to the Leibniz’s formula  
  

  

ሾܽ௡ି௞ݒሿ
ሺ௞ሻ ൌ ෍ ܿ௞

௠ݒሺ௠ሻ

௞

௠ୀ଴

ܽ௡ି௞
ሺ௞ି௠ሻ, 

therefore  

෍ሺെ1ሻ௞ሾܽ௡ି௞ݒሺݔሻሿ
ሺ௞ሻ

௡ିଵ

௞ୀ଴

ൌ ෍ሺെ1ሻ௞
௡ିଵ

௞ୀ଴

෍ ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ
௞

௠ୀ଴

ሻݔሺ௠ሻሺݒ ൌ 

ൌ ෍ ൥෍ሺെ1ሻ௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ
௡ିଵ

௞ୀ௠

൩

௡ିଵ

௠ୀ଴

∙  .ሻݔሺ௠ሻሺݒ

Therefore, 

ሻݔሺݖఌାܮ ൌ ሺെ1ሻ௡ݖߝሺ௡ሻ ൅ ෍ ൥෍ሺെ1ሻ௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ
௡ିଵ

௞ୀ௠

൩ ∙ ሻݔሺ௠ሻሺݖ
௡ିଵ

௠ୀ଴

. 
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Then  

ݕఌܮܵ ൌ ሺ௡ሻሺ1ݕߝ െ ሻݔ ൅ ෍ ܽ௡ି௠ሺ1 െ ሻݔ
௡ିଵ

௠ୀ଴

ሺ௠ሻሺ1ݕ െ  ,ሻݔ

ݕఌାܵܮ ൌ ሺെ1ሻ௡ߝሺܵݕሻሺ௡ሻ ൅ ෍ ൥෍ሺെ1ሻ௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ
௡ିଵ

௞ୀ௠

൩

௡ିଵ

௠ୀ଴

∙ ሺܵݕሻሺ௠ሻ ൌ 

ൌ ሺ௡ሻሺ1ݕߝ െ ሻݔ ൅ ෍ ൥෍ሺെ1ሻ௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ
௡ିଵ

௞ୀ௠

൩

௡ିଵ

௠ୀ଴

ሺെ1ሻ௠ݕሺ௠ሻሺ1 െ  .ሻݔ

 
Equating the corresponding coefficients of these expressions, we obtain the formula (7). 
Lemma 2.8. If  
 (a) ܵݑሺݔሻ ൌ ሺ1ݑ െ  ;ሻݔ

 (b) ܮఌݕሺݔሻ ൌ ሺ௡ሻݕߝ ൅ ∑ ܽ௡ି௠ሺݔሻ
௡ିଵ
௠ୀ଴ ;ሻݔሺ௠ሻሺݕ ݕ ∈  ;ఌሻܮሺܦ

  (c) ܽ௡ି௠ሺ1 െ ሻݔ ൌ ∑ ሺെ1ሻ௠ା௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ௡ିଵ
௞ୀ௠ ,݉ ൌ 0,1,2, … , ݊ െ 1, 

 
then the operator ܵܮఌ is symmetric in the space ܪ. 

 
Proof. If ݕሺݔሻ ∈ ሺ0ሻݕ ௡ሾ0,1ሿ, andܥሻݔሺݕ .ఌሻ, i.eܮሺܦ ൌ 0, ሺ0ሻ′ݕ ൌ 0,… , ሺ௡ିଵሻሺ0ሻݕ ൌ 0, then ܵݕሺݔሻ ൌ

ሺ1ݕ െ ሻݔ ∈ ሻݔሺݕܵ ఌାሻ. In fact, it is obvious thatܮሺܦ ∈ ሻሿሺ௠ሻݔሺݕ௡ሾ0,1ሿ, and ሾܵܥ ൌ ሺെ1ሻ௠ݕሺ௠ሻሺ1 െ  ,ሻݔ
therefore, ሾܵݕሺݔሻሿሺ௠ሻห

௫ୀଵ
ൌ 0, ݉ ൌ 0,1,2, …݊ െ 1. By virtue of the previous lemma, the equality 

ఌܮܵ ൌ ሻݔሺݒ ሻ andݔሺݑ ఌାܵ, holds; therefore, for allܮ ∈ ,ݑఌܮఌሻ we have ሺܵܮሺܦ ሻݒ ൌ ሺܮఌݑ, ሻݒܵ ൌ
ሺݑ, ሻݒఌାܵܮ ൌ ሺݑ,  .ሻݒఌܮܵ

Lemma 2.9. If   
          
(a) ܵݑሺݔሻ ൌ ሺ1ݑ െ  ;ሻݔ
  
 (b) ܮఌݕሺݔሻ ൌ ሻݔሺ௡ሻሺݕߝ ൅ ∑ ܽ௡ି௠ሺݔሻ

௡ିଵ
௠ୀ଴  ;ሻݔሺ௠ሻሺݕ

 
ሻݔሺݕ ∈ ఌሻܮሺܦ ൌ ൛ݕሺݔሻܥ௡ሾ0,1ሿ; ሺ0ሻݕ	 ൌ 0, ሺ0ሻ′ݕ ൌ 0,… , ሺ௡ିଵሻሺ0ሻݕ ൌ 0ൟ, 
 

then equality takes place 
ఌതതതതതܮܵ  ൌ  ,തఌܮܵ
 

where the bar ሺ	͞͞͞	ሻ,  as usual, means the operator's closure operation.  
Proof.  
Suppose that the operator ܵܮఌ  is not closable, then there exists a sequence ݑ௡ ∈  ఌሻ such thatܮሺܦ

௡ݑ → ௡ݑఌܮܵ ,0 → ݂ ∈ ݂ and ܪ ് 0. Then  ݑ௡ ∈ ௡ݑఌܮ ,ఌሻܮሺܦ ൌ ௡ݑఌܮܵܵ → ݂ܵ ് 0, therefore ܮఌ is also 
not closable. Similarly, the non-closure of the operator ܮఌ implies the non-closure of the operator  ܵܮఌ. 
Therefore, the operator ܵܮఌ is closable if and only if we close the operator ܮఌ. If ݑ ∈  തఌሻ, then there is aܮሺܦ
sequence ݑ௡ ∈ ௡ݑ ఌሻ such thatܮሺܵܦ → ௡ݑఌܮ ,ݑ → ௡ݑ ,therefore  ,ݑതఌܮ ∈ ௡ݑఌܮܵ ఌሻ andܮሺܵܦ →  ..ݑതఌܮܵ
Therefore, ݑ ∈ ݑതఌܮܵ തതതఌሻ andܮሺܵܦ ൌ ݑ Thus, if .ݑതതതఌܮܵ ∈ ݑ തఌሻ, thenܮሺܦ ∈ ݑതതതఌܮܵ തതതఌሻ and the equalityܮሺܵܦ ൌ
 .holds ݑതఌܮܵ

Conversely, let ݑ ∈ ௡ݑ തതതఌሻ. Then there is a sequenceܮሺܵܦ ∈ ௡ݑ ఌሻ, such thatܮሺܵܦ → ௡ݑఌܮܵ and ݑ →
ఌሻܮሺܵܦ since ,ݑതതതఌܮܵ ൌ ௡ݑ ఌሻ, thenܮሺܦ ∈ ௡ݑఌܮ ఌሻ andܮሺܦ ൌ ܵ ௡ᇣᇤᇥݑఌܮܵ → ܵሺܵܮതതതఌݑሻ, and this means that 

ݑ ∈ ݑതఌܮ തఌሻ andܮሺܦ ൌ തఌܮܵ .i.е ,ݑതതതఌܮܵܵ ൌ  .തതതఌܮܵ
Consequence 2.1. The operator ܵܮఌ is self-adjoint in the essential in space, i.e. ሺܵܮതതതఌሻ∗ ൌ  .തതതఌܮܵ
Proof. The operator ܵܮఌ is symmetric, therefore, the operator ܵܮതതതఌ  is also symmetric. Since ܵܮതതതఌ ൌ

തఌሻܮതఌ and ܴሺܮܵ ൌ തఌሻܮthen ܴሺܵ ,ܪ ൌ ൌ൐,ܪ ܴሺܵܮതതതఌሻ ൌ  ఌ itܮܵ From the symmetry of the operator .ܪ
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follows that ܵܮఌ ⊂ ሺܵܮఌሻ∗, passing to the closure, and taking into account the closedness of the adjoint 
operator, we get the inclusion ܵܮതതതఌ ⊂ ሺܵܮఌሻ∗, and since ܴሺܵܮതതതఌሻ ൌ ∗ఌሻܮthen ܴሺܵ ,ܪ ൌ തതതఌሻܮand ܴሺܵ ܪ ൌ
ܴሺܵܮఌሻ∗. Therefore, taking into account the invertibility of these operators, we have 

തതതఌሻܮሺܵܦ ൌ തതതఌܮܵ ఌሻ∗ и поэтомуܮሺܵܦ ൌ ሺܵܮఌሻ∗. 

So  ሺܵܮఌതതതതതሻ∗ ൌ ሺܵܮఌሻ∗∗ ൌ  .തതതఌ, that's what was required to proveܮܵ
Lemma 2.10.  If the ݇ - th coefficient of equation (1) is  ݊ െ ݇ ሺ݇ ൌ 0,1,2, … , ݊ሻ times continuously 

differentiable on the interval [0,1], and satisfies the following conditions: 
 
(a) ܽଵሺݔሻ ൒ ߙ ൐ 0; 
 

(b) ቀ∑ ܽ௞ሺݔሻݕ
ሺ௡ି௞ሻሺݔሻ,௡

௞ୀଶ ሻቁݔሺ௡ିଵሻሺݕ ൒ ݕ∀,0 ∈  ;ఌሻܮሺܦ

 

(c) ܽ௡ି௠ሺ1 െ ሻݔ ൌ ∑ ሺെ1ሻ௠ା௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ௡ିଵ
௞ୀ௠ ,݉ ൌ 0,1,2, … , ݊ െ 1, 

 
where ܿ௞

௠ are binomial coefficients, then the ܵܥఌ operator is self-adjoint in the space ܪ, and has a 
completely continuous inverse, where ܥఌ is the Cauchy operator. 

3. Main Results. 
Theorem 3.1. If the ݇ -th coefficient of equation (1) ݊ െ ݇  ሺ݇ ൌ 0,1,2, … , ݊ሻ is continuously 

differentiable on the interval [0,1] and satisfies the following conditions: 

(a) ܽଵሺݔሻ ൒ ߙ ൐ 0; 

(b) ቀ∑ ܽ௞ሺݔሻݕ
ሺ௡ି௞ሻሺݔሻ,௡

௞ୀଶ ሻቁݔሺ௡ିଵሻሺݕ ൒ ݕ∀,0 ∈                      ;ఌሻܮሺܦ

(c) ܽ௡ି௠ሺ1 െ ሻݔ ൌ ∑ ሺെ1ሻ௠ା௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ௡ିଵ
௞ୀ௠ ,݉ ൌ 0,1,2, … , ݊ െ 1, 

 
where ܿ௞

௠ are binomial coefficients, then the Cauchy’s problem (1) - (2) is strongly solvable and this 
strong solution has the following representation:  

,ݔሺݕ  ,ߝ ݂ሻ ൌ ∑ ሺௌ௙,ఝ೙ሻ

ఒ೙
߮௡ሺݔሻ

∞
௡ୀଵ ,      (8)                        

where ߣ௡ ሺ݊ ൌ 1,2, … ሻ - are eigenvalues, and ߮௡ሺݔሻ ሺ݊ ൌ 1,2, … ሻ are eigenfunctions of the operator ܵܮఌ, 
the ܵ operator is defined by the formula: 

ሻݔሺݑܵ ൌ ሺ1ݑ െ  .ሻݔ

         Proof. By Lemma 10, the operator ሺܵܥఌሻିଵ is completely continuous and self-adjoint, 
therefore, according to the Hilbert – Schmidt theorem, the decomposition takes place 

 ሺܵܥఌሻିଵ݂ ൌ ∑ ሺ௙,ఝ೙ሻ

ఒ೙
∞
௡ୀଵ ߮௡ሺݔሻ ൅ ߮଴ሺݔሻ, 

where ߮଴ሺݔሻ ∈ ሻሽ ሺ݊ݔఌሻିଵ and ሼ߮௡ሺܥሺܵݎ݁݇ ൌ 1,2, … ሻ - are orthonormal eigenvectors of the operator 
ሺܵܥఌሻିଵ, and ߣ௡ିଵ ሺ݊ ൌ 1,2, … ሻthe corresponding eigenvalues of the same operator, then ሺܵܥఌሻିଵ߮଴ ൌ
0,ൌ൐ ߮଴ ൌ ఌሻିଵ߮଴ܥఌሺܵܥܵ ൌ 0,  therefore 

 ሺܵܥఌሻିଵ݂ሺݔሻ ൌ ∑ ሺ௙,ఝ೙ሻ

ఒ೙
∞
௡ୀଵ ߮௡ሺݔሻ. 

If for some function ݂ሺݔሻ ∈ ,there is the equality ሺ݂ ܪ ߮௡ሻ ൌ 0 ሺ݊ ൌ 1,2, … ሻ, then ሺܵܥఌሻିଵ݂ ൌ 0,ൌ
൐ ݂ ൌ 0, the system of eigenfunctions ሼ߮௡ሽ is complete in ܪ. Since, by virtue of the self-adjointness of 
the operator ሺܵܥఌሻିଵ, this system is orthogonal, after normalization it forms an orthonormal basis of the 
space ܪ. 

We now return to the Cauchy’s problem (1) - (2). 

ሻݔሺݕఌܮ  ൌ ሻݔሺ௡ሻሺݕߝ ൅ ∑ ܽ௞ሺݔሻ
௡
௞ୀଵ ሻݔሺ௡ି௞ሻሺݕ ൌ ݂ሺݔሻ, ݔ ∈ ሺ0,1ሿ, 

ሺ0ሻݕ  ൌ 0, ሺ0ሻ′ݕ ൌ 0,… , ሺ௡ିଵሻሺ0ሻݕ ൌ 0, 
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or in operator form: 
ݕఌܮ  ൌ ݂. 
 
Acting by the operator ܵ on both sides of the equation, we get 

ݕఌܮܵ  ൌ ݂ܵ. 

Therefore, for all ݕሺݔሻ ∈  ఌሻ, the equalityܮሺܦ

ݕఌܥܵ  ൌ ݕതఌܮܵ ൌ ݕఌܮܵ ൌ ݂ܵ, 

So  

ሻݔሺݕ ൌ ,ݔሺݕ ,ߝ ݂ሻ ൌ ሺܵܥఌሻିଵ݂ܵ ൌ ෍ሺሺܵܥఌሻିଵ݂ܵ, ߮௡ሻ߮௡ሺݔሻ
∞

௡ୀଵ

ൌ 

ൌ ෍ሺ݂ܵ, ሺܵܥఌሻିଵ߮௡ሻ߮௡ሺݔሻ
∞

௡ୀଵ

ൌ ෍
ሺ݂ܵ, ߮௡ሻ

௡ߣ
߮௡ሺݔሻ.

∞

௡ୀଵ

 

The equation for the functions is: 

  

 ሺܵܥఌሻିଵ߮௡ ൌ
ఝ೙ሺ௫ሻ

ఒ೙
௡ߣ , ് 0, ݊ ൌ 1,2, … 

or  

ఌିଵܵ߮௡ܥ  ൌ
ఝ೙ሺ௫ሻ

ఒ೙
, ሺܮതఌሻିଵܵ߮௡ ൌ

ఝ೙ሺ௫ሻ

ఒ೙
.      

So ߰௡ሺݔሻ ൌ ܵ߮௡ሺݔሻ, we have 

 ሺܮതఌሻିଵ߰௡ሺݔሻ ൌ
ௌట೙ሺ௫ሻ

ఒ೙
 

or  

 ܵ߰௡ሺݔሻ ൌ ሻݔതఌሻିଵ߰௡ሺܮ௡ሺߣ ൌ ሻݔఌିଵሻതതതതതതത߰௡ሺܮ௡ሺߣ ൌ ௡ߣ ׬ ,ݔሺܭ ሻݐ
௫
଴ ߰௡ሺݐሻ݀ݐ. 

If ߰௡ሺݐሻ ∈ ଶሺ0,1ሻ, then from this equation we see that 〖ܵ߰௡ܮ ∈ ଶܹ
௡ሾ0,1ሿ, then ߮௡ሺݔሻ ∈ ଶܹ

௡ሾ0,1ሿ. If 
߮௡ሺݔሻ ∈ ଶܹ

௡ሾ0,1ሿ, then ܵ߰௡ሺݔሻ ∈ ଶܹ
ଶ௡ሾ0,1ሿ, then ߮௡ሺݔሻ ∈ ଶܹ

ଶ௡ሾ0,1ሿ, continuing this process, we obtain 
that ߮௡ሺݔሻ ∈  ,ఌሻܮሺܦ i.e. infinitely differentiable. Therefore, any function belongs to the domain ,∞ܥ
therefore   

௡߮௡ߣ ൌ ఌ߮௡ܥܵ ൌ തఌ߮௡ܮܵ ൌ ,ఌ߮௡ܮܵ ൌ൐ 
  
ሻݔఌ߮௡ሺܮ      ൌ ݊ ,ሻݔ௡ܵ߮௡ሺߣ ൌ 1,2, …. 
  
Therefore, 
 

ቊ
௠߮ߝ

ሺ௡ሻሺݔሻ ൅ ܽଵሺݔሻ߮௠
ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻ߮௠ሺݔሻ ൌ ௠߮௠ሺ1ߣ െ ሻݔ ൌ ,ሻݔ௠ܵ߮௠ሺߣ

߮௠ሺ0ሻ ൌ 0, ߮௠′ ሺ0ሻ ൌ 0,… , ߮௠
ሺ௡ିଵሻሺ0ሻ ൌ 0,

 

  
       For further clarity, we will study the properties of the operator ܤ, where 
 

ቊ
ሻݔሺݑܤ ൌ ܽଵሺݔሻݑ

ሺ௡ିଵሻሺݔሻ ൅ ܽଶሺݔሻݑ
ሺ௡ିଶሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻݑሺݔሻ,																														

ሻܤሺܦ ൌ ሼݑሺݔሻ ∈ ௡ିଵሺ0,1ሻܥ ∩ ሺ0ሻݑ;௡ିଶሾ0,1ሿܥ ൌ 0, ሺ0ሻ′ݑ ൌ 0,… , ሺ௡ିଶሻሺ0ሻݑ ൌ 0,
 

 
denote these equations as (9)-(10). 

Theorem 3.2.  
 (а) If ݇ -th coefficient of operator (9)-(10) ݊ െ ݇ times is continuously differentiable on the interval 

[0,1], then one of the formally adjoint operators of  operator ܤ has the form: 
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൞
ݒାܤ ൌ ෍ሺെ1ሻ௡ି௞ሾܽ௞ሺݔሻݒሺݔሻሿ

ሺ௡ି௞ሻ

௡

௞ୀଵ

,

ሺ1ሻݒ ൌ 0, ݒ ′ሺ1ሻ ൌ 0,… , ሺ௡ିଶሻሺ1ሻݒ ൌ 0;

 

 
(b) if there is equality 

 ܽ௡ି௠ሺ1 െ ሻݔ ൌ ∑ ሺെ1ሻ௠ା௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ௡ିଵ
௞ୀ௠ , ݉ ൌ 0,1,2, … , ݊ െ 1,    

 
where ܿ௞

௠- are binomial coefficients then 
   
ݑܤܵ  ൌ ሻݔሺݑ∀ ,ݑାܵܤ ∈                                              .ሻܤሺܦ
  
Proof. If ݑ ∈ ሻݔሺݒ ሻ andܤሺܦ ∈  ାሻ, soܤሺܦ
  

(а) ሺݑܤ, ሻݒ ൌ ൫∑ ܽ௞ሺݔሻݑ
ሺ௡ି௞ሻ, ௡ݒ

௞ୀଵ ൯ ൌ ∑ ൫ܽ௞ሺݔሻݑ
ሺ௡ି௞ሻ, ൯;௡ݒ

௞ୀଵ  

൫ܽ௞ݑ
ሺ௡ି௞ሻ, ൯ݒ ൌ ൫ܽ௞ݒ, ݑ

ሺ௡ି௞ሻ൯ ൌ නܽ௞ݑݒ
ሺ௡ି௞ሻ݀ݔ

ଵ

଴

ൌ නܽ௞ݑ݀ݒ
ሺ௡ି௞ିଵሻ

ଵ

଴

ൌ 

ൌ ܽ௞ݑݒ
ሺ௡ି௞ିଵሻห

଴

ଵ
െ නሺܽ௞ݒሻ′ݑ

ሺ௡ି௞ିଵሻ݀ݔ

ଵ

଴

ൌ ܽ௞ݑݒ
ሺ௡ି௞ିଵሻห

଴

ଵ
െ 

െනሺܽ௞ݒሻ′݀ݑ
ሺ௡ି௞ିଶሻ݀ݔ

ଵ

଴

ൌ ܽ௞ݑݒ
ሺ௡ି௞ିଵሻห

଴

ଵ
െ ሺܽ௞ݒሻ′ݑ

ሺ௡ି௞ିଶሻห
଴

ଵ
൅ 

൅නሺܽ௞ݒሻ ݑ̎
ሺ௡ି௞ିଶሻ݀ݔ ൌ ⋯ ൌ ෍ ሺܽ௞ݒሻ௠ሺെ1ሻ௠ݑ

ሺ௡ି௞ିଵି௠ሻห
଴

ଵ
௡ି௞ିଵ

௠ୀ଴

ଵ

଴

൅ 

൅ሺെ1ሻ௡ି௞ නሺܽ௞ݒሻ
ሺ௡ି௞ሻݑሺݔሻ݀ݔ

ଵ

଴

, 

Therefore, 

ሺݑܤ, ሻݒ ൌ ෍ ෍ ሺܽ௞ݒሻ௠ሺെ1ሻ௠ݑ
ሺ௡ି௞ିଵି௠ሻห

଴

ଵ
൅෍ሺെ1ሻ௡ି௞൫ݑ, ሺܽ௞ݒሻ

ሺ௡ି௞ሻ൯

௡

௞ୀଵ

௡ି௞ିଵ

௠ୀ଴

௡

௞ୀଵ

 

ൌ ሾݑ, ሿݒ ൅ ൭ݑ,෍ሺെ1ሻ௡ି௞ሺܽ௞ݒሻ
ሺ௡ି௞ሻ

௡

௞ୀଵ

൱, 

where  
 

 ሾݑ, ሿݒ ൌ ∑ ∑ ሺܽ௞ݒሻ௠ሺെ1ሻ௠ݑ
ሺ௡ି௞ିଵି௠ሻሺݔሻห

଴

ଵ
.௡ି௞ିଵ

௠ୀ଴
௡
௞ୀଵ  

If 
ሺ0ሻݑ ൌ 0, ሺ0ሻ′ݑ ൌ 0,… , ሺ௡ିଶሻሺ0ሻݑ ൌ 0; 
ሺ1ሻݒ ൌ 0, ݒ ′ሺ1ሻ ൌ 0,… , ሺ௡ିଶሻሺ1ሻݒ ൌ 0, 

 
therefore ሾݑ, ሿݒ ൌ 0, so ሺݑܤ, ሻݒ ൌ ሺݑ,  ሻ, whereݒାܤ
  

ݒାܤ  ൌ ∑ ሺെ1ሻ௡ି௞௡
௞ୀଵ ሺܽ௞ݒሻ

ሺ௡ି௞ሻ.                                       
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(b) If ݑሺݔሻ ∈ ሻݔሺݑܵ  ሻ, we have itܤሺܦ ∈  it has sense ݑାܵܤ   ାሻ and expressionܤሺܦ

ݑାܵܤ ൌ ෍ሺെ1ሻ௡ି௞
௡

௞ୀଵ

ሺܽ௞ܵݑሻ
ሺ௡ି௞ሻ ൌ ቚ݊ െ ݇ ൌ ݉,

݇ ൌ ݊ െ݉
ቚ ൌ 

෍ ሺെ1ሻ௠ሺܽ௡ି௠ܵݑሻ
ሺ௠ሻ ൌ ෍ሺെ1ሻ௠ሺܽ௡ି௠ܵݑሻ

ሺ௠ሻ

௡ିଵ

௠ୀ଴

ൌ

଴

௠ୀ௡ିଵ

 

ൌ ෍ሺെ1ሻ௠෍ܽ௡ି௠
ሺ௠ି௞ሻܿ௠௞ ሺܵݑሻ

ሺ௞ሻ

௠

௞ୀ଴

௡ିଵ

௠ୀ଴

ൌ ෍ሺെ1ሻ௠ା௞ ෍ܽ௡ି௠
ሺ௠ି௞ሻܿ௠௞ ݑܵ

ሺ௞ሻ ൌ

௠

௞ୀ଴

௡ିଵ

௠ୀ଴

 

ൌ ൭෍ ෍ሺെ1ሻ௠ା௞ܽ௡ି௠
ሺ௠ି௞ሻܿ௠௞

௡ିଵ

௠ୀ௞

௡ିଵ

௞ୀ଴

൱  ;ሺ௞ሻݑܵ

 
݇ 
 
                  
 
 
								݉ ൌ ݊ െ 1,݉ 
 

ݑܤܵ ൌ ܵ෍ܽ௡ି௞ݑ
ሺ௞ሻ

௡ିଵ

௞ୀ଴

ൌ ෍ܽ௡ି௞ሺ1 െ ሻݔ
௡ିଵ

௞ୀ଴

ሺ௞ሻݑܵ ൌ 

ൌ ෍൭෍ሺെ1ሻ௠ା௞ܿ௠௞ ܽ௡ି௠
ሺ௠ି௞ሻ

௡ିଵ

௠ୀଵ

൱

௡ିଵ

௞ୀ଴

ሺ௞ሻݑܵ ൌ  .ݑାܵܤ

 

By Lemma 10, the operator ܵܤതതതത is in the space ܪ. Therefore, ሺܵܤതതതതሻ∗ ൌ തതതതܤܵ ൌ തܤܵ , ሺܵܤതሻ∗ ൌ തܤܵ , 
ሺܤതሻ∗ܵ∗ ൌ തܤܵ , ሺܤതሻ∗ܵ ൌ തܤܵ ܵ∗ܤ , ൌ തܤܵ ∗ܤ , ൌ ሻିଵ∗ܤതܵ, ሺܤܵ ൌ ܵିଵሺܤതሻିଵܵିଵ ൌ ܵሺܤതሻିଵܵ, ܵሺܤ∗ሻିଵ ൌ
ሺܤതሻିଵܵ, ܵሺିܤଵሻ∗ ൌ ሺିܤଵሻതതതതതതതതܵ, ሺିܤଵሻ∗ܵ ൌ ܵሺିܤଵሻതതതതതതതത,that's what was required to prove. 

Theorem 3.3. If the ݇ - th coefficient of equation (1) is ݊ െ ݇ ሺ݇ ൌ 0,1,2, … , ݊ሻ it is continuously 
different once on the interval [0,1] and satisfies the following conditions:  

(a) ܽଵሺݔሻ ൒ ߙ ൐ 0; 

(b) ቀ∑ ܽ௞ሺݔሻݕ
ሺ௡ି௞ሻሺݔሻ,௡

௞ୀଶ ሻቁݔሺ௡ିଵሻሺݕ ൒ ݕ∀,0 ∈                         ;ఌሻܮሺܦ

(c) ܽ௡ି௠ሺ1 െ ሻݔ ൌ ∑ ሺെ1ሻ௠ା௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ௡ିଵ
௞ୀ௠ ,݉ ൌ 0,1,2, … , ݊ െ 1, 

 
where ܿ௞

௠ -are binomial coefficients, then the formula holds: 

 ߰ሺݔሻ ൌ ∑ ఌఝ೘ሺଵሻ

ఒ೘
߮௠ሺݔሻ

∞
௠ୀଵ ,        (11) 

where  

௠߮ߝ
ሺ௡ሻሺݔሻ ൅ ܽଵሺݔሻ߮௠

ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻ߮௠ሺݔሻ ൌ  ;ሻݔ௠ܵ߮௠ሺߣ

߮௠ሺ0ሻ ൌ 0, ߮௠′ ሺ0ሻ ൌ 0, … , ߮௠
ሺ௡ିଵሻሺ0ሻ ൌ 0, 

and ߰ሺݔሻ - is a solution of a homogeneous equation 
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ሻݔሺ௡ሻሺ߰ߝ  ൅ ܽଵሺݔሻ߰
ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻ߰ሺݔሻ ൌ 0     (12) 

satisfying the initial conditions: 

 ߰ሺ0ሻ ൌ 0, ߰′ሺ0ሻ ൌ 0,… , ߰ሺ௡ିଶሻሺ0ሻ ൌ 0, ߰ሺ௡ିଵሻሺ0ሻ ൌ 1. 
  
Proof. Noting that ߰ሺݔሻ ∈ ሻݔሺ௡ሻሺ߰ߝ ሻ we rewrite equations (12) in the formܤሺܦ ൅ ሻݔሺ߰ܤ ൌ 0. 

Noting also that ߮௠ሺݔሻ ∈ ′ሻ and ߮௠ܤሺܦ ሺݔሻ ∈  ሻwe rewrite the equations of the functions asܤሺܦ

௠߮ߝ  
ሺ௡ሻሺݔሻ ൅ ሻݔ௠ሺ߮ܤ ൌ ሻݔሻ, ܵ߮௠ሺݔ௠ܵ߮௠ሺߣ ൌ ߮௠ሺ1 െ  .ሻݔ

Using these two formulas, we calculate the Fourier coefficients of this function ܵ߰ܤ. 

ሺܵ߰ܤ, ߮௠ሻ ൌ ቀܵ߰ܤ, ଵܵ߮௠ିܤ௠ߣ െ ଵ߮௠ିܤߝ
ሺ௡ሻቁ ൌ ,߰ܤ௠ሺܵߣ ଵܵ߮௠ሻିܤ െ 

െߝ ቀܵ߰ܤ, ଵ߮௠ିܤ
ሺ௡ሻቁ ൌ ,߰ܤܵ∗ଵሻିܤ௠ሺሺߣ ܵ߮௠ሻ െ ߝ ቀሺିܤଵሻ∗ܵ߰ܤ, ߮௠

ሺ௡ሻቁ ൌ 

ൌ ,߰ܤଵതതതതതିܤ௠൫ܵߣ ܵ߮௠൯ െ ߝ ቀܵିܤଵതതതതത߰ܤ, ߮௠
ሺ௡ሻቁ ൌ ห߰ܤ ∈ ଵሻିܤሺܦ ⊂ ଵሻതതതതതതതതหିܤሺܦ ൌ 

ൌ ,߰ܤଵିܤ௠ሺܵߣ ܵ߮௠ሻ െ ߝ ቀܵିܤଵ߰ܤ, ߮௠
ሺ௡ሻቁ ൌ ,௠ሺ߰ߣ ߮௠ሻ െ ߝ ቀܵ߰, ߮௠

ሺ௡ሻቁ ; 

Using integration by parts, we transform the scalar product 

ቀܵ߰, ߮௠
ሺ௡ሻቁ. 

ቀܵ߰, ߮௠
ሺ௡ሻቁ ൌ නܵ߰݀

ଵ

଴

߮௠
ሺ௡ିଵሻሺݔሻ ൌ ܵ߰ ∙ ߮௠

ሺ௡ିଵሻሺݔሻቚ
଴

ଵ
െ නሺܵ߰ሻ′߮௠

ሺ௡ିଵሻሺݔሻ݀ݔ

ଵ

଴

ൌ 

ൌ ߰ሺ1 െ ሻ߮௠ݔ
ሺ௡ିଵሻሺݔሻቚ

଴

ଵ
െ නሺܵ߰ሻ′߮௠

ሺ௡ିଵሻሺݔሻ݀ݔ

ଵ

଴

ൌ െනሺܵ߰ሻ′߮௠
ሺ௡ିଵሻሺݔሻ݀ݔ;

ଵ

଴

 

ቀܵ߰, ߮௠
ሺ௡ሻቁ ൌ ෍ሺെ1ሻ௞ሺܵ߰ሻሺ௞ሻ߮௠

ሺ௡ିଵି௞ሻሺݔሻ|଴
ଵ

௡ିଵ

௞ୀ଴

൅ ሺെ1ሻ௡ නሺܵ߰ሻሺ௡ሻ߮௠ሺݔሻ݀ݔ

ଵ

଴

ൌ 

ൌ ෍ሺെ1ሻ௞
௡ିଵ

௞ୀ଴

ሺെ1ሻ௞߰ሺ௞ሻሺ1 െ ሻ߮௠ݔ
ሺ௡ିଵି௞ሻሺݔሻቚ

଴

ଵ
൅ ሺെ1ሻ௡ା௡ ∙ 

∙ න߰ሺ௡ሻሺ1 െ ݔሻ݀ݔሻ߮௠ሺݔ ൌ ෍߰ሺ௞ሻሺ1 െ ሻ߮௠ݔ
ሺ௡ିଵି௞ሻሺݔሻቚ

଴

ଵ
൅

௡ିଵ

௞ୀ଴

ଵ

଴

 

൅න߰ሺ௡ሻሺ1 െ ݔሻ݀ݔሻ߮௠ሺݔ

ଵ

଴

ൌ ߰ሺ௡ିଵሻሺ0ሻ߮௠ሺ1ሻ ൅ ൫ܵ߰ሺ௡ሻ, ߮௠൯ ൌ 

ൌ ߮௠ሺ1ሻ ൅ ൫ܵ߰ሺ௡ሻ, ߮௠൯; 
 

Operated by the operator S on both sides of the equation  
   

ሻݔሺ௡ሻሺ߰ߝ ൅ ሻݔሺ߰ܤ ൌ 0, 
we have  

ሺ௡ሻ߰ܵߝ   ൅ ሻݔሺ߰ܤܵ ൌ 0, ܵ߰ሺ௡ሻ ൌ െ
ௌ஻ట

ఌ
. 

Therefore, 

 ൫ܵ߰ሺ௡ሻ, ߮௠൯ ൌ ቀൌ െ
ௌ஻ట

ఌ
, ߮௠ቁ, 
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so  

 ቀܵ߰, ߮௠
ሺ௡ሻቁ ൌ ߮௠ሺ1ሻ െ ቀௌ஻ట

ఌ
, ߮௠ቁ. 

So  
 

ሺܵ߰ܤ, ߮௠ሻᇣᇧᇧᇤᇧᇧᇥ ൌ ,௠ሺ߰ߣ ߮௠ሻ െ ௠ሺ1ሻ߮ߝ ൅ ሺܵ߰ܤ, ߮௠ሻᇣᇧᇧᇤᇧᇧᇥ ,ൌ൐ ,௠ሺ߰ߣ ߮௠ሻ ൌ  ,௠ሺ1ሻ߮ߝ

 

ሺ߰, ߮௠ሻ ൌ
௠ሺ1ሻ߮ߝ

௠ߣ
, ߰ሺݔሻ ൌ ෍ሺ߰,߮௠ሻ ∙

∞

௠ୀଵ

߮௠ሺݔሻ ൌ ෍
௠ሺ1ሻ߮ߝ

௠ߣ
߮௠ሺݔሻ,

∞

௠ୀଵ

 

 
that's what was required to prove.  

Apparently, the formula (11) has independent value, for example, for the solution of inverse 
problems. 

Now, using the formula (8) we derive a recurrence relation for the solution of the Cauchy problem 
(1)-(2). For convenience, we'll rewrite it first  
                                  

,ݔሺݕ  ,ߝ ݂ሻ ൌ ∑ ሺௌ௙,ఝ೘ሻ

ఒ೘
߮௠ሺݔሻ.

∞
௠ୀଵ          (8)              

 
Using integration by parts, we transform the coefficients of this series. 

ሺ݂ܵ, ߮௠ሻ ൌ ቀ݂ܵ, ଵܵ߮௠ିܤ௠ߣ െ ଵ߮௠ିܤߝ
ሺ௡ሻቁ ൌ ,௠ሺ݂ܵߣ ଵܵ߮௠ሻିܤ െ 

െߝ ቀ݂ܵ, ଵ߮௠ିܤ
ሺ௡ሻቁ ൌ ,݂ܵ∗ଵሻିܤ௠ሺሺߣ ܵ߮௠ሻ െ ߝ ቀሺିܤଵሻ∗݂ܵ, ߮௠

ሺ௡ሻቁ ൌ 

หሺିܤଵሻ∗ܵ ൌ ܵሺିܤଵሻതതതതതതതതห ൌ ,ଵതതതതത݂ିܤ௠൫ܵߣ ܵ߮௠൯ െ ߝ ቀܵିܤଵതതതതത݂, ߮௠
ሺ௡ሻቁ ൌ 

ൌ ,ଵ݂ିܤ௠ሺߣ ߮௠ሻ െ ߝ ቀܵሺܤതሻିଵ݂, ߮௠
ሺ௡ሻቁ ; 

ቀܵିܤଵതതതതത݂, ߮௠
ሺ௡ሻቁ ൌ ෍ሺെ1ሻ௞൫ܵିܤଵതതതതത݂൯

ሺ௞ሻ
߮௠
ሺ௡ିଵି௞ሻቚ

଴

ଵ
௡ିଵ

௞ୀ଴

൅ 

൅ሺെ1ሻ௡ න൫ܵିܤଵതതതതത݂൯
ሺ௡ሻ
߮௠ሺݔሻ݀ݔ ൌ

ଵ

଴

෍ ܵ൫ିܤଵതതതതത݂൯
ሺ௞ሻ

௡ିଵ

௞ୀ଴

߮௠
ሺ௡ିଵି௞ሻሺݔሻቚ

଴

ଵ
൅ 

൅ቀܵ൫ିܤଵതതതതത݂൯
ሺ௡ሻ
, ߮௠ቁ ൌ ൫ିܤଵതതതതത݂൯

ሺ௡ିଵሻ
ሺ0ሻ߮௠ሺ1ሻ ൅ ቀܵ൫ିܤଵതതതതത݂൯

ሺ௡ሻ
, ߮௠ቁ ,ൌ൐ 

ሺ݂ܵ, ߮௠ሻ ൌ ,ଵതതതതത݂ିܤ௠൫ߣ ߮௠൯ െ ଵതതതതത݂൯ିܤ൫ߝ
ሺ௡ିଵሻ

ሺ0ሻ߮௠ሺ1ሻ െ ߝ ቀܵ൫ିܤଵതതതതത݂൯
ሺ௡ሻ
, ߮௠ቁ ; 

 
Therefore, 

,ݔሺݕ ,ߝ ݂ሻ ൌ ଵതതതതത݂ିܤ െ ൫ିܤଵതതതതത݂൯
ሺ௡ିଵሻ

ሺ0ሻ ෍
௠ሺ1ሻ߮ߝ

௠ߣ
െ

∞

௠ୀଵ

ݕߝ ቆݔ, ,ߝ
݀௡

௡ݔ݀
ଵതതതതത݂ቇିܤ ൌ 

 

 ൌ ሻݔଵതതതതത݂ሺିܤ െ ൫ିܤଵതതതതത݂൯
ሺ௡ିଵሻ

ሺ0ሻ߰ሺݔሻ െ ݕߝ ቀݔ, ,ߝ
ௗ೙

ௗ௫೙
 ଵതതതതത݂ቁ.      (13)ିܤ

Note that the function ିܤଵതതതതത݂ as a strong solution to the Cauchy problem belongs to the space 

ଶܹ
௡ିଵሾ0,1ሿ; therefore, for the validity of the formula obtained, it suffices to require that ݂ሺݔሻ ∈ ଶܹ

ଵሾ0,1ሿ. 
Denoting,   
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଴ܦ   ൌ ܦ ,ܫ ൌ
ௗ೙

ௗ௫೙
 ,ଵതതതതതିܤ

 
rewrite the formula as: 

 
,ݔሺݕ ,ߝ ݂ሻ ൌ ሻݔ଴݂ሺܦଵିܤ െ ሺିܤଵܦ଴݂ሻሺ௡ିଵሻሺ0ሻ߰ሺ0ሻ െ ,ݔሺݕߝ ,ߝ  .ሻ݂ܦ

Further, 
 

,ݔሺݕ ,ߝ ሻ݂ܦ ൌ ሻݔሺ݂ܦଵିܤ െ ሺିܤଵ݂ܦሻሺ௡ିଵሻሺ0ሻ߰ሺݔሻ െ ,ݔሺݕߝ ,ߝ ,ଶ݂ሻܦ ൌ൐ 
 

,ݔሺݕ ,ߝ ݂ሻ ൌ ሻݔ଴݂ሺܦଵିܤ െ ሺିܤଵܦ଴݂ሻሺ௡ିଵሻሺ0ሻ߰ሺݔሻ െ 
 

െିܤൣߝଵ݂ܦሺݔሻ െ ሺିܤଵ݂ܦሻሺ௡ିଵሻሺ0ሻ߰ሺݔሻ െ ,ݔሺݕ ,ߝ ଶ݂ሻ൧ܦ ൌ ሻݔ଴݂ሺܦଵିܤ െ 
 

െሺିܤଵܦ଴݂ሻሺ௡ିଵሻሺ0ሻ߰ሺݔሻ െ ሻݔሺ݂ܦଵିܤൣߝ െ ሺିܤଵ݂ܦሻሺ௡ିଵሻሺ0ሻ߰ሺݔሻ൧ ൅ 
 

൅ߝଶݕሺݔ, ,ߝ  .ଶ݂ሻܦ
 
Continuing this process by the method of mathematical induction, we obtain 

,ݔሺݕ ,ߝ ݂ሻ ൌ ෍ሺെ1ሻ௞ ቂିܤଵܦ௞݂ሺݔሻ െ ൫ିܤଵܦ௞݂൯
ሺ௡ିଵሻ

ሺ0ሻ߰ሺݔሻቃ ௞ߝ ൅

௡ିଵ

௞ୀ଴

 

൅ሺെ1ሻ௡ߝ௡ݕሺݔ, ,ߝ  ,௡݂ሻܦ
 

where ‖ݕሺݔ, ,ߝ ‖௡݂ሻܦ ൑
‖஽೙௙‖

ఈ
. From this formula it is seen that, if 	݂ሺݔሻ ∈ ଶܹ

௡ሾ0,1ሿ, then  ܦ௡݂ ∈

,ݔሺݕ ଶሺ0,1ሻ andܮ ,ߝ ௡݂ሻܦ ∈ ଶܹ
௡ሾ0,1ሿ; the function ߰ሺݔሻ, at least ݊ - times continuously differentiable. 

ሻݔ௞݂ሺܦ ∈ ଶܹ
௡ି௞ሾ0,1ሿ, ିܤଵܦ௞݂ሺݔሻ ∈ ଶܹ

ଶ௡ି௞ିଵ.  For ݇ ൌ ݊ െ ሻݔ௡ିଵ݂ሺܦଵିܤ ,1 ∈ ଶܹ
௡ሾ0,1ሿ. We 

formulate the result.  
Theorem 3.4. If the ݇ - th coefficient of equation (1) ݊ െ ݇ times is continuously differentiable on 

the interval [0,1] and satisfies the following conditions: 

    (a) ܽଵሺݔሻ ൒ ߙ ൐ ݔ∀,0 ∈ ሾ0,1ሿ;                                                                                                                              

    (b) ቀ∑ ܽ௞ሺݔሻݕ
ሺ௡ି௞ሻሺݔሻ,௡

௞ୀଶ ሻቁݔሺ௡ିଵሻሺݕ ൒ ݕ∀,0 ∈                         ;ఌሻܮሺܦ

    (c) ܽ௡ି௠ሺ1 െ ሻݔ ൌ ∑ ሺെ1ሻ௠ା௞ܿ௞
௠ܽ௡ି௞

ሺ௞ି௠ሻሺݔሻ௡ିଵ
௞ୀ௠ ,݉ ൌ 0,1,2, … , ݊ െ 1,  (14) 

where ܿ௞
௠ - are binomial coefficients and the right part belongs to the space ଶܹ

௡ሾ0,1ሿ, then the solution of 
the Cauchy problem (1) - (2) also belongs to the space ଶܹ

௡ሾ0,1ሿ and admits an asymptotic expansion of 
the form: 

,ݔሺݕ ,ߝ ݂ሻ ൌ ෍ሺെ1ሻ௞ ቂିܤଵܦ௞݂ሺݔሻ െ ൫ିܤଵܦ௞݂൯
ሺ௡ିଵሻ

ሺ0ሻ߰ሺݔሻቃ ௞ߝ ൅

௡ିଵ

௞ୀ଴

 

൅ሺെ1ሻ௡ߝ௡ݕሺݔ, ,ߝ  ,௡݂ሻܦ

where  

,ݔሺݕ‖    ,ߝ ‖௡݂ሻܦ ൑
‖஽೙௙‖

ఈ
, ଴ܦ ൌ ,ܫ ܦ ൌ

ௗ೙

ௗ௫೙
 .ଵതതതതതିܤ

  

ቊ
ሻݔሺݖܤ ൌ ܽଵሺݔሻݖ

ሺ௡ିଵሻሺݔሻ ൅ ܽଶሺݔሻݖ
ሺ௡ିଶሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻݖሺݔሻ,

ሺ0ሻݖ ൌ 0, ሺ0ሻ′ݖ ൌ 0, … , ሺ௡ିଶሻሺ0ሻݖ ൌ 0;
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ቊ
ሻݔሺ௡ሻሺ߰ߝ ൅ ܽଵሺݔሻ߰

ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻ߰ሺݔሻ ൌ 0,
߰ሺ0ሻ ൌ 0, ߰′ሺ0ሻ ൌ 0,… , ߰ሺ௡ିଶሻሺ0ሻ ൌ 0, ߰ሺ௡ିଵሻሺ0ሻ ൌ 1.

 

 

4. Discussions. 
Remark 4.1. Whether it is possible to prove the recurrent formula (13) directly, by direct 

computations, if possible, we would get rid of the conditions (14) that are needed for the self-conjugacy of 
the operator ܵܥఌ. 

By virtue of the known formula, we have 

ݕߝ ቀݔ, ,ߝ ൫ିܤଵതതതതത݂൯
ሺ௡ሻ
ቁ ൌ ߝ නܭሺݔ, ሻݐ ቀିܤଵതതതതത݂ሺݐሻቁ

ሺ௡ሻ
ݐ݀

௫

଴

ൌ 

ൌ ߝ ቎෍ሺെ1ሻ௠
߲௠ܭ
௠ݐ߲

൫ିܤଵതതതതത݂൯
௡ିଵି௠

௡ିଵ

௠ୀ଴

อ
଴

௫

൅ ሺെ1ሻ௡ න
߲௡ܭ
௡ݐ߲

ݐሻ݀ݐଵതതതതത݂ሺିܤ

௫

଴

቏ ; 

 
If ݂ ∈ ଵതതതതത݂ିܤ ଶሺ0,1ሻ, thenܮ ∈ ଶܹ

௡ିଵሾ0,1ሿ, i.e. This function has absolutely continuous derivatives up 
to the ݊ െ 2 - order and a derivative of the ݊ െ 1 - order that is summable with square. Thus, all 

derivatives ൫ିܤଵതതതതത݂൯
ሺ௞ሻ

 up to ݊ െ 2 - nd order inclusive are continuous and formulas ൫ିܤଵതതതതത݂൯
ሺ௞ሻ
ሺ0ሻ make 

sense and, moreover, they all vanish.  
A little earlier we proved the formula ሺܮఌ∗ ሻିଵ ൌ ሺܮఌିଵሻ∗, now we use this formula.   

ሻݔఌିଵ݂ሺܮ ൌ නܭሺݔ, ݐሻ݀ݐሻ݂ሺݐ

௫

଴

ൌ නߠሺݔ െ ሻݐ

ଵ

଴

,ݔሺܭ  ,ݐሻ݀ݐሻ݂ሺݐ

ሺܮఌିଵሻ∗݃ሺݔሻ ൌ නܭ∗ሺݔ, ݐሻ݀ݐሻ݃ሺݐ

ଵ

଴

ൌ නߠሺݔ െ ,ݐሺܭሻݐ ݐሻ݀ݐሻ݃ሺݔ ൌ

ଵ

଴

නܭሺݐ, ;ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

 

 
We act by the operator ܮఌ∗  on both sides of this equality, in the end we get    

݃ሺݔሻ ൌ ∗ఌܮ ∙ නܭሺݐ, .ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

 

 
Now let's calculate the right side, for convenience 
    

ሻݔሺݖ ൌ නܭሺݐ, ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

 

we have 

ሻݔᇱሺݖ ൌ െܭሺݐ, ሻ|௧ୀ௫ݐሻ݃ሺݔ ൅ න
ܭ߲
ݔ߲

ሺݐ, ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

ൌ න
ܭ߲
ݔ߲

ሺݐ, ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

, 

ሻݔሺ"ݖ ൌ െ
ܭ߲
ݔ߲

ሺݐ, ሻฬݐሻ݃ሺݔ
௧ୀ௫

൅ න
߲ଶܭ
ଶݔ߲

ሺݐ, ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

ൌ න
߲ଶܭ
ଶݔ߲

ሺݐ, ,ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

…, 

ሻݔሺ௡ିଵሻሺݖ ൌ න
߲௡ିଵܭ
௡ିଵݔ߲

ሺݐ, ,ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

 

ሻݔሺ௡ሻሺݖ ൌ െ
߲௡ିଵܭ
௡ିଵݔ߲

ሺݐ, ሻቤݐሻ݃ሺݔ
௧ୀ௫

൅ න
߲௡ܭ
௡ݔ߲

ሺݐ, ;ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

 

Therefore 



News of the National Academy of sciences of the Republic of Kazakhstan 
  

   
32  

∗ఌܮ   ሻݔሺݖ ൌ ሺെ1ሻ௡ݖߝሺ௡ሻ ൅ ∑ ሺെ1ሻ௞ሾܽ௡ି௞ሺݔሻݖሺݔሻሿ
ሺ௞ሻ௡ିଵ

௞ୀ଴ ; 

ሾܽ௡ି௞ሺݔሻݖሺݔሻሿ
ሺ௞ሻ ൌ෍ܽ௡ି௞

ሺ௞ି௝ሻሺݔሻ
௞

௝ୀ଴

ሺ௝ሻܿ௞ݖ
௝ ൌ෍ܽ௡ି௞

ሺ௞ି௝ሻሺݔሻܿ௞
௝

௞

௝ୀ଴

න
߲௝ܭ
௝ݔ߲

ሺݐ, ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

ൌ 

ൌ න෍ܽ௡ି௞
ሺ௞ି௝ሻሺݔሻܿ௞

௝
௞

௝ୀ଴

ଵ

௫

߲௝ܭ
௝ݔ߲

݃ሺݐሻ݀ݐ ൌ නሾܽ௡ି௞ሺݔሻܭሺݐ, ሻሿݔ
ሺ௞ሻ݃ሺݐሻ݀ݐ

ଵ

௫

, 1 ൑ ݇ ൑ ݊ െ 1; 

 
Therefore,  

∗ఌܮ ݖ ൌ ሺെ1ሻ௡ݖߝሺ௡ሻ ൅෍ሺെ1ሻ௞ሾܽ௡ି௞ሺݔሻݖሺݔሻሿ
ሺ௞ሻ

௡ିଵ

௞ୀ଴

ൌ 

ሺെ1ሻ௡ߝ න
߲௡ܭ
௡ݔ߲

ሺݐ, ݐሻ݀ݐሻ݃ሺݔ

ଵ

௫

െ ሺെ1ሻ௡ߝ
߲௡ିଵ

௡ିଵݔ߲
,ݐሺܭ ሻቤݐሻ݃ሺݔ

௧ୀ௫

൅ ⋯ ൌ 

ൌ න൥ሺെ1ሻ௡ߝ
߲௡ܭ
௡ݔ߲

ሺݐ, ሻݔ ൅෍ሺെ1ሻ௞ሾܽ௡ି௞ሺݔሻܭሺݐ, ሻሿݔ
ሺ௞ሻ

௡ିଵ

௞ୀ଴

൩

ଵ

௫

݃ሺݐሻ݀ݐ െ 

െሺെ1ሻ௡ߝ
߲௡ିଵ

௡ିଵݔ߲
,ݐሺܭ ሻቤݐሻ݃ሺݔ

௧ୀ௫

ൌ ݃ሺݔሻ. 

Due to the arbitrariness of ݃ሺݔሻ,  we conclude that 

ሺെ1ሻ௡ିଵߝ
߲௡ିଵ

௡ିଵݔ߲
,ݐሺܭ ሻݔ ൌ 1 

and 

,ݐሺܭఌାܮ ሻݔ ൌ 0, 
 

i.e. the first variable, the Cauchy kernel is the solution of the homogeneous equation ܮఌܭሺݔ, ሻݐ ൌ 0  and 
the second variable is a solution of the homogeneous equation ܮାܭሺݐ, ሻݔ ൌ 0.   

Now using the formula 

නݒሺݔሻݑሺ௡ሻሺݐሻ݀ݐ

௫

଴

ൌ ෍ሺെ1ሻ௠ݒሺ௠ሻݑሺ௡ିଵି௠ሻሺݐሻ|଴
௫

௡ିଵ

௠ୀ଴

൅ ሺെ1ሻ௡ නݒሺ௡ሻሺݐሻݑሺݐሻ݀ݐ

௫

଴

, 

convert expressions: ݕߝ ቀݔ, ,ߝ
ௗ೙

ௗ௫೙
 .ଵതതതതത݂ቁିܤ

ݕߝ ቆݔ, ,ߝ
݀௡

௡ݔ݀
ଵതതതതത݂ቇିܤ ൌ ,ݔሺܭනߝ ሻݐ

݀௡

௡ݔ݀
ݐሻ݀ݐଵതതതതത݂ሺିܤ

௫

଴

ൌ 

ൌ ߝ ൥෍ ሺെ1ሻ௠
߲௠ܭ
௠ݐ߲

൫ିܤଵതതതതത݂൯
ሺ௡ିଵି௠ሻ

ሺݐሻฬ
଴

௫

൅ ሺെ1ሻ௡ න
߲௡ܭ
௡ݐ߲

ݐሻ݀ݐଵതതതതത݂ሺିܤ

௫

଴

௡ିଵ

௠ୀ଴

൩ ൌ 

ൌ ߝ ቈሺെ1ሻ௡ିଵ
߲௡ିଵܭ
௡ିଵݐ߲

൫ିܤଵതതതതത݂൯ሺݐሻቤ
௧ୀ௫

െ ,ݔሺܭ ଵതതതതത݂൯ିܤሻ൫ݐ
ሺ௡ିଵሻ

ሺ0ሻ቉ ൅ 

൅ߝሺെ1ሻ௡ න
߲௡ܭ
௡ݐ߲

ݐሻ݀ݐଵതതതതത݂ሺିܤ

௫

଴

; 
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From the equation 

ሺെ1ሻ௡ߝ
߲௡ܭ
௡ݐ߲

൅ ,ݔሺܭାܤ ሻݐ ൌ 0 

we have 

ሺെ1ሻ௡ߝ
߲௡ܭ
௡ݐ߲

ൌ െܤାܭሺݔ,  .ሻݐ

so 

ሺെ1ሻ௡ߝ න
߲௡ܭ
௡ݐ߲

௫

଴

ݐሻ݀ݐଵതതതതത݂ሺିܤ ൌ െනܤାܭሺݔ, ሻݐ

௫

଴

ݐሻ݀ݐଵതതതതത݂ሺିܤ ൌ 

ൌ െ൥නܭሺݔ, ݐሻ݀ݐଵതതതതത݂ሺିܤܤሻݐ ൅ ,ܭൣ ଵതതതതത݂൧ିܤ

௫

଴

൩ ൌ െ ,ܭൣ ଵതതതതത݂൧ᇣᇧᇧᇤᇧᇧᇥିܤ
଴

െ නܭሺݔ, ݐሻ݀ݐሻ݂ሺݐ

௫

଴

ൌ 

ൌ െනܭሺݔ, ݐሻ݀ݐሻ݂ሺݐ

௫

଴

; 

නܤାܭ

௫

଴

ݐሻ݀ݐଵതതതതത݂ሺିܤ ൌ නିܤଵതതതതത݂ሺݐሻܤାݐ݀ܭ

௫

଴

ൌ ሺିܤଵ݂,  		;ሻܭାܤ

ሺݑܤ, ሻݒ ൌ ሾݑ, ሿݒ ൅ ሺݑ,  ;ሻݒାܤ
 

Gentle ݑ ൌ ݒ,ଵതതതതത݂ିܤ ൌ  we get ,ܭ

൫ିܤܤଵതതതതത݂, ൯ܭ ൌ ,ଵതതതതത݂ିܤൣ ൧ܭ ൅ ሺିܤଵ݂,  ,ሻܭାܤ

ሾݑ, ሿݒ ൌ ∑ ∑ ሺܽ௞ݒሻ
ሺ௠ሻ௡ି௞ିଵ

௠ୀ଴
௡
௞ୀଵ ሺെ1ሻ௠ݑሺ௡ି௞ିଵି௠ሻሺݔሻ, 

,ଵതതതതത݂ିܤൣ ൧ܭ ൌ ෍ ෍ ሺܽ௞ܭሻ
ሺ௠ሻ

௡ି௞ିଵ

௠ୀ଴

௡

௞ୀଵ

ሺെ1ሻ௠൫ିܤଵതതതതത݂൯
ሺ௡ି௞ିଵି௠ሻ

อ
଴

௫

ൌ 0. 

So 

,ݔሺܭ ሻ|௧ୀ௫ݐ ൌ 0,
ܭ߲
ݐ߲
ฬ
௧ୀ௫

ൌ 0,… ,
߲ሺ௡ିଶሻܭ

ሺ௡ିଶሻݐ߲
ቤ
௧ୀ௫

ൌ 0, 

൫ିܤଵതതതതത݂൯ሺ0ሻ ൌ 0, ൫ିܤଵതതതതത݂൯
ᇱ
ሺ0ሻ ൌ 0, … , ൫ିܤଵതതതതത݂൯

ሺ௡ିଶሻ
ሺ0ሻ ൌ 0. 

Therefore, 

ݕߝ ቆݔ, ,ߝ
݀௡

௡ݔ݀
ଵതതതതത݂ቇିܤ ൌ ߝ ቈሺെ1ሻ௡ିଵ

߲௡ିଵܭ
௡ିଵݐ߲

ቤ
௧ୀ௫

ଵതതതതത݂ିܤ െ ,ݔሺܭ 0ሻ൫ିܤଵതതതതത݂൯
ሺ௡ିଵሻ

ሺ0ሻ቉ െ 

െනܭሺݔ, ݐሻ݀ݐሻ݂ሺݐ

௫

଴

ൌ ሻݔଵതതതതത݂ሺିܤ െ ൫ିܤଵതതതതത݂൯
ሺ௡ିଵሻ

ሺ0ሻ߰ሺݔሻ െ ,ݔሺݕ ,ߝ ݂ሻ, 

 
where ߰ሺݔሻ  is a solution to the Cauchy’s problem 
   

ሻݔሺ௡ሻሺ߰ߝ ൅ ܽଵሺݔሻ߰
ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻ߰ሺݔሻ ൌ 0, 

   
߰ሺ0ሻ ൌ 0, ߰ᇱሺ0ሻ ൌ 0, … , ߰ሺ௡ିଶሻሺ0ሻ ൌ 0, ߰ሺ௡ିଵሻሺ0ሻ ൌ 1. 

  
Theorem 3.4 we can now reformulate. 



News of the National Academy of sciences of the Republic of Kazakhstan 
  

   
34  

Theorem 4.1. If the ݇ - th coefficient of equation (1) is continuously differentiable ݊ െ ݇ ሺ݇ ൌ
0,1,2, … , ݊ሻ times on the interval [0,1] and satisfies the following conditions: 

(a) ܽଵሺݔሻ ൒ ߙ ൐ ݔ∀,0 ∈ ሾ0,1ሿ;                                                                                                                              

(b) ቀ∑ ܽ௞ሺݔሻݕ
ሺ௡ି௞ሻሺݔሻ,௡

௞ୀଶ ሻቁݔሺ௡ିଵሻሺݕ ൒ ݕ∀,0 ∈                         ఌሻܮሺܦ

and the right part ݂ሺݔሻ ∈ ଶܹ
௡ሾ0,1ሿ, the solution of the Cauchy problem(1)-(2) also belongs to the space 

ଶܹ
௡ሾ0,1ሿ and admits an asymptotic expansion of the form: 

 

,ݔሺݕ  ,ߝ ݂ሻ ൌ ∑ ሺെ1ሻ௞ ቂିܤଵܦ௞݂ሺݔሻ െ ൫ିܤଵܦ௞݂൯
ሺ௡ିଵሻ

ሺ0ሻ߰ሺݔሻቃ ௞ߝ ൅௡ିଵ
௞ୀ଴  

    ൅ሺെ1ሻ௡ߝ௡ݕሺݔ, ,ߝ  ,௡݂ሻܦ

where  

,ݔሺݕ‖    ,ߝ ‖௡݂ሻܦ ൑
‖஽೙௙‖

ఈ
, ଴ܦ ൌ ,ܫ ܦ ൌ

ௗ೙

ௗ௫೙
 ,ଵതതതതതିܤ

ቊ
ሻݔሺݖܤ ൌ ܽଵሺݔሻݖ

ሺ௡ିଵሻሺݔሻ ൅ ܽଶሺݔሻݖ
ሺ௡ିଶሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻݖሺݔሻ,

ሺ0ሻݖ ൌ 0, ᇱሺ0ሻݖ ൌ 0,… , ሺ௡ିଶሻሺ0ሻݖ ൌ 0;
 

ቊ
ሻݔሺ௡ሻሺ߰ߝ ൅ ܽଵሺݔሻ߰

ሺ௡ିଵሻሺݔሻ ൅ ⋯൅ ܽ௡ሺݔሻ߰ሺݔሻ ൌ 0,
߰ሺ0ሻ ൌ 0, ߰ᇱሺ0ሻ ൌ 0,… , ߰ሺ௡ିଶሻሺ0ሻ ൌ 0, ߰ሺ௡ିଵሻሺ0ሻ ൌ 1.

 

 
5. Summary. The spectral theory of equations with a deviating argument can be successfully 

applied in the study of singularly perturbed problems. The residual term formula can be used to control 
current errors in the numerical solution of such problems.  
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ЖОҒАРҒЫ РЕТТІ КƏДІМГІ ДИФФЕРЕНЦАЛДЫҚ ТЕҢДЕУДІҢ СИНГУЛЯР ƏСЕРЛЕНГЕН 
КОШИ ЕСЕБІН ШЕШУДІҢ ОПЕРАТОРЛЫҚ ƏДІСІ ТУРАЛЫ 

 
Аннотация. Бұл еңбекте аргументін ауытқыту əдісімен кəдімгі ࢔ െретті дифференциалдық теңдеудің 

сингуляр əсерленген Коши есебінің шешімі асимтотикалық қатарға таратылды. Ал қатардың қалдыға 
теңдеудің оң жағындағы бос мүшесі арқылы бағаланды. Бұл саланың көптеген еңбектері кəделі саналады 
жəне олар техникалық мəселелермен тығыз байланысты, мүмкін,  сондықтан болар, алынған бағамдар ܱ	-
үлкен немесе ݋ - кіші шамалары арқылы өрнектелген, сондықтан олар тек теориялық мазмұнға ие,  
сондықтан нақты кəдеге жарамайды, соған қарамастан мұндай жұмыстар жетіп артылады. Ұсынылып 
отырған еңбектің негізгі артықшылығы, алгоритімінің қарапайымдылығы мен қалдықтың формуласы болса 
керек, ол теңдеудің бос мүшесі арқылы өрнектелген жəне нақты бағаланған. 

Түйін сөздер: Сингуляр əсерленген, спектрəлді таралым, ауытқыған аргумент, қалдық мүшенің бағамы, 
жалқы оператор, Гилберт пен Шмидтің теоремасы, əсіре үзіксіз оператор, Фридрихстың леммасы, Кошидің 
есебі, асимптотикалық таралым, мардымсыз параметр. 
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ОБ ОДНОМ ОПЕРАТОРНОМ МЕТОДЕ РЕШЕНИЯ СИНГУЛЯРНО ВОЗМУЩЕННОЙ ЗАДАЧИ 
КОШИ ДЛЯ ОБЫКНОВЕННОГО ДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ ࢔-ГО ПОРЯДКА 
 
Аннотация. В настоящей работе, методом отклоняющегося аргумента, получено асимптотическое 

разложение решения задачи Коши для обыкновенного дифференциального уравнения  ݊ െ го порядка с 
переменными коэффициентами, с оценкой остаточного члена через правую часть уравнения. Многие работы 
посвященные к этой теме носят прикладной характер, и полученные им оценки остаточного члена выражены 
в терминах ܱ െбольшое, или ݋ െмалое, поэтому имеют теоретическое значение, нежели прикладное, как 
они утверждают.Основным достойнством предлагаемого нами метода яяляется простота его алгортитма, и 
формула остаточного члена, явно выраженная через правую часть уравнения, и его оценка. 

Ключевые слова: Сингулярное возмущение, спектральное разложение, отклоняющиеся аргумент, 
оценка остаточного члена, самосопряженный оператор, теорема Гилберта - Шмидта, вполне непрерывный 
оператор, лемма Фридрихса, задача Коши, асимптотическое разложение, малый параметр. 
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